Computing Intensive Methods (MESIO UPC-UB) 2014-15
Exam 2015. Part 2

Answers must be given in a pdf file (coming from LaTeX, Word, OpenOffice or similar.
In that file you must include everything you consider relevant: explanations, comments,
clarifications, R instructions, graphics, parts of the outputs provided R, etc. In particular
you should include in the response file, as an Appendiz, the R code that you use to solve

problems.
After finishing the exam, upload your file at ATENFEA.

A scientific is interested in estimating the value of a parameter p. She develops an
experiment that provides random results distributed as N (u, 0?) and then she repeats the
experiment n times independently. Let X, ..., X,, be the results of the experiments.

Unfortunately, the measurement device used by the scientific has not enough precision
to capture the exact values of X; when they are close to 0. Instead of recording X;, the
device provides

Y_{ 0 if -1<X;<1,
X i |X;| > 1.
The scientific wants to estimate the bidimensional parameter § = (u, o) using the EM
algorithm. She works with Xi,..., X,, as the complete data and with Y7,... Y, as the
observed data. Let yy,...,y, be the data she finally obtains from the experimentation.
It can be useful to use this notation:

s ¢(z) and P(z), the density function and the distribution functions of a N(0, 1),
respectively.

= 19 (=), the density function of a N(u,o?).
= ® (Z=£), the distribution function of a N (y, 0?).
Answer the following questions.

1. What is the contribution to the likelihood function of the i-th experiment result
when the observation y; is equal to 07 And what is this contribution when |y;| > 17

Solution: When the observation y; is equal to 0:

Pr(|X;| < 1;u,a):q>(1_“) —@(_1_“).

o o

When |y;| > 1:

fX(yz‘;,u,U) = éﬁb (yZ — M) .

g



2. Write down the log-likelihood function for the complete data, and the log-likelihood
for the observed data.
Solution: Log-likelihood function for the complete data:

S L (xi—p
lc 05 yeeeydn) = 1 - =
(031, .y T) gog(acb( - ))

I (2 —p\°
_nlog(a)—glogZW—EZ(xla ”) :

i=1
Log-likelihood for the observed data: Let 6; be equal to 0 when the observation
y; 1s equal to 0, and 1 otherwise, then

lo(MaUS?Jl, s 7yn) =

n

Syt (52) +(25)) - Ete(52)-

=1

e (o(122) -+ (22) T () -

i:y; 70

no log (@ (%) — P (_10_ “))—(n—no) log(a)—(n—no)%log QW—% 3 (y" ~ “)2.

iy #0

where ng 1s the number of observed zeros.

3. E step in the EM algorithm. Give the expression of Q(, o |m, om)-

Indication: Truncated normal distribution. Given a r.v. X with density fun-
ction f(x) and distribution function F(z), the density function of X conditional to
a< X <bis

f(z) .
fxja<x<p(T) = { Fo)F@ Ha<z<b

0 otherwise.

If X ~ N(p,0?), the distribution of X conditional to a < X < b is called truncated
normal distribution in the interval [a,b] In this case, it can be proved that

EM,U(X|CL<X<b>:Iu+ (a_;H)_¢<

Var, (X [0 < X <b) = o? |14 200 = 520058 (cﬁ(a;%) ~ cb(bi?“))
O i)




Moreover, for any 7 € R,

E,.(X—=7)?a<X <b)=Var,,(X |a< X <b)+(E,,(X |a< X <b)—71)°.

o

Solution: Let §; be defined as in the following point, and let 6% =

Var,,, o (X| —1 < X <1). Then

Q, olptmy 0m) = Eppp o (le(ps 03 X, ., X)) |Yi =1, .. Y =) =

n 1 _ Xz_ 2
Eﬂm,ffm [(—nlog(a)—§10g2ﬂ—§z< p ﬂ) )D/l :yh‘"aYn:yn] -

i=1

1 =\’
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1 ~ ~
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n I s (i =\ noo?
nlog(o) g 87T 22( o ) 2 o?

4. M step in the EM algorithm. Prove that maximizing Q(u, o|pm, o) in (g, o)
is equivalent to maximizing the complete log-likelihood calculated from a sample
U1, - -+, Yp with

_ Yi if Jyi| > 1
vi= Euon(X | =1 <X <1) otherwise.
Deduce that

n

I 1 - 2
m - - 7 O-m - — 7 m .
Homt1 = ;1 Jis 1 = ;1 (%5 — Hm1)
Solution: There was a mistake in this question. It should be as follows:

Prove that mazimizing Q(f, 0|, Om) 0 1 ...

and
1 (=, . N
Ol = o <Z(le — fmy1)” + n002>

i=1

Solution:

It must be noted that Q(p, o|pim, om), as a function of p, has the same expres-
sion as l.(p,0). The second part is deduced from taken derivatives with respect
to o.



5. Write an R code implementing this EM algorithm.

6. File results.txt contains the data obtained by the scientific. Read them by
y <- read.table("results.txt",col.names=FALSE) [,1]

Use your EM algorithm for estimating (u, o) by maximum likelihood.

# EM algorithm

\mbox{E}_{\mu,\sigma} (X \mid a<X<b) =
\mu + \frac{\phi(\frac{a-\mu}{\sigmal})-\phi(\frac{b-\mu}{\sigma})}
{\Phi (\frac{b-\mu}{\sigma})-\Phi (\frac{a-\mu}{\sigma})}\signma,
.trunc.normal <- function(mu=0,sigma=1,a=-1,b=1){
.a<-(a-mu) /sigma
.b<=(b-mu) /sigma
num <- dnorm(z.a)-dnorm(z.b)
den <- pnorm(z.b)-pnorm(z.a)
return(mu + sigma*num/den)

by

N N [ # # #

# \mbox{Var}_{\mu,\sigma} (X \mid a<X<b) =

# \sigma“~2

# \left[1+\frac{\frac{a-\mu}{\sigma}\phi(\frac{a-\mu}t{\sigmal})-

# \frac{b-\mu}{\sigma}\phi(\frac{b-\mu}{\sigmal})}

# {\Phi (\frac{b-\mu}{\sigma})-\Phi(\frac{a-\mu}{\sigmal})}
# -\left(\frac{\phi(\frac{a-\mu}{\sigma})-\phi(\frac{b-\mu}{\sigmal})}
# {\Phi (\frac{b-\mu}{\sigma})-\Phi (\frac{a-\mu}{\sigma})}
#  \right)"2

# \right].

V.trunc.normal <- function(mu=0,sigma=1,a=-1,b=1){

z.a<-(a-mu)/sigma

z.b<-(b-mu) /sigma

numl <- z.a*dnorm(z.a)-z.b*dnorm(z.b)

num2 <- dnorm(z.a)-dnorm(z.b)

den <- pnorm(z.b)-pnorm(z.a)

return(sigma* (1 + numl/den - (num2/den)"~2))

}



#iHHH Without correcting the mistake in the question
n.iter <- 10#00

I.0 <= which(y==0)

y.tilde <-y

mu.m <- mean(y)
sigma.m <- sd(y)

for (m in (1:n.iter)){

print(c(m-1,mu.m,sigma.m))

y.tilde[I.0] <- E.trunc.normal (mu=mu.m,sigma=sigma.m)
mu.m <- mean(y.tilde)

sigma.m <- sqrt(sum((y.tilde-mu.m)"2)/n)

}

print(c(m,mu.m,sigma.m))

#[1] 1000.0000000 0.2670108 1.9649811

##### With the right statement for the question
n.iter <- 10#00

1.0 <- which(y==0)

n0 <- length(I.0)

y.tilde <- y

mu.m <- mean(y)
sigma.m <- sd(y)

for (m in (1:n.iter)){

print(c(m-1,mu.m,sigma.m))

y.tilde[I.0] <- E.trunc.normal (mu=mu.m,sigma=sigma.m)

mu.m <- mean(y.tilde)

sigma.m <- sqrt(sum((y.tilde-mu.m)"2)/n +
(n0/n)*V.trunc.normal (mu=mu.m,sigma=sigma.m))

}

print(c(m,mu.m,sigma.m))

#[1] 1000.000000 0.266878 1.980648



