RANDOM WALKS - EXERCISE 4
]

(4) Let G be a vertex transitive graph. Show that, for every integer & and every
pair ¢, 7 of vertices,

pii(2k) > pi ;(2k)
Hint: Use the fact that, for every permutation 7m of [n] and every sequence
(ay,...,a,) of n real numbers,

3

a’baﬂ' Z E

=1

Recall the definition of a vertex transitive graph. A graph G is vertex transitive if its
automorphism group acts transitively; i.e. Yvi, v, € V(G), 3f automorphism f : V(G) —
V(@) such that f(v;) = wve. As fis an automorphism it preserves vertex adjacencies.

Let M be the transation matrix of G.

The first observation is that G is regular and the powers of M, M* are symmetric Vk € N.
Since G is vertex transitive, the degree of all its vertices must be equal, so G is regular. We
prove that M* is symmetric by induction on k:

k=1 M;=p;= ZZ;J) = 5&3 =pji = M;;.

Using the induction hypothesis we prove it for k: (M*)! = (M*1 x M)t = MY{(M* 1) =
MM+t = M*

The second observation is that all the rows of M* have the same entries. First, notice
that a graph automorphism preserves the probability of a t-walk between two points, i.e:
Vi,j € V(G), and ¢ automorphism, p; (k) = ps(i),-(;)(k). This is due to the fact that o
preserves adjacencies, so for any step s in an arbitrary path from 7 to j, there exists an
equivalent step r under the transformation ¢ (with same probability). And no edges are
created or deleted.

Let’s prove that all the rows of M* have the same entries. Let Mf; be an entry of M*. Then
choose another row of M*, the z-th one, with z# i. As G is vertex transitive, let o be the
automorphism sending i to z, o(i) = z, and let ¢ be the image of j by o, t := o(j). Then,
by the previous claim, Mi’fj = pf’j = p’;(i)ﬁ(j) = MZJ. So basically, Vi, z rows and M, ; entry,
Jt such that Mf,t = ij and all rows have the same entries. We will denote such entries as

{ay,...;an}.

Finally, we have that:

n n n
2k 2k k sk k ask _ 2 _ k ask _ as2k _ 2
Pij = Mz] M M Z Mi,sMs,j = Zataw(t) < Z a; = ZMi,sMsJ = Mzz =Di;
t=1 t=

where we have used that all the rows have the same entries up to a permutation, the hint
and the fact that M* is symmetric.
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