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COMPUTATIONAL MECHANICS
Assignment 3: Plasticity

EXERCISE 1

Imagine that a small steel sphere is dropped underwater at depth H. If it plastifies according to a Von-Mises
criteria, do you think it may plastify for a given value of H? Justify your answer.

Answer

The Von-Mises stress is computed as σeq =
√

3J2, where J2 is defined as

J2 = 1
6

[
(σ1 − σ2)2 + (σ1 − σ3)2 + (σ2 − σ3)2

]
Since we are considering a small sphere underwater, we have that σ = phId, where ph is the hydrostatic pressure,
depending on the depth H. So, σ1 = σ2 = σ3 and thus J2 = 0.

Since the Von-Mises stress σeq =
√

3J2 = 0, we can say that the sphere won’t plastify for any value of H under
Von-Mises criteria.

———————————————————————————————–

EXERCISE 2

A cubic domain [0, 1]3 made of a perfect plastic a following a Von-Mises criteria is subjected to two different sets
of boundary conditions, (A) and (B), given in the next table:

with t > 0 a loading parameter.

(a) Compute the displacement ux at x = 1 in the two cases as a function of the Young modulus E and Poisson
ratio ν in the elastic range. For a given value of t, in which case will ux at x = 1 be larger? NOTE: In the
two cases, the solution of the elastic problem has a constant deformation and stress field.

(b) For a given material parameter σY , in which case the material is going to plastify with a smaller value of t?

(c) In which case the loading parameter t will reach a larger magnitude?

(d) If we now use t < 0, is the answer in quesion (c) going to change?

Answer (a)

For the whole section (a), we will use that in the two cases, the solution of the elastic problem has a constant
deformation and stress field.

For case (A), since we know that u{x=1} = (1, 0, 0), u{y=1} = (0, 1, 0), u{z=1} = (0, 0, 1), and we have that
σn = (t, 0, 0)T in x = 1 and σn = 0 in y = 1, z = 1, we can state that
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σ =

t 0 0
0 0 0
0 0 0


By using the constitutive equation ε = − ν

E tr(σ)I + 1+σ
E σ, we obtain that

ε =

t/E 0 0
0 −νt/E 0
0 0 −νt/E


Using that ε = ∇su, we get that, at point x = 1, ∂ux

∂x = εxx = t/E. So, integrating, ux(x) = t
Ex+ h(y, z), where

h is a function depending only on components y and z. Using now the boundary condition at point x = 0, we get
that 0 = ux(0) = f(y, x).

So the displacement ux at point x = 1 in case (A) is

uAx = t

E

For case (B) we have that σn = (t, 0, 0)T at x = 1 and uy = uz = 0 at y = 1 and z = 1, respectively. So,

σ =

t 0 0
0 σyy 0
0 0 σzz

 , ε =

εxx 0 0
0 0 0
0 0 0


Using the constitutive equations

εxx = 1
E

[
σxx − ν(σyy + σzz)

]
εyy = 1

E

[
σyy − ν(σxx + σzz)

]
εzz = 1

E

[
σzz − ν(σxx + σyy)

]
and knowing that εyy = εzz = 0 and σxx = t, we get that

σyy = σzz = ν

1− ν t

εxx = (ν + 1)(1− 2ν)
1− ν

t

E

Using the same argument we used in the previous case, from εxx we can state that the displacement ux at point
x = 1 in case (B) is

uBx = (ν + 1)(1− 2ν)
1− ν

t

E

Since we have that

(ν + 1)(1− 2ν)
1− ν ≤ 1, ∀ν ∈ (−1, 0.5)

we can state that, for a given value of t, uBx ≤ uAx in x = 1.
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Answer (b)

We know that Von-Mises yield function is defined as f(σ) =
√

3J2 − σY , where

J2 = 1
6

[
(σ1 − σ2)2 + (σ1 − σ3)2 + (σ2 − σ3)2

]
For case (A), we have that σ1 = t and σ2 = σ3 = 0, so J2 = 1

3 t
2. Thus, f(σ) = t− σY , and the material is going

to plastify when f(σ) = 0, so when t = σY .

For case (B), we have that σ1 = t and σ2 = σ3 = ν
1−ν t, so J2 = 1

3 t
2
(

1−2ν
1−ν

)2
. Thus, f(σ) = t

(
1−2ν
1−ν

)
− σY , and

the material is going to plastify when f(σ) = 0, so when t = σY

(
1−ν

1−2ν

)
.

Since 1−ν
1−2ν < 1, ∀ν ∈ (−1, 0), we can state that for ν ∈ (−1, 0) the material will plastify with a smaller value of

t in case (B), and for ν ∈ (0, 0.5) the material will plastify with a smaller value of t in case (A). For ν = 0, the
material will plastify with a smaller value of t in both cases.

Answer (c)

Based on what we have said in section (b), for ν ∈ (−1, 0), t will reach the maximum value for case (A), and for
ν ∈ (0, 0.5), t will reach the maximum value for case (B). For ν = 0, t will reach the maximum value for both
cases.

Answer (d)

The answer is not going to change because in both cases t is squared when calculating J2, and when we calculate
the square root, we take the positive solution.

———————————————————————————————–

EXERCISE 3

Two specimens made of different materials have been subjected to the strain loading cycle 0 → εB → −εB → 0.
Complete in the following figure the approximated plot of the stress-strain curves of the complete loading path for
(a) a material with hardening K and (b) a material with hardening 2K.

Answer
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COMPUTATIONAL MECHANICS

Assignment 4: Fluids

EXERCISE 1

We are modelling an incompressible Stokes flow, and we use a P+
2 /P−1 interpolation for velocities and pressures.

This triangle element consists on a continuous quadratic interpolation of velocities (6 nodes per element) and a
discontinuous bubble pressure with 3 nodes per element.
Consider a two-dimensional square domain [0, 1]× [0, 1], discretized with n divisions per side and with 2n2 triangles
(n2 squares with two triangles each).

(a) Compute the limit

lim
n→∞

nv

np
= lim

n→∞

dim(Qh)
dim(Ph)

with nv and np the number of degrees of freedom for the velocity and pressure fields, respectively.

(b) Does this element satisfy the necessary stability requirements regarding the dimensions of Qh and Ph?
Justify your answer.

Answer (a)

For velocities we do a quadratic interpolation, so we have (2n+ 1)2 nodes for velocities. Since for pressure we do
a discontinuous bubble with 3 nodes per element, we have (n+ 1)2. So

lim
n→∞

nv

np
= lim

n→∞

2 · (2n+ 1)2

3 · 1 · 2n2 = 4
3

Answer (b)

Yes, because in our case the necessary condition dim(Ph) ≤ dim(Qh) is satisfied.

———————————————————————————————–

EXERCISE 2

We aim to study the flow around cylinders by analyzing the behaviour of different characteristic lengths of the
problem. we propose studying the two problems in the figure, considering in both cases the same value for the
viscosity ν. Is it necessary to solve both problems? Why?
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Answer

For the first case we have that

Re1 = V D

ν
= 10 · 0.6

ν
= 6
ν

For the second one,

Re2 = vd

ν
= 20 · 0.3

ν
= 6
ν

We can see that Re1 = Re2, so both problems are equivalent, because the flow will behave in the same way. Thus,
we don’t need to solve both of them.

———————————————————————————————–

EXERCISE 3

Explain the main differences between the Stokes and Navier-Stokes equations. That is, comment the differences
in the physical assumptions and in the numerical solution. Must the LBB condition be taken into account in both
cases?

Answer

The Navier-Stokes equation is used for incompressible and viscous newtonian fluids. In order to solve it we need
to be careful with some aspects, since it’s a PDE with a coupled velocity-pressure, so usual FEM won’t work in
cases with a low Reynolds number. Plus, it is usually convection-dominated. To sort out the first problem we
need to approximate velocity and pressure with spaces that satisfy the LBB condition. For the non-linear case,
we can solve it using a non-linear method, such as Picard or Newton-Raphson. If we use the last one, we need
to be careful with the magnitude of the Reynolds number, because the method may fail to converge for very low
values of it. In order to avoid it, it’s recommended to use finer meshes, compute the solution for lower Reynolds
numbers and using this solutions as initial solution for the bigger ones.

If we consider a highly viscous isotropic incompressible flow (i.e., a very low Reynolds number in the nondimen-
sionalized Navier-Stokes equation) we can neglect the convection term and get the Stokes equation. As well as
with the Navier-Stokes equation with a low Reynolds number, we need to take into account the LBB condition in
order to solve it.

———————————————————————————————–

EXERCISE 4

The code at http://ww2.lacan.upc.edu/huerta/exercises/Incompressible/Incompressible_Ex2.htm solves
the steady incompressible Navier-Stokes equations for the cavity flow problem. Show the streamlines and the
pressure for Re = 1 and the biggest Re you can compute, and comment on the result in each case. Explain how
did you compute the solution in each case and how many iterations of the non-linear solver were necessary.

Answer

For both Reynolds numbers, we used an adapted mesh of quadrilaterals Q2Q1, with 101 elements in both X and
Y axis. To compute the solution we used the Newton-Raphson method in each case.

For Re = 1, 2 iterations of the Newton-Raphson method were necessary to get the solution, which can be seen
below:
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(a) Pressure Field. (b) Streamlines.

In figure (a) we can see that at the point (1, 1) we have a very high pressure while in the remaining surface it is
very low, basically due to the boundary conditions the upper side. This behaviour of the pressure and boundary
conditions explain the streamlines of figure (b), where we can see elliptical trajectories, with two small vortexes
on the bottom corners.

The biggest Reynolds we could compute was Re = 5000. To do that, we went through 4 intermediate Reynolds,
and used their solution as initial solution for the next one. First we computed Re = 1000, which took 16 iterations
of Newton-Raphson. Then, we went through Re = 2000, Re = 3500 and Re = 4500, that took 20, 46 and 77
iterations, respectively. Finally, we get Re = 5000 with 95 more iterations. The result is the following one:

(a) Pressure Field. (b) Streamlines.

In figure (a) we can see a similar shape of the pressure field as the one with Re = 1, but in this case the maximum
pressure is much more lower than in the previous case. The most notorious difference between both problems can
be seen in figure (b). In this case, we can see how the streamlines have a more circular shape than in the previous
example, due to the bigger Reynolds number (as Re is bigger, the diffusion term is less important). We can also
see in this example that, due to the highest Reynolds number, the two vortexes from the bottom corners are bigger
and a new vortex is appearing at the top left corner.


