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«La composicid algoritmica no és un golem
musical que usurpa la creativitat del regne
huma. Els algoritmes sén una eina i un mitja
per a l'examen creatiu dels aspectes complexos
de la produccié musical.»

Gerhard Nierhaus, 2009

1. Musica algoritmica



Composicio algoritmica

1. Un algoritme produeix, a partir de certes dades, una successio ordenada de
simbols matematics que constitueixen un conjunt N.

2. Alhora, certs esdeveniments musicals defineixen un conjunt M.

3. Una transcripcidé numerica musical és una aplicacio

t: N — M

gue a cada element de N assigna un element de M.

00

Els elements de M poden ser notes, valors de temps, de timbre, dinamics, etc.
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Eines matematiques

Combinatoria

Grafs
Aritmetica

Geometria

Algebra
Sistemes dinamics

Probabilitats

Ciencies de la computacié

Permutacions
Combinacions

Successions numerigues

Afinitats
Geodesiques

Teoria de grups

Fractals

Caos

Atractors

Processos estocastics
Cadenes de Markov
Automats cel-lulars
Intel-ligéncia artificial (1A)



Alguns antecedents

Musica atonal

Musica experimental

Musica serial

Dodecafonisme

Musica aleatoria

Musica electronica

Arnold Schonberg (1874-1951)
lgor Stravinsky (1882-1971)

Anton Webern (1883—-1945)
Alban Berg (1885-1935)

Aaron Copland (1900-1990)

Arnold Schonberg (1874-1951)
Luigi Dallapiccola (1904-1975)

Johann Kirnberger (1721-1783)
John Cage (1912-1992)

lannis Xenakis (1922-2001)

Pierre Boulez (1925-2016)
Karlheinz Stockhausen (1928-2007)
Brian Eno (1948-)



Musikalisches Wiirfelspiel 1792

Nikolaus Simrock
1792

La numeracid correspon a la dels compassos d’un vals de Mozart del 1787.



El dodecafonisme

B 0 ot T ohy 70 s * una serie dodecafonica
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) > la seva serie retrograda
A | L o
&) o la seva serie invertida
]
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> = la série invertida—retrograda
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A. Schonberg 12! = 479 001 600

1874-1951



MUsica aleatoria

Nota | Probabilitat (mod 12)
C A7 0
C# .02 1
D .07 2
D# .03 3
E 15 4
I 12 5
F4 01 6
G .16 7
G# 08 8
A 10 9
A# .02 10
B .07 11

Probabilitats assignades segons
una distribucié gaussiana:

N GOk
e 20’2

o\ 21

flz) =

Metodes de Montecarlo

i) Fixa un nombre natural L.

ii) r1 € [0,1), nombre aleatori.
iv) Considera la probabilitat P(ny).
v) ro € [0,1), nombre aleatori.

i)
i)
i) ny = [12r].
)
)
1)

vi) Sirg < P(ny) accepta ro i fes no = [12r3];
altrament, torna a ii).

vii) Repeteix fins a assolir un nombre L d’elements.



|. Xenakis
1922-2001

Cadenes de Markov

ho o fs Ja

71105 0 02 0
|0 03 03 1
g3 105 0.7 05 0

fi frequiencia
g; Intensitat
A densitat d’esdeveniments

Llei de Poisson

Probabilitat que un esdeveniment
apareixi n vegades en la unitat de
temps, volum,...
Ai"{
P(n) = —Te_)\

T:
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A58 by B=/,2 b, C=h.8: Do =Jo & by
E=f; 8 by F=1; 9 b G=/, 4 by H=f; g, b,
A B C D E F G H

A 0,021 | 0,357 | 0084 | 0,189 | 01165 | 0,204 | 0408 | 0,09
B 0,084 | 0089 | 0076 | 0126 | 0150 | 0,136 | 0072 | 0,144
C 0,084 | 0323 | 0021 | 0,126 | 0,150 | 0036 | 0272 | 0,144
D 0,336 | 0,081 | 0019 | 0084 | 0135 | 0024 | 0048 | 0216
E 0,019 | 0,063 | 0336 | 0,171 | 0110 | 0,306 | 0,102 | 0,064
F 0,076 | 0,016 | 0304 | 0,114 | 0,100 | 0,204 | 0018 | 0,096
G 0,076 | 0,057 | 0084 | 0,114 | 0,100 | 0,054 | 0068 | 0,096
H 0,304 | 0014 | 0076 | 0076 | 0090 | 0036 | 0012 | 0,144

Freqliencies
Dinamiques
Densitats

Analogiques A&B
1959
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2. Nombres, notes i acords



«La musica és un
exercici ocult
d’aritmetica,

realitzat per
I'esperit que
ignora que sap
comptar. »

&

G. W. Leibniz Carta de Leibniz a Christian Goldbach
1646-1716 27 d’abril de 1712



Sons

El so és la impressio produida en
'oida per una vibracié (moviment
periodic) que es propaga en forma
d’ona a través d'un mitja, com ara
un gas, un liquid o un solid.

Un hertz (Hz) correspon a una
vibracid que es repeteix una vegada
per segon.

La freqliencia d’una vibracid es
mesura en Hz.

El llindar d’audicio de les persones
es troba entre 20i 20 000 Hz.

Quter
Ear

Ear Drum
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El sistema pitagoric s. VI aC

1/2 interval d’octava
2/3 interval de quinta justa
3/4 interval de quarta justa

Escales diatonica i cromatica monocord

do — sol — re — la — mi — si — faf
dott — solf — reff — laff — mif — sifi

Relacio de frequiéncies entre una nota i la seguent

27 81 243 729 2187 6561 19683 59049 177147 53441
8’167 327 64’ 128" 2567 512 ’ 1024’ 2048 ’ 4096

3 9
1)_,_,
2’ 4

Coma pitagorica: 12 quintes perfectes no sén 7 octaves: (3/2)12/27 = 1.01364...
16



El sistema temperat 1581

12
V2= 1.059463 ... 1.05946,
1.12246,
1.18921,
rad d’'un semito 125992,
En I'afinacio propia del sistema 1.33484,
, e 1.41421,

temperat, la rad de freqiiencies
d'una nota de Ilescala 1.49831,
cromatica a la seglent es 1.58740,
manté constant 1.68179,
| 1.78179,

12 4[ 2 1.88775,
V2~ 3—/2 2

1.0594630943592952646
1.0597326722021398087

N . \ . , 12
escala cromatica < progressié geometrica de raé "v/2

17



Nombres i sons

Nota Semitd Interval  Af. Pitagorica Af. temperada  Aprox
do 0 Unison 1 1 1
do 1 Semitd géﬁg 1.06787  ¥/2=1.05946 12 = 1.066
re 2 2a major g =1.125 V22=1.12246 3 =1.125
mib 3  3amenor 32 =1.185 V23 =1.18921 &=12
mi 4 3amajor % =1.26562  V2%=1.25992 5 =125
fa 5 4a justa 3 =13 V/25 = 1.33484 % =13
fa t 6  4aaugm. 2 =151923 V26=141421 [=14
sol 7 5a justa % =15 V27 = 1.49831 % =15
solf 8  Saaugm. 201 —160181 V28=158740 2=1.6
la 9  6amajor 2I=16875 V29=168179 3=16
si b 10 7a menor % =19 V210 = 1.78179 % = 1.75
si 11 7amajor 233 =1.89844 V211 =1.88775 22 =1.875
do 12 8a justa 2 2 2
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Normalitzacio del sistema temperat

Nota freqiencia Nota freqliencia Nota freqliencia Nota freqliéncia

avui: A3 =440 Hz; avui, en musica antiga: A3 =415 Hz

C 130.82 C 261.63 C 523.25 C 1046.5
C# 138.59 C# 277.18 C# 554.37 C# 1108.73
D 146.83 D 293.66 D 587.33 D 1174.66
D# 155.56 D# 311.13 D& 622.25 D# 1244 51
E 164.81 E 329.63 E 659.26 E 1318.51
F 174.61 F 349.23 F 698.46 F 1396.91
F# 185 F#  369.99 F# 739.99 F# 1479.98
G 196 G 392 G 783.99 G 1567.98
G# 207.65 G# 415.3 G# 830.61 G# 1661.22
A 220 A 440 A 880 A 1760
A# 233.08 A# 466.16 A#  932.33 A# 1864.66
B 246.94 B 493.88 B 987.77 B 1975.53
1859 Academia de Ciencies de Paris: A3 = 435Hz

19




Congruencies

Disquisitiones arithmeticae (1801)
a=7r (modn) < a=bn+r

7 — Z/nZ
a > r

Z/nZ =1{0,1,2,...,n— 1}
p(n) == #(Z/nZ)*

Carl Friedrich Gauss
1777-1855

do do# re re# mi fa fa# sol sol# la lat#t  si
sit  reN miN faN mi# solN laN siN  doN

20



Poligons regulars % @(n)

§g0(7) =3 Existeixen exactament 3 heptagons regulars

Y TN

// A

(Z)TZ)* = {1,2,3,4,5,6} = (£1) = (£2) = (£3)

do, re, mi, fa, sol, la, si do, mi, sol, si, re, fa, la do, fa, si, mi, la, re, sol

21



Dodecagons regulars

%go(lZ) . Existeixen exactament 2 dodecagons regulars

(Z/12Z)* = {1,3,5,7} = (£1) = (+5)

22



Cercles de semitons i de quintes

"b“‘

7Y
?}‘g.;’:' Eb
AR
VAN
G 4y F
Gb

Nomeés el cercle de semitons i el de quintes proporcionen un poligon regular
amb les 12 notes de I'escala cromatica del sistema temperat.

23



Funcions trigonometriques

sin(a), cos(a) son peribdigues de periode
Tt

2T

cos?(a) + sinz(a) =1 sin(z + iy), cos(z + iy) son funcions harmodniques

24



Representacio matematica dels sons

AL

°:V\/\/\/ U\/VWm

05 /\ /\ [\
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Dels sons meés greus als més aguts

* Creixement * Representacio
exponencial de f logaritmica de f
Freqlencia

Middle C: 261.6 He
v
$ ; $
A 220 Hz A 440 Hz A:880 Hz

——/-/m-
=20 =10

f(n) = 440 x 212 Hy n = 12(log, f(n) — log, 440)
—21 <n <27 n=0-—A3

26



Una formula de Mersenne 1636

Parametres d’una corda que vibra Cordes pincades (llalt), percudides (clavicordi),
polsades (clavicembal), fregades (violi)

f |
0 — 571\
2LV u
fo = frequencia fonamental
L = longitud de la corda
' = forga
4 = massa per unitat de longitud

M. Mersenne (1588-1648)
Harmonie universelle (1636)
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Operacions amb funcions

y N

0| g_gi
e R "
sin?(a), cos?(a) cos?(a) + sin®(a) = 1

sin(261.6 x 27t) 4+ sin(329.6 x 27t) +sin(392 x 27t), 0 <t < 0.03



Representacio grafica dels acords

Plot [Sin[C42Pit] + Sin[E4A2Pit] +Sin[GA2Pit], {t, 0, 0.03}]

Plot[Sin[C4 2Pit] + Sin[E42Pit] +Sin[G42Pit] +Sin[B42Pit], {t, @, @.@3}]

29



3. Instruments i analisi harmonica

30



Els harmonics d’un so

* Les diferents freqiencies de vibracid d’un so constitueixen el seu espectre i
permeten diferenciar els sons produits pels instruments acustics (espectre
discret) dels sorolls (espectre continu).

* Les frequencies dels harmonics d’'un so produit per les vibracions d’un
instrument acustic son de la forma f, 2f, 3f, 4f, etc. Es a dir, son totes
multiples de la primera freqiencia, f, anomenada freqiiencia fonamental.

* La relacio dels periodes dels harmonics d’un so produit per un instrument
acustic és donada pels termes d’una serie dita serie harmonica:

9 00

=

1
767

N
ol -
e
O =
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La successio dels harmonics

Y

Pitagores (s. VI aC)
Nicomac (s. 1)

Guido d’Arezzo (991-1050)
Galileo Galilei (1564-1642)

Leonhard Euler (1708—1783)

00

32



La serie harmonica

Tres mitjanes de dos nombres:

b
me(a,b) = a,—2|— , mg(a,b) =Vab
2 1 1 1
= ' le: = — 1
mp(a,b) Ta+1/b exemple mh(n—l’n—l—l) n,n>

Exemple:  {mp,(4,6),my(4,6),mq(4,6)} = {4.8,4.9,5}

> 1 1 1 1 _
Z_:1+_+_+—+---:1+O.5+O.3+O.25+...
—n 2 3 4

33



La serie harmonica i els nombres
primers

Divergencia de la seérie harmonica:

RE IR (R Y (D N T
> 371 576 78 29279 -
=1
Z — H —> Existeixen infinits nombres primers.
n:1n pl 2%

La serie harmonica és convergent en el semipla complex R(s) > 11 defineix la
funci6 zeta de Riemann:
oo
=3
ns

n=1

34



Cordes vibrants 1747

F = ma Ut = V7 Uy

u(x,t) = Acos|(kx — wt) — 0]
w/k =wv

Absolute phase =0 Absolute phase = 21/3

/

AGNER
/ ﬂ/ W \)\/Posmon,x

Jean le Rond d’Alembert
1717-1783

A = amplitud, 6 = fase, k =27/, A= longitud d’ona

w = 27 /T = velocitat angular, f = 1/T = freqiiencia, T' = periode

35



Series de Fourier

Sigui f : R — C una funcio periodica de periode T' = t5 —t; i continua a trossos.
La seva serie de Fourier és donada per

oo
ao
~ z:: Ay, cOS(wnt) + by sm(wntﬂ

on

2 2 [* 2 [*
wn:n%, an = ) f(t) cos(wnt) dt, bn:?/tl f(t) sin(w,t) dt.

En aplicar la férmula d’Euler, podem escriure

oo
f(t) ~ Z e

n=—oo

on L )
Cn = 5 flx)e "™ dx, x= %t.

— 17T

36



Transformada de Fourier

LUany 1829, Dirichlet caracteritza un
conjunt ampli de  funcions
desenvolupables en serie de
Fourier. La seva transformada de
Fourier es defineix com

F(F)(E) = /_ ) e gt

Lejeune Dirichlet
1805-1859

La transformada de Fourier d’'una funcio
desenvolupable en serie de Fourier en
proporciona els coeficients:

= Y coen® = LS R (1) e

nN=——oo n——oo

37



El timbre dels instruments musicals

Podem representar els instruments musicals com a
funcions de dues variables desenvolupables en serie

de Fourier.

Els seus coeficients de Fourier determinaran el timbre
de lI'instrument.

instrument(f, t)

38



El clarinet

clarinet( f,t) ;== sin(f2nt) + 0.75sin(3f2xt) + 0.5sin(5 f27t)+
+0.14sin(7f27t) 4+ 0.5sin(9 27t )+
+0.12sin(11f27t) + 0.17sin(13 f27t).

S O T P

06

0.042 0.00 0.006 008 0.010

041
“1F

02t
-2l

Bb2 = 233.082H z, clarinet Espectre d’un clarinet

2 4 6 8 10 12

39



La flauta i el violi

1 D3, flauta } D3, violi
i | |n|
| § fi || || Irl| " In || || rll " i || ||I-l|I
vut IR A \
il! I v U '-ﬁl | |! _ 0 I || I A I| U lu”'i L
|'4'II| | ||||L"”'| || I| || I I |||I
II I| | |/ i [ 1
A
of T4 At e iy 00 "2 4 6 8 10 n
CFT continuous Fourier transform o
. . Permeten la descomposicié d’un so
DFT discrete Fourier transfom en ones elementals, proporcionant
FFT fast Fourier transfom ne lespectre » Prop
STFT short time Fourier transform P '

40



Analisi harmonica

e |'analisi harmonica és la branca
de les matematiques que estudia
la representacié de funcions com
a superposicid d’altres funcions
dites  elementals. @ Compren
I'analisi de Fourier com a cas
particular.

e Un marc d'estudi per a l'analisi
harmonica son els espais de
Hilbert. Uestudi espectral s'obté a
partir de l'accié dels operadors
de Laplace i de Dirac.

* Els sons propis (afinats)_ emesos D. Hilbert
per un objecte que vibra son
. : 1862-1943
produits pels vectors propis
d’aquests operadors.



ﬂax Matheus
1926-2011

4. Musica d’ordinador

42



Nocions d’informatica musical

Es la branca de la informatica dedicada a la composicid,
execucio, edicio, analisi, enregistrament o reproduccio

de musica per mitja de tecniques computacionals.

Programari que emprarem tot seguit:

* Programari de notacié musical: * Programari basat en IA:
Finale Ludwig
LilyPond (...)
Frescobaldi

* Programari d’edicio matematica: ¢ Programari matematic:
LaTeX Mathematica

* Programari per a edicié d’audio: * Arxius d’audio:
Finale MP3, WAV, MIDI

Wolfram Language

43



Primer experiment matematic musical

programari matematic & editor de partitures
—Mathematica & Finale—

clarinet[f ,t ] :=

Sin[2 Pi f*t] + 0.75*Sin[2 Pi 3*f*t] +
0.5*Sin[2 Pi 5*f*t] +

0.14*Sin[2 Pi 7*f*t] + 0.5*Sin[2 Pi 9*f*t] +
0.12*Sin[2 Pi 11*f*t] + 0.17*Sin[2 Pi 13*f*{]

silenci[t_] := Sin[2 Pi t *0]

k=3

44



brindis = Sound[{Play|[clarinet[C3,t], {t,0,1/k}],
Play[clarinet[A4,1], {t,0,4/k}],

Play[clarinet[C3,t], {t,0,0.90/k}], Play[silenci[t], {t,0,0.10/k}],
Play[clarinet[A4,1], {t,0,0.90/k}], Play[silenci[t], {t,0,0.10/k}],
Play[clarinet[A4,1], {t,0,0.90/k}], Play[silenci[t], {t,0,0.10/k}],
Play[clarinet[C3,t], {t,0,0.90/k}], Play[silenci[t], {t,0,0.10/k}],
Play[clarinet[ A4,t], {t,0,0.90/k}], Play[silenci[t], {t,0,0.10/k}],
Play[clarinet[A4,t], {t,0,1/k}],

Play[clarinet[Gsharp3,t], {t,0,1/k}],

Play[clarinet[A4,1], {t,0,1/k}],

Play[clarinet[C4,t], {t,0,4/k}],

Play[clarinet[Bflat4,t], {t,0,1/k}],

Play[clarinet[A4,t], {t,0,1/k}],

Play[clarinet[G3,t], {t,0,0.90/k}], Play[silenci[t], {t,0,0.10/k}],
Play[clarinet[G3,t], {t,0,1/2/k}],

Play[clarinet[Fsharp3,t], {t,0,(1/2)/k}],

Play[clarinet[G3,t], {t,0,(1/2)/k}],

Play[clarinet[A4,1], {t,0,(1/2)/k}],

Play[clarinet[G3,t], {t,0,0.90/k}],

Play[clarinet[silenci[t]], {t,0,0.10/k}],

Play[clarinet[G3,t], {t,0,(1/2)/k}],

Play[clarinet[Fsharp3,t], {t,0,(1/2)/k}],

Play[clarinet[G3,t], {t,0,(1/2)/k}],

Play[clarinet[A4,1], {t,0,(1/2)/k}],

Play[clarinet[G3,t], {t,0,2/k}],

Play[clarinet[F3,t], {t,0,1/k}],

Play[clarinet[C3,t], {t,0,3/k}]}]

P. Bayer & L. Vaig, 2012

Clarinet in B>

B:CL

Allegretto

Libiamo ne'liet1 calici

G. Verdi (1813-1901)

[ ]
LY )

L 188

L 1N

L 1NN

L 1N

| EEE
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—
-

i

f
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¥
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null

11.311




Experiments aritmetics musicals

Nombres primers
N =1{2,3,5,7,11,13,17,19, 23,29, 31, 37, 41, 43,47, 53,59, 61,67, 71, 73,79, 83,89, 97}
M = {Escala cromatica} = Z/12Z = {0,1,2,3,4,5,6,7,8,9,10,11}

t:N— M, p—p (mod12)

BeR = — e . =
]
5 , _
of e = - : =
. |
— 1 1
Existeixen infinits nombres primers: Z n 1~
n=1 peP 1 — —
p

46



D9

Bm

Em7

17

Gmaj 7

P Bayer & Ludwig

G/B

7 G/B

Fmaj7

Cmaj7

NOMBRES PRIMERS

G6 G7/B
MM

Il
L an.
L

Alto Sax

| —
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Flute
Piano
Piano

Acoustic Bass

String Ensemble
String Ensemble



Ludwig

Blues

18.456

www.Ludwigband.com




Preguntes matematiques

Tota n-pla qualsevol de les quatre notes notes (Z/12Z)* = {F,G, B, Ct},
prové d'un motiu de n nombres primers consecutius coprimers amb
127

Tota n-pla qualsevol de les 4 notes notes anteriors, provée d'infints
motius de n nombres primers consecutius?

Els motius de n nombres primers consecutius que s'apliqguen en una
n-pla de notes donada, s’equireparteixen en el conjunt de tots els

motius de n primers consecutius?

La resposta és si quan n = 1, pel teorema de |la progressio aritmetica
de Dirichlet.

48



Experiments musicals associats a
sistemes dinamics

L'aplicacio logistica

Es un model matematic (Verhulst, 1845) que regula la dinamica de poblacions.

Tnt1 = pTn(l —xp), p€0,4],21 €10,1]
1= 3.569946 valor critic

H#M =m
t(xy) = [may,| (i, z1,m) = (2.9,0.5,100)
D G m AT A D E7 A
) f = :III:M | l | o P I P T T T T T
Voice LIJ :ﬁ:ﬁzl I mH:H—I _!!:ﬁ! :__..1! :!:l ! #i I I
G A m G Abh m G A m G Dm Dm Dm Dm G
Q
[
4SS I — I — ) — I — I — — 1 I — :5!.
ib::ﬁv e e e B B B i~ B B e
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P. Bayer & Ludwig

Verhulst
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Experiments combinatoris musicals

C Major Pentatonic Scale

1 2 3 5 6 1

S: grup de les permutacions de 5 elements

Es d’ordre 120.

Es el primer grup de permutacions que no és resoluble.
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Exercicis Pentatonics (S5, C)

L’objectiu d’aquests programa és calcular totes les permutacions de les notes de ’escala pen
tatonica per compondre una melodia formada per tres grups ascendents i tres grups descendents
de notes diferents d’aquesta escala.

El resultat dels calculs, programats en llenguatge Mathematica, ha de ser codificable facilment en
el sistema d’edicié de text Lilypond, a fi de facilitar la seva escritura posterior en 'editor de parti
tures Finale.

Les permutacions es miraran com elements del grup simétric S5, operant sobre les notes de
’escala pentatonica. Perrepresentar-ne els elements utilitzarem, indistintament, la notacié
habitual de les permutacions o la seva representacié per matrius 5x5.

Les entrades de cada permutacié ens proporcionaran les notes de la melodia; 'estructura de la
matriu de permutacid ens proporcionara el valor de les notes i, per tant, estructura ritmica de
cada grup de cinc notes.

Aplicarem les notes fixes de qualsevol permutacié (respecte de la posicié inicial de 'escala) en
negres.

Cada permutacio sera etiquetada amb un nombre que permetra calcular el valor de cadascuna de
les notes mobils. Aquestes podran ser corxeres, semicorxeres aixi com grups de tresets o cinquets.

5.l i .,
Inicialitzacio
Aquestes instruccions permeten representar els elements de qualsevol grup simétric en forma de
matrius.
;- PermutationMatrix[p_List] := IdentityMatrix[Length[p]][p]
PermutationMatrices[n_] := PermutationMatrix /@ Permutations [Range[n]]
Exemples

7= PermutationMatrices[5] [4] // MatrixForm

® O ® O R
®® O R O
PO oo
[SRCSI TSI
o r o0

Observem com es generen una permutacié i la seva inversa:

i1~ {PermutationMatrices[5][4].{a, b, ¢, d, e},
Inverse [PermutationMatrices [5]1[4]].{a, b, ¢, d, e}}

ourj- {{a, b, d, e, c}, {a, b, e, ¢, d}}

Notacié

Com que sempre treballarem en el grups simétric S5, fixarem un nom per a la llista de les seves
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permutacions, expressades en forma de matirus.
L := PermutationMatrices[5]
Recordem que les matrius de permutacié sén unitaries:

Table[L[n] .Transpose [L[n]], {n, 1, 128}] // Union
{{{1,9,09,0,0}, {6,1,0,0,0}, {0,0,1, 0,0}, {0,0,0,1,0}, {6,0,0,0, 1}}}

- {{{1, e,0,0,8}, {6,1,0,80,0)}, {6,0,1, 0,0}, {6,0,0,1,0}, {6,0,0,0,1}}}

{{{1,0,0,0,0}, {0,1,0,0,0}, {0,0,1,0,0}, {6,0,0,1,0}, {0,0,0,0, 1}}}

- Fixos[n_] := Tr[L[n]]

Table[Fixos[n], {n, 1, 128}] // Union

- {0,1,2,3,5}

Estudi del grup simetric S5

Les descomposicions en cicles de les permutacions de S5 determinen la seva classe de conjugacid.
LS5 = GroupElements [SymmetricGroup[5]];

Length [%]

120

C1 = GroupOrbits [SymmetricGroup[5], {Cycles[{{1}}]}] // Flatten;

€2 = GroupOrbits [SymmetricGroup[5], {Cycles[{{1, 2}}]1}] // Flatten;

€3 = GroupOrbits [SymmetricGroup[5], {Cycles[{{1, 2, 3}}1}] // Flatten;

C4 = GroupOrbits [SymmetricGroup[5], {Cycles[{{1, 2, 3, 4}}]}] // Flatten;

- €5 = GroupOrbits [SymmetricGroup[5], {Cycles[{{1, 2, 3, 4, 5}}1}] // Flatten;

€22 = GroupOrbits [SymmetricGroup [5], {Cycles[{{1, 2}, {3, 4}}1}] // Flatten;
€23 = GroupOrbits [SymmetricGroup [5], {Cycles[{{1, 2}, {3, 4, 5}}1}] // Flatten;
ClassesCongugacioSs = {"C1", "cC2", "c3“, "c4", "c5", "C22", "C23"}

{c1, c2, c3, c4, C5, €22, C23}

{Length[C1], Length[C2], Length[C3],
Length[C4], Length[C5], Length[C22], Length[C23]}
{1, 10, 20, 30, 24, 15, 20}
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tots els elements d’una classe de conjugacié donada, llevat del cas de la classe C23.
Taula de caracters de S5

Laclasse C1
o |CL1|CL2 |CL3 |CL4 [CL5 [CL22 (CL23
o|l 1 |18 |28 |36 (|24 15 20 ;1= TC1 = Table [Position[LS5, C1[n]], {n, 1, Length[C1]} ] // Flatten
Xt[ 1 [1 |1 |22 |1 |1 o= {1}
X2 1 (-1(1 |-1]1 1 -1
wi-[X3[4 [2 |2 e [-2| @ | -1 7~ DC1 = Table[DD[n], {n, TC1}]
Xa|a [-2|1 |6 |[-1] 6 | 1 - (31}
X5| 5 1]1-1]-1|8 1
X6| 5 |[-1[-2[1|[e | 1 | -1 - MC1 = {8)
X6 | 6 6 [0 |1 ]| -2| o e (8}

1~ {{o, CL1, CL2, CL3, CL4, CL5, CL22, CL23}, (o, 1, 10, 20, 30, 24, 15, 20},
(x1,1,1,1,1,1, 1,1}, (X2,1, -1,1, -1,1,1, -1}, (X3, 4,2, 1,0, -1, 9, -1},
(X4, 4, -2, 1, 0, -1, 0, 1}, {X5, 5,1, -1, -1, @, 1, 1}, ouf)= {{1, {1, 4}, 31, 8}}
(X6, 5, -1, -1,1, 0,1, -1}, {X6,6,0,0,0, 1, -2, 0}}

EtiquetesCl = Table[{TC1l[[n], CC1, DCi[n], MC1[n]}, {n, 1, Length[C1l]} ]

El calcul de la taula de caracters de S5 permet individualitzar les classes de conjugacié del grup per Laclasse C2

mitja de dos dels caracters irreductibles: el signe (X2) i una de les dues representacions irreducit-
bles de grau 4 (X3).

TC2 = Table [Position[LS5, C2[n]], {n, 1, Length[C2]} ] // Flatten // Sort
- {2, 3,6,7, 15, 22, 25, 55, 81, 106}

- €CL = {X2[C1], X3[C1]} = {1, 4}; vi. DE2 = Table [DD[n], {n, TC2}]

- €C2 = {X2[C2], X3[C2]} = {-1, 2}; curg- (28, 25, 26, 19, 21, 22, 7, 11, 13, 14}

J- €C3 = {X2[C€3], X3[C3]} = {1, 1}; ). MC2 = Table(8, {n, TC2}]

- CCa= {X2[ca], X3[C4]} = {-1, @}; our - (8,8,8,8,8,8,8,8, 8, 8}
ni- €C5 = {X2[C5], X3[C5]} = {1, -1}; /- EtiquetesC2 = Table[{TC2[n], CC2, DC2[n], MC2[n]}, {n, 1, Length(C2]} ]
- €C22 = {X2[C22], X3[C22]} = {1, @}; our- ({2, {-1, 2}, 28, 8}, (3, (-1, 2}, 25, 8}, {6, {-1, 2}, 26, 8},

{7, {-1, 2}, 19, 8}, {15, {-1, 2}, 21, 8}, {22, {-1, 2}, 22, 8}, {25, {-1, 2}, 7, 8},
{55, {-1, 2}, 11, 8}, {81, {-1, 2}, 13, 8}, {106, {-1, 2}, 14, 8}}

C€C23 = {X2[C23], X3[C23]} = {-1, -1};
Observem que la representacié per permutacions de S5 és una permutacié reduible. El seu carac-
ter, X, és X1+X3 i ens determina el nombre d’elements fixos per qualsevol permutacié de la classe Laclasse C3

de conjugacié.
;- TC3 = Table [Position[LS5, C3[[n]], {n, 1, Length[C3]} ] // Flatten // Sort

w0 {X[€1], X[€2], X[C€3], X[C4], X[C5], X[C22], X[C23]} = {5, 3, 2, 1, @, 1, O}
curr (4, 5,9, 12, 13, 16, 20, 21, 31, 39, 46, 49, 57, 60, 75, 79, 82, 100, 104, 105}

our {5, 3,2,1,0,1, 0}
o /- DC3 = Table [DD[n], {n, TC3}]
La funcio diagonal

Aquesta funcid associara a cada matriu el nombre que resulta d’interpretar les entrades de la seva
diagonal com a xifres binaries. r - Length [TC3] = Length[DC3]

cup - {24, 24, 17, 18, 17, 20, 18, 20, 3, 5, 6, 3, 9, 10, 5, 9, 12, 6, 10, 12}

- True

- DD[n_] := Diagonal [L[n]].{2”4, 2723, 272, 271, 2/~8}; SetAttributes[DD, Listable]
;- Table[BaseForm[DC3[n], 2], {n, 1, Length[DC3]}] // Union

curr- {11, 101,, 110,, 1001,, 1010,, 1100,, 10001,, 10010,, 10100,, 11600, }

Etiquetatge de les classes de conjugacio
Tindrem dos tipus de cicles d' ordre 3, que corresponen als valors diagonals

Donalda una clfasse de conjugacid, cerquerenll la posicié en la taula.L dels se‘us elements, el valor (3,17, 24} i ala resta.
comu dels caracters (X2, X3) que la caracteritzen, el seu nombre diagonal, i un nombre que ens
fixara posteriorment el valor dels seus elements mobils. Aquest darrer nombre sera el mateix per a

Les premutacions de la primera classe aniran a tresets, atés que presenten tres elements mobils
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correlatius. -7~ DC48 = Complement [DC4, DC46]
Les de laresta aniran a corxeres. 0 {2, 4, 8}

7~ DC33 = {3, 17, 24}
- (3,17, 24}

;- CaracteristicaDC46[n_] := Boole[MemberQ[DC46, DCA[n]]]

- CaracteristicaDC48[n_] := Boole[MemberQ[DC48, DC4[[n]]]
- DC38 = Complement [DC3, DC33]

i 7- VC4[n_] := 16 CaracteristicaDC46[n] + 8 CaracteristicaDC48[n]
our - {5, 6,9, 10, 12, 18, 20}

r7- EtiquetesC4 = Table[{TC4[n], CC4, DCA[n], VC4[n]}, {n, 1, Length[C4]} ]

- CaracteristicaDC33[n_] := Boole[MemberQ[DC33, DC3[n]]] - {11, {-1, @}, 16, 16}, {11, {-1, @}, 16, 16}, {14, {-1, @}, 16, 16},

i 1- CaracteristicaDC38[n_] := Boole [MemberQ[DC38, DC3[n]]] (18, {-1, @}, 16, 16}, {19, {-1, @}, 16, 16}, {23, {-1, @}, 16, 16},
{33, {-1, 0}, 1, 16}, {36, (-1, @}, 2, 8}, {37, {-1, @}, 1, 16}, {40, {-1, @}, 4, 8},
- V€3[n_] := 3/ 2CaracteristicaDC33[n] + 8 CaracteristicaDC38[n] {44, (-1, @}, 2, 8}, {45, {-1, @}, 4, 8}, {51, {-1, @}, 1, 16}, {54, {-1, ©}, 2, 8},
_ EtiquetesC3 = Table[{TC3[n], CC3, DC3[n], VC3[n]}, {n, 1, Length[C3]} ] (58, (-1, @}, 8, 8}, {59, {-1, @}, 8, 8}, {63, {-1, 0}, 1, 16}, {70, {-1, O}, 2, 8},

8,
3 5 3 (73, {-1, @}, 1, 16}, {76, {-1, @}, 4, 8}, {89, {-1, @}, 8, 8}, (84, (-1, @}, 8, 8},
oufj- {{4, (1, 1}, 24, -}, {s, (1, 1}, 24, -}, {9, (1, 13, 17, -}, (12, {1, 1}, 18, 8}, (85, {-1, @}, 1, 16}, {96, {-1, @}, 4, 8}, {98, (-1, @}, 2, 8}, {99, {-1, @}, 4, 8},
23 2 2 {103, {-1, @}, 8, 8}, {167, {-1, @}, 8, 8}, {116, (-1, 0}, 2, 8}, {119, {-1, 0}, 4, 8}}
13, {1, 1}, 17, —}, {16, (1, 1}, 20, 8}, {20, {1, 1}, 18, 8}, {21, {1, 1}, 20, 8},
2
La classe C5

7= TC5 = Table [Position[LS5, C5[n]], {n, 1, Length[C5]} ] // Flatten // Sort
- {34, 35, 38, 42, 43, 47, 52, 53, 64, 65, 69,
72, 74, 78, 86, 90, 91, 94, 97, 101, 109, 113, 116, 117}

57, {1, 1}, 9, 8}, {60, {1, 1}, 10, 8}, {75, {1, 1}, 5, 8}, {79, {1, 1}, 9, 8},
82, {1, 1}, 12, 8}, {100, {1, 1}, 6, 8}, {104, {1, 1}, 10, 8}, {105, {1, 1}, 12, 3}}

{
{31, 1,1}, 3, Z}, (39, (1, 1}, 5, 8}, {46, {1, 1}, 6, 8}, {49, 1,1}, 3, 2}
{
{

/- ;- DC5 = Table [DD[n], {n, TC5}];
La classe C4 BRINL n

Length [TC5] = Length[DC5]
1= TC4 = Table [Position[LS5, CA[n]], {n, 1, Length[C4]}] // Flatten // Sort

{10, 11, 14, 18, 19, 23, 33, 36, 37, 40, 44, 45, 51, 54,
58, 59, 63, 70, 73, 76, 80, 84, 85, 96, 98, 99, 103, 107, 116, 119}

outf-j= True

- VE5[n_] :=5/4

- DC4 = Table [DD[n], {n, TC4}]

;- EtiquetesC5 = Table[{TC5[n], €C5, DC5[n], VC5[n]}, {n, 1, Length[C5]} ]

5 5 5 5
our - (16, 16, 16, 16, 16, 16,1, 2,1,4,2,4,1,2,8,8,1,2,1, 4,8, 8,1, 4, 2, 4, 8, 8, 2, 4} ) {{34} (1, -1}, @, 7}, {35, (1, -1}, o, 7}, {38, (1, -11, @, 7}’ {42’ (1, -11, o, 7},
4 4 4 4
- Length[TC4] = Length[DC4] 5 5
{43, (. -13,0, — ), {47, (1, -1y, 0, — ), 52, (1, -13.0, — ], 53, (1, -3, 0, ],
outf+j= True 4 4
5 5 5 5
- Table[BaseForm[DC4[n], 2], {n, 1, Length[DC4]}] // Union {64} (1, -1}, @, :‘L}’ {65: (1, -1}, 0, Z}, {59: {1, -1}, e, :1}’ {72- {1, -1}, 0, :1},
- {1, 10,, 100,, 1000,, 10000 5 5 5 5
{12 2 > 2 2} {74} {1, -1}, @, 7}, {73, (1, -1}, 0, —}, {86, {1, -1}, o, 7}, {90, {1, -1}, o, *},
; : . . 4 4 4 4
Tindrem dos tipus de permutacions que mouen 4 elements, que corresponen als valors diagonals 5 c 5 5
{1, 16} i a la resta. 91, {1, -1}, @, —, {94, {1, -1}, 0, —, 197, {1, -1}, @, —, {101, {1, -1}, @, —,
Les permutacions del primer tipus aniran a semicorxeres, atés que presenten quatre elements 5 5 5 5
HaBils Carralatius: {109, (1, -1}, 0, Z}’ {113, (1, -13, o, Z}’ {116, (1, -1}, 0, ;}, {117, @1, -3, 0, ;}}

Les de la resta aniran a corxeres.

w1~ Length[EtiquetesC5] == Length[C5]
- DC46 = {1, 16}

ourr- {1, 16}

= True
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La clase de tipus (2, 2): C22

- TC22 = Table[Position[LS5, C22[n]], {n, 1, Length[C22]} ] // Flatten // Sort
- {8, 17, 24, 26, 27, 3@, 56, 61, 68, 83, 87, 95, 108, 112, 120}

i )- DC22 = Table[DD[n], {n, TC22}]
- {16, 16, 16, 4, 1, 2, 8, 1, 2, 8, 1, 4, 8, 2, 4}

o

- VE22[N_] i=

I EtiquetesC22 = Table[{TC22[[n], €C22, DC22[[n], VC22[n]}, {n, 1, Length[C22]} ]
our)- ({8, {1, 0}, 16, 8},
{26, {1, 0}, 4, 8},
{61, {1, 0}, 1, 8},
{95, {1, @}, 4, 8},

7, {1, @}, 16, 8}, (24, {1, o}, 16, 8},

7, {1, @}, 1, 8}, {3e, {1, @}, 2, 8}, {56, {1, @}, 8, 8},

8, {1, @}, 2, 8}, (83, {1, @}, 8, 8}, {87, {1, 9}, 1, 8},
108, {1, e}, 8, 8}, {112, {1, o}, 2, 8}, {120, {1, @}, 4, 8}}

La classe de tipus tipus (2, 3): C23

Els tipus d' aquesta classe quedaran determinats per la posicié relativa dels cicles d' ordre 2 i dels
d'ordre 3.

- T€23 = Table [Position[LS5, C23[[n]], {n, 1, Length[C23]} ] // Flatten
- {28, 29, 62, 67, 89, 93, 114, 118, 32, 41, 48, 50, 71, 66, 77, 92, 88, 102, 115, 111}

Observem que, en aquest cas, la diagonal principal no déna informacié:

- DC23 = Table[DD[n], {n, TC23}]
our - {0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0,0}

infep= €23

, Cycles s 41}

3

{Cycles[{{1, 2}, {
{

(1,2}, {
cycles[{(1, 3}, {

[ ] [{ 5 ]

[ ] [{{1, 33, 5, 4111, Cycles
Cycles[{ {1, 4}, {2, ], Cycles[{{1, 5}, {2, 3, 4}}], Cycles
Cycles[{{1, 2, 3}, {4, 5}}], Cycles[{{1, 2, 4}, {3, 5}}], Cycles

[ ] [{ ]

[ ] [{ ]

[ 1 [ 1

, Cycles [
[
[
Cycles[{{1, 3, 2}, {4, 5}}], Cycles[{{1, 3, 4}, {2, 5}}], Cycles|
[
[

({1, 4}, {2, 3, 5}}]
({1, 5}, {2, 4, 3}}]
({1, 2, 5}, {3, 4}}]
({1, 3, 5}, {2, 4}}],
Cycles[{{1, 4, 2}, {3, 5}}], Cycles[{{1, 4, 3}, {2, 5}}], Cycles[{ ]
Cycles([{{1, 5, 2}, {3, 4}}], Cycles[{{1, 5, 3}, {2, 4}}], Cycles[{ ]

{1, 4, 5}, {2, 3}}
{1, 5, 4}, {2, 3}}

V€232 = Table[n, {n, 1, 8}];
VC233 = Table[n, {n, 9, Length[C23]}];

i 7= CaracteristicaVC232[n_] := Boole[MemberQ[VC232, n]]
- CaracteristicaVC233[n_] := Boole[MemberQ[VC233, n]]

wf-7- V€23[n_] := 8CaracteristicaVC232[n] +3 /2 CaracteristicaVC233[n]

| 7
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;- EtiquetesC23 = Table[{TC23[n], €C23, DC23[n], VC23[n]}, {n, 1, Length[C23]} ]
oulf {{28, {-1, -1}, o, 8}, {29, {-1, -1}, o, 8}, {62, {-1, -1}, o, 8}, {67, {-1, -1}, O, 8},
{89, {-1, -1}, 0, 8}, {93, {-1, -1}, 0, 8}, {114, {-1, -1}, 0, 8}, {118, {-1, -1}, 0, 8},

{32, (-1, -1}, o, g}, {41, (-1, -1}, o, z}, {48, (-1, -1}, o, z},
{ (-1, -1}, e, z} {71, (-1, -1}, @, g} {ss, -y 15 B z}
{7 (-1, -1}, o, z} {92, (-1, -1}, o, z} {ss, {-1, -1}, o, ;}
{

3 3
102, (-1, -1}, o, ;}, {115, (=15, = TP @ E}' {111, (-1, -1}, @, EH

Etiquetatge de les permutacions

Els calculs auxiliars de les seccions precedents permeten etiquetar cadascuna de les 120 permuta-
cions

de 5 elements. L’etiqueta determinara la duracié musical dels elements mobils de la permutacié.

1= EtiquetesL = Sort[Join[EtiquetesCl, EtiquetesC2, EtiquetesC22,
EtiquetesC23, EtiquetesC3, EtiquetesC4, EtiquetesC5], #1[1] < #2[1] &]

3
= {{1, {1, 4}, 31, 8}, {2, {-1, 2}, 28, 8}, {3, {-1, 2}, 25, 8}, {4, {1, 13, 24, *},
2
3
{5, {1, 1}, 24, *}, {6, {-1, 2}, 26, 8}, {7, {-1, 2}, 19, 8}, {8, {1, 0}, 16, 8},
2
3
{9, {1, 13, 17, ;}, {1e, {-1, @}, 16, 16}, {11, {-1, @}, 16, 16}, {12, {1, 1}, 18, 8},

3
{13, {1, 1}, 17, ;}, {14, {-1, @}, 16, 16}, {15, {-1, 2}, 21, 8}, {16, {1, 1}, 20, 8},

{17, {1, e}, 16, 8}, {18, {-1, @}, 16, 16}, {19, {-1, @}, 16, 16}, {20, {1, 1}, 18, 8},
{21, {1, 1}, 20, 8}, {22, {-1, 2}, 22, 8}, {23, {-1, @}, 16, 16}, {24, {1, @}, 16, 8},
{25, {-1, 2}, 7, 8}, {26, {1, O}, 4, 8}, {27, {1, @}, 1, 8}, {28, {-1, -1}, @, 8},

3 3
(29, (-1, -1}, 0, 8}, (30, (L, @}, 2,8}, (3L, (1, 13, 3, —}, {32, (-1, -1}, 0, - ],

2 2
(33, (-1, 0}, 1, 16}, (34, (1, -1}, 0

5
o5 1 -1y, 0. 2, 38, (-1, 03, 2, 8,
4
}h 39, (1,13, 5, 83, (40, (-1, 0}, 4, 8},

(37, (-1, 0}, 1, 16}, {38, (1, -1}, 0
3 5
{41, (-1, -1}, 0, E}’ {42, (1, -1}, 0 71}’ {43, 1, -13, 0, 4}, (44, (-1, @}, 2, 8},
5 3
(45, (-1, @}, 4, 8}, (46, {1, 1}, 6, 8}, {47, 1, -1}, o, ;}, {48, (-1, -1}, @, ;},
3
{49, a, 1y, 3, ;}, {50, (-1, -1}, 0 }

5
, (5L, (-1, 0}, 1, 16}, {52, (1, -1}, 0, i}’

5
{53, {1, -1}, @, *}, {54, {-1, e}, 2, 8}, {55, {-1, 2}, 11, 8}, {56, {1, @}, 8, 8},
4

{57, {1, 1}, 9, 8}, {58, {-1, @}, 8, 8}, {59, {-1, @}, 8, 8}, {60, {1, 1}, 10, 8},

56
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5 F

{61, {1, @}, 1, 8}, {62, (-1, -1}, @, 8}, {63, {-1, 0}, 1, 16}, {64, {1, -13, o, ;}, i LI67] // MatrixForm

5 3 b Brﬂ 10 0
{65, (1, -13, 0, =1, {66, (-1, -1}, @, 5}, {67, (-1, -1}, @, 8}, {68, {1, €}, 2, 8}, 55861

4

5 3 5 1ee89
{69, (1, -1}, 0, 2}, (70, (-1, 03, 2,8}, {71, (-1, -1}, 0, =}, {72, (1, -1}, 0, =}, 0100680

4 5 2 4 09019
73, (-1, 0}, 1, 16}, {74, {1, -1}, @, Z}’ (75, (1,1}, 5, 8, (76, (-1, @}, 4, 8},

3 5 & .’
{77, (-1, -13, 0, E}’ {78, (1, -13, 0, :‘}, (79, (1, 1}, 9, 8}, (80, (-1, 0}, 8, 8}, Calcul de la funcio valor

WBL, (=123, 13, 8, {82, 11, 0}, 12, 8, (83, {1, 0,8, 8k, {84, (-1, 0}, 8, B}, Ara cal interpretar en forma de valors musicals les entrades 4 de les etiquetes.

5 3
85, (-1, 0}, 1,16}, {86, (1, -1}, 0, _ }, (87, (1,0}, 1, 8}, {88, (-1, -1}, 0, ~}, EtiquetesLi = Flatten[EtiquetesL, 11;

5 5 3 5 i
(89, (-1, -1}, 0, 8}, {90, (1, -13}, o, _}, {91, (1, -1}, o, _}, {92, (-1, -1}, o, _}, - TE = Table [EtiquetesLi[n], {n, 2, Length[EtiquetesLl], 2}];
4 4 2.
5 - Partition[TE, 2] // Union
(93, (-1, -1}, ¢, 8}, {94, (1, -1}, 0, — }, (95, (1, 0}, 4, 8}, (96, {-1, O}, 4, 81, - 5
. 4 {1, -1y, =}, {(-1, -1}, 8}, {{-1, €}, 8}, {{-1, @}, 18}, {{-1, 2}, 8},
LL 21
{97, (1, -13, 0, 21, (98, (-1, 03,2, 8}, (99, (-1, 0}, 4, 8}, {100, {1, 1}, 6, 8}, ; 5 . 3
45 3 {1, -1}, —», {(1, B}, 8}, {{1, 1}, —», {{1, 1}, 8}, {(1, 4}, 8}
. 4’ . 2! ;
{to1, (1, -1}, 0, ~}, {102, (-1, -1}, 0, =}, (103, (-1, 0}, 8, 8},
4 2

e f 1= Eti tesl 4
{104, (1, 1}, 10, 8}, (105, (1, 1}, 12, 8}, (166, (-1, 2}, 14, 8}, e i i DL

EE = Table[p([n], {n, 1, Length[EtiquetesL]}]

5
{107, {-1, o}, 8, 8}, {168, {1, o}, 8, 8}, {109, {1, -1}, 9, :1}' {110, {-1, e}, 2, 8}, _
hric:

E; 3
, . o 18, 85 B =~ 85 85 By — 185 18, 85—y 165 851 8 85 18, 165 8, 8y 85 16;
- 2 2 2 2
{111, (-1, -1, 0, =}, (112, (1,0}, 2, 8, {113, (L, -1}, 0, = |,
2 4 3 3 5 5 L} Z 5§ 5
5 g 8,8,8,8,88,8, -,-,16,—, -, 816 -,8,8 -, -, -, 8 88 -,
2 R 4 4 4 2 4 4 4
114, {-1, -1}, 0, 8 115, {-1, -1}, 0, — 116, {1, -1}, @, —
(114, (-1, -1}, 0,8}, {115, (-1, -1}, 0, —, {116, (1, -1}, 0, _ |, B n ok o o .
P — = =a 16— =, B B B, 8, B, 8, B, B B, 16, —, =, —, B, B, =, B, —,
{17, (1, -1, L (118, (1, -1y, 0,80, (119, (-1, 00, 4, 8), (120, (1,00, 4, 8)) P 8 =t EE e w
= 16 = 8 By =y~ 8 BB BB, B 16, —L 8, S8 =, B, =L B
7= Length [EtiqueteslL] 4 5 4 5234 43 25 43 45 25 *
ou - 120 8 -,888 -,-,8,8,88,88-,8-,8-,8-,-,-,8,8,8)
if 4 4 2 2 4 2 4 4

Exemple d’aplicacié

Length [EE]
La permutaci6 17 de la taula és producte de dues transposicions. Els elements mobils s’aplicaran 128
en corxeres:

Exemple d'aplicacio

m - EtiquetesL[17]
r- {17, {1, @}, 16, 8} wei- {pl11s p[2]1, p[4], p(1@], p([34], p(B], p[28]}
g 3 5 =
La permutacié 67 de la taula és producte d’un cicle d’ordre 2 per un cicle d’ordre 3. i (B 8y P 18, P 8,8

El treset estara format per les tres segones.
7= (4 -EE[7]) Diagonal[L[7]] + EE[7]
ourj- {4, 8, 8, 4, 4}

1= EtiquetesL[67]
ouf - {67, {-1, -1}, @, 8}
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- LO7T {4, 8, 8, 4, 4} // MatrixForm
Exemples
492900 9
v 8idp wp- {TVI1], TV[471, TV[165], TV[1e6], TV[115], TV[119], TV[12e]}
28000 ifo]= {{[4, 0,0,0,0}, {0,4,0,0,0}, (0,0, 4,0,0}, {6,0,0,4,0}, {0,0,0,0, 41},
08640 ! 5 : 5 :
ee o004 {fe. oo o}, {0, 0, 0,0, Z}’ [o, 0,0, o o}, {;, 0,0,0,0), (0,0, = o},
%.{c, d, e, g, a} {{e,0,0,0,8}, {0,4,0,0,0}, {0,0, 4,0, 0}, (8,0,0,0,0}, {0,0,0,8,0}},
l4c, Be, 8d, 4g, 4a} {{0,0,0,0,8}, (0,4,0,0,0}, (0,0,4,0,0}, (0,0,0,4,0}, (8,0,0,0,0}},
3 3 3 3 3
(4 - EE[10] ) Diagonal [L[16]] + EE[16] {{e. e, 0,0, E}' [e,0,0, =2 o}, {E’ 0,0,0,0}, [0, e o}, (o, 0, ~e, o},

i {4, 16, 18, 16, 16} {{e,0,0,0,38}, {0,0,0,8,0}, {0,0, 4,0, 0}, {8,0,0, 0,0}, {0,8,0,0,0}],
{{e,0,0,0,8}, {0,0,0,38,0}, {0,0, 4,0, 0}, {0, 8,0,0,0}, {8,0,0,0, 0}}}
w - L[1e] {4, 16, 16, 16, 16} // MatrixForm
e Necessitarem modificar aquests valors per als elements de la classe C23, atés que aquesta classe

; g 196 g Z déna lloc a dos tipus diferents: €232, C233, segons que el nimero 1 formi part del cicle d’ordre 2 o
e 9 @ 16 o del d’ordre 3, respectivament.

g 2. e 2o - TC232 = Table[TC23[n], {n, 1, 8}]

016 8 9 ¢

cur - {28, 29, 62, 67, 89, 93, 114, 118}
- %a(C, dy €, g, a}
- {4c, 16e, 168, 16a, 16d}

- TC233 = Table[TC23[n], {n, 9, Length[TC23]}]
i~ {32, 41, 48, 56, 71, 66, 77, 92, 88, 102, 115, 111}

L[7T {4, 8, 8, 4, 4} // MatrixForm

i1~ CaracteristicaTC232[n_] := Boole[MemberQ[TC232, n]]

40600 )= CaracteristicaTC233[n_] := Boole[MemberQ[TC233, n]]

e a8¢@a@

P ROOO v )= ValorsModificats[n_] :=

2 00 40 (valors[n] + {0, ©, 3/2-8, 3/2-8, 3/2-8}) «CaracteristicaTC232[n] +
e 3o e 4 (valors([n] + {6,0,0, 8-3/2, 8-3/2}) - CaracteristicaTC233[n] +

Valors[n] (1 - CaracteristicaTC232([n]) ~ (1 - CaracteristicaTC233[n])
u- %.{c, d, e, g, a} —
i - Table[ValorsModificats [n], {n, TC232}];
s~ {4c, Be, Bd, 4g, 4a}
)= Table[ValorsModificats [n], {n, TC233}];
- Valors[n_] := {4-EE[n]) Diagonal[L[n]] + EE[n] . . .
n1- {ValorsModificats[1], ValorsModificats[28], ValorsModificats[115]}
3 3 3 3 3 3
v {4 s a44, 8,8, 2, 2, 21 (202, 28, 8))
2 2 2 2 2 2

- V= Table[Valors[n], {n, 1, 128}];
TV = Table[L[n] - Valors[n], {n, 1, 128}];

i J= TVM = Table [L[n] - ValorsModificats[n], {n, 1, 120}];

Primer compas

i j- PrimerCompas = Table[{n, TVM[n].{c, d, e, g, a}}, {n, 1, 128}] // MatrixForm

{4c, 4d, 4e, 4g, 4a}
{4c, 4d, 4e, 8a, 8g}
{4c, 4d, 8g, 8e, 4a}

3 3 <)
{ac, 40,28, 22, 2}

- [ - 3a 3e 3g)

A WN R

58



42

43

44
45
46

47

48

49

1\4(:, 4.4, 5 *

{4c, 4d, 8a,
{4c, 8e, 84d,
{4c, 8e, 8d,
{ac. 22, 22,
{4c, 16¢, 16 g,
{4c, 16e, 16 a,
{4c, 8e, 8a,
{4c, 2, 29,
{4c, 16g, 16d,
{4c, 85, 4e,
{4c, 85, 4e,
{4c, 8g, 8a,
{4c, 16g, 16a,
{4c, 16a, 164d,
{4c, 8a, 8d,
{4c, 8Ba, 4e,
{4c, 8a, 4e,
{4c, 16a, 16 g,
{4c, 8a, 8g,
{8d, 8c, 4e,
i8d, 8c, 4e,
{8d, 8¢, 8g,

{Bd, 8c, 28,

{sd, sc,
{8d, 8¢, 8a,
3c

o ¥ 2‘}
4g, 8e}
4g, 4a}
8a, 8g}
3d
2

16a, 16d}
16d, 16 g}
4g, 8d}

3e
2

16 a, 16 e}
8d, 4a
8a, 8d}
8d, 8e}
16c, 16d}
16e, 16 g}
4g, Be}
8d, Bg}
4g, 8d}
16d, 16e}
8e, 8d}
4g, 4al
8a, 8g}
8ec, 4a}

3a 3o
ERr

1
5, 4aj

1
y 4aj

gy SE]
2 A il

g, 8e}

8a, Sg}

{16d, 16e, 16g, 16, 4a}

{8d, 8e, 8a,

5a 5(}
a4’ a
5

(16d, 16g, 16 c, 16 c, 4a}

5d 5g 5¢
{T' 2 a2
{8d, 8g, 4e,
{8d, 8g, 4e,
3g
f

®w®
w o, w a e w
sheEall g alleling
e

w o w oo o

LR o ™
w ™S a S
a w ® m N Nm

s e ey o B B e o

w
o

w
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w
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51
52

53

54
55
5e
57
58
59
60
61

62
63
64

65

66

67
68
69
70
71

72
73
74

75
76

77

78

79
80
81
82
83
84
85

86
87
88

89

90

91

92

122

P

{16e, 16,

{3
o
{2
5
i8e,
{8e,
{8e,
{8e,
{8e,
(8e,
{8e,
(8e,

{Se,

5c
e

s

)
8c,
4ad,
ad,
4d,
4d,
4d,
ad,
8g,

8g,

(16e, 16g,

Se
4
5

s

o

w
sz oa]

>

8e,
{8e,
5e
2.
{8e,

[3e

La”

{2
=

—— e

{16 g, 16c¢,

[z
£,
se,
8e,
[

£,
[

£,
ise,
8e,
8e,
gg,
s,
{8 g,

Sc
5’
8¢,
8¢,

{16g, 16e,

5g
P

se

, » B2 BB
16g, 16d, 4a}
20, 20, 3w}
4 4
8a, 4g, 8d}
8c, 4g, 4a}
8c, 8a, 8g}
8g, 8¢, 4a}
8g, 8a, 8¢}
8a, 8c, 8g}
8a, 4g, 8c}
8¢, 8d, 4a}
3¢ 3a 3d
7

w @
= n
M
IS
N
]
.
o0

+]
o

-

= w w 0
mm>‘mNmQ

a .

N w ©

= 2 n

o ‘."‘

LT

n

»

[}

&2

»|Z
.
"
=17
n
=13
i,

LN
n m
M

8d}

. 8e}
52, 22}
8e, 4a}
8el
4a}
8c}
8a, 8¢, Be}
8a, 8e, 8¢}t
16 c, 16d, 4a}
5¢ sa Lﬂ}

w
»

v

© 0 0w

a o a
.

mN‘
o
- .
w

-bhooooh‘
Do NN
G
0w o,
L N L
- o

a® a4’ 4
d, 8¢, 4a}
d

, 8a, Sc}
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93 {sg,sa,i;,B‘,?}

58 5a S5d Se e
R T T
95 {8g, 8a, 4e, 8¢, 8d}
96 {8g, 8a, 4e, 8d, 8¢}

S5a %4 5d S5e 58
7 (S5
98 {8a,8c,8d, 4g, 8e}
99 {8a,8c, 4e, 8d, 8g}
100 {8a,8c, 4e, 4g, 8d}

5a 5t 5g S5d Se
R T
102 {L;,i;,%g,Se,Sd}

103 {8a,4d,8c, 8e, 8g}
104 {8a,4d, 8c, 4g, 8e}
105 {8a, 4d, 4e,8c, 8g}
106 {8a, 4d, 4e, 4g, 8¢}
107 {8a,4d, 8g, 8c, 8e}
108 {8a,4d, 8g, 8e, 8¢}
109 {E, B,E,EJE}

110 {8a,8e,8c, 4g, 8d}
5]

111 {?,7,7,8&8@}
112 {8a, 8e,8d, 4g, 8¢}
14 {sa,se, ¥, 27, 2
115 {’—j,%,i;,sd,sm}
us  {sa, 8g %, 2, 3}

119 {8a, 8g, 4e, 8¢, 8d}
120 {8a,8g, 4e, 8d, 8¢}

7= PrimerCompas[1] [17] [2]
ourj- {4c, 8g, 8a, 8d, 8e}

Els motius

exercicis_pentatonics20200525.nb

i 7- MotiuAscendent := Transpose[{{c, d, e, g, a}, {d, e, g, a, c}, {e, g, a, ¢, d}}]

TaulaMotiusl = Table[Transpose[L[n] .MotiuAscendent], {n, 1, 128}];

nr-7- TaulaMotiusi[2]

ourj- {{c, d, e, a, g}, {d, e, g, ¢, a}, {e, g, a,d, c}}

7 ]- TaulaMotius2Aux = Table [Reverse[Flatten[TaulaMotius1[n]]], {n, 1, 128}] // Flatten;

7= TaulaMotius2Aux;

i ;- TaulaMotius2 = Partition[Partition[TaulaMotius2Aux, 5], 3];

| 15

16 \ exercicis_pentatonics20200525.nb

La

3c 3 d
{41, {{7 .8 se}, {7 S8 Sg}, {7 o+, +8e8a

- TaulaMotius2[2]
- {{c,d, a, g, e}, {a, ¢, g, e,d}, (g a,e,d, c}}

partitura

Comengarem per crear el motiu que sera posteriorment permutat de totes les maneres possibles.

Notem que el mateix programa es pot aplicar a qualsevol motiu format per un total de 15 notes.

Nosaltres hem partit de la base de les cinc notes de 'escala pentatonica de C.

- Taulal = Table[{n, Transpose [TVM[n] .MotiuAscendent]}, {n, 1, 128}] // MatrixForm;

- Taulal[1][1]
- {1, {{4c, 4d, 4e, 4g, 42}, {4d, 4e, 4g, 4a, 4C}, {de, 4g, 4a, 4c, 4d}}}

Taulal[1] [28]

3g 3a 3e 3a 3c 3g 3c 3d 3a
- {28, {{8d,8c, S 7}, {8e, 84, S 7}, [8e. 8e, S 5

- Taulal[l][41]
3d 3g 3a 3e 3a

- Style[Taulal[1][3], Small]

- {3, {{%¢, 44, 85, Be, 4a), {40, 4e, 8a, Bg, 4C), {4e, 48, B, Ba, 44)})

- {TaulaMotius2[2], ValorsModificats[2]}
- {{{c, d, a, g, e}, {a,c, g, e,d}, {g,a,e,d,c}}, {4,4,4,8, 8}}

- {c, d, a, g, e} {4, 4, 4, 8, 8}

- {4c, 4d, 4a, 8g, 8e}

TaulaMotius2[[2]
{{c,d, a, g, e}, {a, ¢, 8 e,d}, (g, a,e,d, c}}
- Taula2 = Table[{TaulaMotius2[[n] [m] - ValorsModificats[n]},
{n, 1, 120}, {m, 1, 3}] // MatrixForm;
Taula2[
11

2]

- {{{4c,4d, 4a,8¢g, 8e}}, {{4a, 4c, 4g, Be, 8d}}, {{4g, 4a, 4e,8d, BC}}}

- Barra[n_] := Text["Final"]
TaulaFinal = Table [Barra[n], {n, 1, 120}];

{Taulal[1] [2], Taula2[1][2], TaulaFinal[2]}
{12, ({4c, 4d, 4e, 8a, 8g}, (4d, 4e, 4g, 8¢, 8a}, {4e, 4g, 4a, 8d, 8c}}},
{{{4c, 4d,4a,8g,8¢e}}, {{4a, 4C, 4g, Be, 8d}}, {{4g, 43, 4e, 8d, Bc}}}

- R = Riffle[Taulal[1l], Taula2[1]];

s Final}

60
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£> (4 G1v BIU UL €L Us CLU o1 BLIU €4 ULU L10 BLU @10 @4 KLU (LU ULU €L B4 €10 @L0 LIV ULU €% ULy

o 7= RLAD 24 ¢4 a8 g8 e8 d8 d4 8 a8 g8 e8 e4 d8 <8 a8 g8 g4 a8 (8 d8 e8 e4 g8 a8 8 d8 d4 e8
25 d8 <8 e4 g4 a4 e8 d8 g4 a4 4 g8 e8 a4 4 d4 d8 (8 a4 e4 g4 8 a8 g4 d4 e4 a8 g8
Ou {1, {{4c, 4d, 4e, 4g, 4a}, {4d, 4e, 4g, 4a, 4c}, {4e, 4g, 4a, 4c, 4d}}} 26 d8 <8 e4 a8 g8 e8 d8 g4 8 a8 g8 e8 a4 d8 (8 <8 d8 a4 e8 g8 a8 (8 g4 d8 e8 g8 a8
27 d8 <8 g8 e8 a4 e8 d8 a8 g8 4 g8 e8 (8 a8 d4 d8 a8 (8 e8 g4 8 g8 a8 d8 e4 a8 e8
s-7- Partitura = Table[Append[Partition [Flatten[R], 31][n], Text["Final"]], {n, 1, 120}]; 28 dg 8 B T P g ogg T S B g oeg & B 3T 5 o4 & B F g og B8 5 o
2 7 ) z 7z : 7 2 R
4 fsi ; . EERC s g = R ERNCI- RN
Vegem com és una linia de la partitura: 29 d8 g o T 5 es d8 o O 7 g8 8 o 2 T 8 a8 O o 5 a8 g8 o T T g8 e
30 d8 c8 a8 g4 e8 e8 d8 8 a4 g8 g8 e8 d8 c4 a8 a8 8 d8 e4 g8 g8 a8 8 d4 e8 o8 g8
ni1- Partitura[l] PP - T R Y R O - N O R v
: 2 : 2 2 : 2 : 7 2 ] : 2
I {1, 4c,4d,4e,4g,4a, 4d, 4e, 4g,4a, 4¢c, 4e,4g,4a,4c, 4d, 33 B B S g ogg BB B g o B OB 8 g g @ B 8 g g B8 B g BB
) : 2z 2 : 7 2 : 2 ) P
4d, 4c, 4a, 4g, 4e,4c,4a, 4g, 4e, 4d, 4a, 4g, 4e, 4d, 4c, Final} 33 d16 el6 gl6 <16 a4 el6 glé alé d16 c4 gle alé cl6 el6 d4 dl6 el6 c16 alé g4 cl6 16 alé gle e4 alé clb
 E B B BB S B BB E B M S BBl s B # SR B S SR
Y
o= Partitura[3] 35 9 =5 35 5 g5 £S5 g5 5 5 a5 g5 a5 5 5 5 5 e5 d5 5 g5 a5 05 5 g5 5 g5 S
S Y
Oulf+]= {3, 4c,4d,8g, 8e, 4a, 4d, 4e, 8a,8g, 4c, 4e,4g, 8¢, 8a, 4d, 36 d8 e8 a8 g4 c8 e8 g8 8 a4 d8 g8 a8 O8 ¢4 e8 e8 ¢8 d8 a4 g8 d8 a8 8 g4 e8 8 g8

Y 37 d16 gl6 c16 el6 a4 el6 alé dl6 gl6 c4 16 c16 el6 alé d4 dlé ale elé clé 4 ¢16 glé d16 alé e4 alé elé
4d,4a,8c, 8g, 4e,4c,4g,8a,8e,4d, 42, 4e, 8g, 8d, 4c, Final} . 5 ¥ : 5

33 = £ 2 2 2 2 2 2 2 88 2 2 2 =2 =222 2 =

39 d8 g8 e4 8 a4 e8 a8 g4 d8 c4 g8 (8 a4 e8 d4 OB e8 a4 c8 g4 8 08 g4 a8 e4 a8 <8

o1- P = Style[MatrixForm[Partitura], Small];
viel L 1 s 40 d8 g8 e4 a8 (8 e8 a8 g4 (8 d8 g8 8 a4 d8 e8 e8 d8 a4 8 g8 d8 8 g4 a8 e8 c¢8 a8

a1 2B 2 g ey B B D g g B2 B g g5 BB B g g BB DS 5o 22
.y . 2 B g £ B B S S s B s g e S EoE o s om S o o s B a s
Preparacio de la partitura en codi Lilypond ©
43 8 B S s g 5 S d5 g5 25 g5 5 5 25 5 S a5 5 5 g5 a5 g5 5 5 5 g5 o8
44 d8 a8 (8 g4 e8 e8 (8 d8 a4 g8 g8 d8 e8 ¢4 a8 a8 (8 e8 d4 g8 g8 a8 d8 c4 e8 e g8

o)-PA=P /. {4c>c4, 4d>d4,4e>e4, 4g>g4, 4a - ad};
45 d8 a8 e4 8 g8 e8 (8 g4 d8 a8 g8 d8 a4 e8 ¢8 8 e8 a4 d8 g8 a8 d8 g4 8 e8 g8 8

46 d8 a8 e4 gi 8 e8 8 g4 a4 8 g8 d8 a4 c4 eB e8 8 a4 d4 g8 d8 a8 g4 4 eB 8 g8
4 s g5 s es es s a5 o5 g5 g5 d5 5 w5 a5 a5 e o5 d5 g5 g5 05 5 s e e o

v - PA8 =P4 /. {8c>c8, 8d->d8, 8e »e8, 8g - g8, 8a— a8};

7 = S & S e 5 B2 e & G el S BE 5 s 5 8 B

PR L
v 1- PAB3 =P48 /. {3c»>c3, 3d-»d3, 3e»e3, 3g-g3, 3a-a3}; 8 B B B g g B 2 B g ogg BB S g g B B S g o B8 B g g &2
: 2 2 : 2 2 ] : 2z : 2 2 P
s a @ & @ = 3 s og s a @ a = o= s
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Experiments musicals en teoria de grafs

Z./12Z conjunt de totes les classes de notes musicals del sistema temperat,
format per 12 semitons.

N =1{0,...,11} conjunt de les 12 notes de I’escala cromatica

Sigui A C N un acord. La funcié caracteristica de A, x4 : Z/12Z — C, es

defineix com
1, sime A

Xa(m) = { 0, altrament.

La transformada finita de Fourier d’un acord A de funcid caracteristica
XA €s

a, = Xxa(n) = Z xa(m)w™, w=e12, peral<n<Il1l.
meA

El valor de a,, és el n-esim coeficient de Fourier de y 4.
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Exemple numeric

Considerem l'acord triada C = {do, mi, sol} = {0,4,7} C N.
La seva funcio caracteristica és

Xc — (19 07 07 07 17 07 07 ]-7 07 07 07 0)

i la seva transformada finita de Fourier és

1— 1— 1 1
550_(3, ‘/§+ \/gz', 1, 2414, —V/3i, +‘/§+ J”/gz',
2 2 2 2
1,1’;‘@— 1+2\/§i,\/§i, 2 1,1_2‘/§+ _1;\@@').

Observem que existeix una simetria entre els coeficients de Fourier: per a tot
n € Z/127, es té que a, = G12_n-
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Coordenades toriques de les triades

V2+v3 V3 V5

V3 V2+/3 1

arg(as) arg(as) arg(as) arg(as)
Do M| 0464 0.785 dom | 1.107 —0.262
Reb M | —1.107 —1.833 reb m | —0.464 —2.88
Re M | —2.678  1.833 rem| —2.034  0.785
Mib M| 2034 —0.785 mi>m | 2.678 —1.833
MiM| 0464 288 mim| 1107 1.833
Fa M | -1.107  0.262 fam|—0464 —0.785
Faj M | —2.678 —2.356 fagm|—2.034 288
Sol M| 2.034  1.309 solm| 2678  0.262
Lab M | 0.464 —1.309 labm | 1.107 —2.356
La M| —1.107  2.356 lam|—0464  1.309
Sib M | —2.678 —0.262 sivm | —2.034 —1.309
Si M| 2034 -288 sim| 2678  2.356
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Calculs...

triadaCEG = Fourier[{1,0,0,0,1,0,0,1,0,0,0, 0}, FourierParameters — {1, —1}]

{3. +0.4, —0.366025—0.366025¢, 1. +0.4, 2. + 1.4, 0. —1.732054, 1.36603 +1.366034, 1. +
0.4, 136603 — 1.36603: 0. + 1.732054,2. — 1.4, 1. + 0.4, —0.366025 + 0.366025{}

ArgltriadaCEG)
{0., —2.35619, 0., 0.463648, —1.5708, 0.785308, 0., —0.785308, 1.5708, —0.463648, 0., 2.35619}
triadaDFsA = Fourier[{0, 1,0,0,0, 1,0,0, 1,0,0,0}, FourierParameters — {1, —1}]

[3. + 0.4, —0.5 — 0.1339754,0.5 — 0.866025, 1. — 2.4, — 1.5 + 0.866025i, —0.5 —
1.86603, —1.+0.1, —0.541.866031, —1.5—0.8660254, 1. +2.1, 0.5 +0.8660251, —0.5+
0.133975i}

Arg[triadaDFsA|

{0., —2.87979, —1.0472, —1.10715,2.61799, —1.8326, 3.14159, 1.8326, —2.61799, 1.10715, 1.0472, 2.87979}
Coordenades[CEG] = {Arg[triadaCEG]([3]], Arg[triadaCEG][[5]]}

{0., —1.5708}

Coordenades[DFsA] = {Arg[triadaDFsA][[3]], Arg|triadaDFsA][[5]]}

[~1.0472, 2.61799}
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El tor de les triades

fat a8 Al
™ s ™
L& i
- L
RE 4 mi
™ s -
la 5 SOL
. 3 .
re el oo
- s ™
FA 3
™
_E_”-I 1 " " 1 d‘B " "
= —10 -8 - Ll
fa 3 hALE
. - .
-2
. 3 -
sib : Lak
. i
FAf REF - lak
. - .
reh - Sl
- - .
-g

Es el tor definit per les identitats

2+ /3 ~ 1.932,

las| = /5 ~ 2.236,

as| =

i parametritzat pel parell de fases arg(as) y arg(as).
Es a dir, és el tor de radis R = |ag| ~ 2.236 i r = |as| ~ 1.932.
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Cicles harmonics d’ordre 3




MO O i~

JOEN COLTRANE ~ GIANT STEPS

———{ORIGINAL RECORDING |—r

1959

The "Giant Steps" cycle is the culmination
of Coltrane's theories applied to a
completely new chord progression.

Coltrane uses the cycle in descending
major third tonal transpositions in the
opening bars and then ascending ii—v—i
progressions separated by a major third in
the second section of "Giant Steps".
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Triades majors, menors i disminuides

d(P,Q) =Min{+/(p1 — q1)*> + (p2 — @),
\/(Miﬂﬂpl — a1, L — [p1 — q1|})? + Min{|ps — ga|,{ — |p2 — @2|})? }.
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El cicle hamiltonia de les triades




P Baver & Ludwag
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Hamiltonian cycle

Hamiltoman cycle
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Hamiltonian cvele

Hamiltonian cvele
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Un experiment amb IA

Aromes cubanes En la jubilacié de
Josep Gonzalez Rovira

UPC, Vilanova, 2019.06.27

P. Bayer & Ludwig

* Saxo soprano: M. Bayer
* Piano: P. Bayer
* Percussio: Ludwig

. Foto: J.-C. Lario
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