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Presentacié del Curs Riemann (2007-2008)

La FACULTAT DE MATEMATIQUES I EsSTADISTICA (FME) dedica el
curs 2007-2008 a Bernhard Riemann (1826-1866).

La Comissi6 Riemann, constituida per Victor GONZALEZ, Eduard
RECASENS, Oriol SERRA, Joan SOLA-MORALES i Sebastia XAMBO,
fou 'encarregada de donar contingut académic a la decisio, incloent-
hi I’elaboracio del programa de conferéncies. Es l'ocasio per reiterar
Iagraiment de 'FME als seus membres pel temps i esfor¢ que hi van
dedicar.

La difusio de les conferéncies s’ha fet posant els articles al Butlleti Di-
gital FME, al qual s’accedeix a través del vincle del mateix nom posat
a la part superior del Web de 'FME.* Ara, a més dels materials acces-
sibles a través del Web, 'FME posa a disposicio de tots els interessats
un recull en paper de les conferéncies més directament relacionades
amb la vida i obra de Riemann. S’afegeix aixi un Volum Riemann
als volums Poincaré, Einstein, Gauss i Euler. En nom de 'FME, és
un agradable obligaci6 agrair molt especialment als autors 'esfor¢ ad-
dicional de transformar els materials de la conferéncia en els articles
d’aquest recull.

Un agraiment molt sentit per al professor Sir Michael Atiyah, que va
saber trobar temps en la seva agenda per visitar 'FME el desembre
de 2007. En aquella ocasi6é va impartir una conferéncia keynote, «Rie-
mann’s influence in Geometry, Analysis and Number Theory», i és
una gran satisfaccio per a nosaltres poder-la incloure en aquest volum.
També agraim al professor Atiyah, al Centre de Recerca Matematica
(CRM) i a I'Institut de Matematica de la Universitat de Barcelona
(IMUB) la gentilesa de permetre’ns incloure en aquest recull la trans-
cripcié de la conferéncia Duality in Mathematics and Physics.

“http://www-fme.upc.es/
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Els articles estan escrits en la llengua en qué 'autor ens els ha lliurat:
dos estan en catala, tres en castella i cinc en angles.

Cal dir a més que hem usat un mateix estil de document ITEX per
composar els diversos articles (amsart.sty), encara que P’article lliurat
no fos en IXTEX o que ho fos en un format diferent d’amsart, pero
que tanmateix hem intentat mantenir molts aspectes de la composicid
original dels autors.

Ens donarem per satisfets si contribuim a fer que figures com Riemann
siguin millor conegudes entre els matematics, sobretot si aquest conei-
xement arribés ben viu a les generacions més joves.

Sebastia Xambo6 Descamps
Dega de 'FME
Barcelona, agost de 2008



Presentacié del Volum Riemann

Aquest volum recull els articles rebuts corresponents a les conferéncies
més directament relacionades amb Riemann que es van impartir durant
el Curs Riemann (2007-2008), i un article excepcional del professor
Atiyah del qual donem detalls més avall.

La relacio de les conferéncies és la segiient:

e Conferéncia inaugural, el 19 de setembre de 2007, a carrec del
professor Jordi QUER: La funcio ¢ de Riemann.

e Conferéncia keynote del professor Sir Michael ATIYAH, el 18 de
desembre de 2007: Riemann’s influence in Geometry, Analysis
and Number Theory.

Aquesta conferéncia fou seguida per la que va impartir el ma-
teix dia a la Facultat de Matematiques de la Universitat de
Barcelona, amb el titol Duality in Mathematics and Physics,
d’acord amb una invitaci6 del CRM sorgida de la seva dispo-
sici6 a aprofitar 'ocasié de la visita del professor Atiyah per
oferir una activitat a tota la comunitat matematica.

e Jornada Riemann (20 de febrer de 2008), destinada a apro-
fundir en els aspectes més importants de la persona i l'obra
d’un matematic cabdal. Com en els cinc cursos precedents, es
va demanar als conferenciants de la Jornada (Rossana TAzzI-
oLI, Joan PORTI, Juan L. VAZQUEZ, Jaume AMOROS i Emili
ELIZALDE) que procuressin posar de relleu la influéncia de Ri-
emann fins al dia d’avui.

Els titols de les conferéncies, en el mateix ordre, foren els se-
giients: An overview of Riemann’s life and work, Geometria de
Riemann, Las ecuaciones en derivadas parciales de Riemann:
un camino a la geometria y a la fisica, Riemann 1 les funcions
de variable complexa, Riemann i la fisica.
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e Dues conferéncies del professor Jos¢ M. MUNOZ PORRAS, el
dia 3 d’abril de 2008: Riemann, funciones theta y variedades
abelianas i Codigos convolucionales de Goppa.

e Conferéncia de cloenda del Curs Riemann, el dia 14 de maig
de 2008, a carrec del professor Antonio Cérdoba: Riemann y el
andlisis matemdtico.

Apunt biografic

Bernhard Riemann va néixer el 17 de setembre de 1826 a Breselenz,
un poble situat al nord d’Alemanya. De petit no va anar a l’escola;
el seu pare, que era pastor lutera, li va fer de mestre. EI 1840, pels
estudis de secundaria, va anar primer a I'Institut de Hannover i dos
anys després al de Liineburg. L’any 1846, d’acord amb el desig del
seu pare, es va matricular a la Universitat de Gottingen per estudiar
Teologia, pero 'any segiient va obtenir el permis patern per estudiar
Matematiques; aquest interés cap a les matematiques li provenia de
I’época de secundaria, quan el director de I'Institut de Liineberg li havia
deixat llibres d’Euclides, Arquimedes, Descartes, Newton i Legendre.
En particular, es va llegir el tractat sobre teoria de nombres de Legendre
en sis dies.

El 1847 es va traslladar a Berlin, on rebé les llicons de Dirichlet sobre
Analisi i Teoria de nombres i les de Jacobi sobre Mecanica i Algebra.
Amb Eisenstein estudia les funcions elliptiques. Acabats els estudis,
va tornar a Gottingen per entrar com ajudant al laboratori de fisica
que dirigia Wilhelm Weber i és en aquest periode quan s’inicia el seu
interes per la Fisica. En aquests mateixos anys, llegeix al filosof Johann
Herbart, el qual I'influencia notablement, sobretot per tot allo que fa
a la nova manera en qué Riemann concebra 'espai.

[’analisi complexa fou un dels camps més rellevants de la produccio6 ci-
entifica de Riemann. El novembre de 1851 defensa la seva tesi doctoral
titulada «Fonaments per una teoria general de funcions d’una variable
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complexay, en la qual introdueix meétodes topologics i, per a ’analisi de
les funcions multivaluades, les superficies que avui porten el seu nom.
L’altra fita fonamental en aquest camp és la publicaci6 sis anys més
tard al Journal de Crelle de la «Teoria de funcions abelianesy.

El desembre de 1853, es presenta a un concurs per una placa com a
Privatedozent a Gottingen i en una de les memories que va presentar,
la que porta per titol «Sobre la representacié d’una funci6é per séries
trigonomeétriques», introdueix allo que avui anomenem «Integral de
Riemanny, i en una altra memoria, la que porta per titol «Sobre les
hipotesis en qué es fonamenta la geometria», introdueix i analitza el
concepte de varietat n-dimensional i les relacions métriques de les que
és susceptible.

E1 1859, obté una catedra a Géttingen: era la catedra que queda vacant
a la mort del seu gran mestre Dirichlet i que aquest havia ocupat des
de la seva creacio I'any de la mort de Gauss (1855). Aquest mateix
any 1859, Riemann és nomenat membre de I’Académia de Gottingen i
membre corresponent de la de Berlin. Es per aquest motiu que viatja a
Berlin, on visita a Weierstrass, Kummer i Kronecker i publica I'article
«Sobre el nombre de nombres primers inferiors a un nombre donaty,
el qual conté la seva famosa conjectura sobre la localitzacio dels zeros
no trivials de la «funci6 zetay, conjectura que a dia d’avui encara resta
oberta.

Riemann, que fou un matematic de brillant imaginaci6 i els treballs del
qual obririen molts dels camins que conduiren cap a la matematica del
segle XX, era una persona amb salut débil i de caracter reservat. El
seu gran amic fou Richard Dedekind, amb qui solia mantenir llargues
converses.

El 1862, quan tenia 36 anys, es va casar amb Elise Koch, una amiga de
les seves germanes. L’infortuni va fer que, just dos mesos després de
casar-se, Riemann sofris una pleuresia que I'afecta greument. A partir
de llavors, comenca una nova vida consistent en donar menys classes i
passar llargues temporades a Italia pel seu clima més benigne. El 1863,
va anar a Pisa per trobar-se amb Betti, Beltrami, Briochi i Casaroti

i parlar de topologia. Aquest mateix any va néixer Ida, la seva tnica
filla.
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En un tercer viatge a Italia s’establi a Selasca, un bell llogaret al costat
del llac Maggiore i fou en aquest indret on Riemann, quan li faltaven
dos mesos per complir quaranta anys, afectat d’'una tuberculosi, mori.
Era el 20 de juliol de 1866.

Gauss, matematic poc donat a lloar els altres matematics, el 1851 (te-
nia llavors 74 anys), com a membre del tribunal que havia de jutjar la
tesi de Riemann, va escriure en el seu informe que el treball de Rie-
mann mostrava «una ment creativa, activa i decididament matematica,
acompanyada d'una fértil i meravellosa originalitaty.

La Comissi6 Riemann
Barcelona, agost de 2008



Index d’Autors

Sir Michael ATIYAH

School of Mathematics

University of Edinburgh

President of the Royal Society of Edinburgh
M.Atiyah@ed.ac.uk

Antonio CORDOBA
Departamento de Matematicas
Universidad Auténoma de Madrid
Antonio.Cordoba@uam.es

Emili ELIZALDE

Consejo Superior de Investigaciones Cientificas
Instituto de Ciencias del Espacio (CSIC)

Institut d’Estudis Espacials de Catalunya (IEEC/CSIC)
elizalde@ieec.uab.es, elizalde@math.mit.edu

José M. MUNOZ PORRAS
Departamento de Matematicas
Facultad de Ciencias
Universidad de Salamanca
jmpQ@usal.es

Joan PORTI

Departament de Matematiques
Facultat de Ciéncies

Universitat Autonoma de Barcelona
porti@mat.uab.cat



16

Jordi QUER

Departament de Matematica Aplicada 11
Universidad Politécnica de Catalunya
Jordi. Quer@upc.edu

Rossana TAZZIOLI

Dipartimento di Matematica e Informatica
Facolta di Scienze Matematiche, Fisiche e Naturali
Universita di Catania

tazzioli@dmi.unict.it

Juan Luis VAZQUEZ
Departamento de Matemaéticas
Facultad de Ciencias

Universidad Autéonoma de Madrid
Juanluis.Vazquez@uam es



LA FUNCIO ¢ DE RIEMANN

JORDI QUER

REsuM. El novembre de 1859 Riemann envia un manuscrit de sis
fulls a I’Académia de Berlin titulat Sobre el nombre de primers
menors que una quantitat donada, el qual seria I'inica publicaci
dedicada a la teoria de nombres de tota la seva produccio cientifica.
Aquest treball, sens dubte una de les peces mestres de les mate-
matiques de tots els temps, és pioner en ’aplicacié de técniques
analitiques per a ’estudi de problemes aritmétics. En ell Riemann
introdueix la funcié ¢ i en déna diverses propietats, de les quals
en treu conseqiiéncies sobre I'acumulacié dels nombres primers.
També hi enuncia la famosa conjectura sobre els seus zeros que
ha passat a la historia amb el nom d’hipotesi de Riemann, i que,
havent resistit els esforcos de molts dels millors matematics del
segle XX, és considerada avui dia el problema obert més important
de les matematiques.

L’objectiu d’aquestes notes és explicar el contingut del treball
de Riemann i el paper fonamental que ha jugat en Pestudi de la
distribucié dels nombres primers.

1. INTRODUCCIO

El matematic alemany Bernhard Riemann va néixer 'any 1826 a Brese-
lenz i mori prematurament als 39 anys a Italia de tuberculosi. Excepte
una estada de dos anys a Berlin, la seva activitat académica va estar
sempre vinculada a la Universitat de Gottingen, on va estudiar, i on
va acabar ocupant la catedra que havia estat préviament de Gauss i de
Dirichlet, dos dels seus mestres. Malgrat que 1’edici6 de les seves obres
completes requereix un Gnic volum no gaire gruixut, les contribucions
cabdals de Riemann a l'analisi i a la geometria el converteixen en la
figura central de les matematiques de mitjan segle X1X. L’tnic article
que Riemann publica sobre aritmeética és la pedra fundacional d’'una

nova branca de les matematiques: la teoria analitica de nombres.
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18 JORDI QUER

El teorema dels nombres primers

€T
(1) w(x):=#{p : p primer < z } ~ Li(z) := i, T — 00,
o logt

doéna el creixement asimptotic de la funcié m que compta els nombres
primers. Conjecturat per Gauss i Legendre a finals del segle XViII, va
ser abordat per diverses generacions de matematics de primera fila fins
que finalment 'any 1898 Hadamard i de la Vallée-Poussin van aconse-
guir demostrar-lo seguint el cami indicat per Riemann en el seu article.
La reputaci6é d’aquesta conjectura entre la comunitat matematica del
segle XIX és comparable amb la que ha gaudit durant més de tres se-
gles I'altim teorema de Fermat o amb ’adquirida per la hipotesi de
Riemann d’enca que Hilbert la va incloure I’any 1900 en la seva famosa
llista de problemes oberts. Fins i tot es va difondre el mite que la seva
demostracié proporcionaria a I'autor la immortalitat. No fou el cas de
Hadamard ni de de la Vallée-Poussin, que en canvi van gaudir d’una
longevitat considerable, arribant als 98 i 96 anys respectivament.

El manuscrit que ens ocupa és la primera comunicacié que Riemann en-
viava a I’Académia poc després d’haver-ne estat elegit membre. Volent
que el tema del treball i la importancia dels resultats estiguessin a 1’al-
tura de ’ocasio, decidi enviar un resum de les seves investigacions sobre
aquesta famosa conjectura, demostrant aixi el respecte que 'assumpte
li mereixia. En la introduccié descriu el treball com «una investigacio
sobre 'acumulaci6 dels nombres primers; un topic que potser no sem-
blara del tot desmereixedor d’una tal comunicacio, donat l'interés que
els mateixos Gauss i Dirichlet han mostrat en ell durant un periode de
temps ben llarg.» El resultat principal del treball és la férmula explicita

(2) m(z) =Ri(z) + »_ Ri@@"), z>1,
¢(p)=0

que proporciona el valor exacte de la funcidé 7 en la forma d’un terme
principal dominant Ri(z) més un terme d’error que és la suma d’una
série infinita de funcions oscillatories Ri(z”) associades als zeros com-
plexos de la funci6 (. L’extensi6 d’aquesta funcio zeta (que Euler i
Dirichlet havien considerat préviament per a valors enters i valors reals
de la variable) a tot el domini complex és una de les aportacions fona-
mentals de Riemann, i des d’aleshores se la coneix pel nom de funcio
zeta de Riemann. El teorema dels nombres primers és equivalent a
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m(x) ~ Ri(x); és a dir, al fet que 'error relatiu del terme principal en
la formula de Riemann tendeixi a zero, i aquesta propietat és la que
portara finalment a la demostracié quaranta anys més tard.

La hipotesi de Riemann assegura que tots els zeros no trivials de la
funci6 ¢ estan situats damunt la recta critica R(s) = 1/2. Després de
resistir els esforcos de molts dels millors matematics del darrer segle
i mig, ha esdevingut una de les conjectures més famoses i amb més
reputacio de dificultat de totes les matematiques: any 1900 Hilbert la
va incloure a la seva famosa llista de vint-i-tres problemes presentada
al congrés internacional de Paris; forma part també de la llista dels set
«problemes del milleni» proposats per la fundacié Clay i de la llista de
18 «problemes per al segle XX1» elaborada per Stephen Smale, ambdues
publicades 'any 2000 amb motiu de ’Any Mundial de les Matemati-
ques. A diferéncia de moltes altres conjectures, la demostracié de les
quals no té conseqiiéncies apreciables, llevat potser del reconeixement
que rep el matematic que ho aconsegueix per primera vegada (és el
cas, per exemple, de 'altim teorema de Fermat), la hipotesi de Rie-
mann i les seves generalitzacions apareixen com a condicié en I’enunciat
d’innombrables resultats matematics teorics, aixi com en ’analisi de la
complexitat d’algorismes importants per a moltes aplicacions. Es per
aquest motiu que, per referir-s’hi, el costum ha portat a fer servir el
terme hipotesi i no pas a dir-ne conjectura, com és ’habitual. Fins que
no sigui demostrada no es podra considerar que l'article de Riemann
ha estat completament entés i que totes les seves potencialitats han
estat prou aprofitades.

L’estil d’escriure matematiques de Riemann és considerat dificil, ja que
acostuma a presentar les seves investigacions de manera molt conden-
sada i de vegades es deixa portar per una certa tendéncia a la manca
de rigor. En algunes afirmacions sense demostracié no queda prou clar
si es tracta d’un simple exercici que el lector pot resoldre sense dificul-
tat o d’un resultat dificil que requereix un esfor¢ considerable. Moltes
vegades es limita a indicar vagament el cami a seguir per poder arribar
a una demostracié6 com a tnica justificacié del resultat que presenta.
L’article que ens ocupa n’és un bon exemple: tot i la seva curta ex-
tensio (la publicaci6 [12] al Butlleti de ’Académia té només 8 pagines)
conté una quantitat ingent de nous conceptes, idees i resultats, i apli-
ca técniques d’integracié i analisi complexa sofisticades i innovadores,
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limitant-se 'autor en el millor dels casos a donar indicacions o esbossos
de demostracié. La historia demostra que Riemann va sobreestimar en
aquesta ocasio les capacitats dels seus coetanis, ja que les demostraci-
ons dels resultats més importants de ’article no van ser publicades fins
gairebé mig segle més tard per Hadamard i von Mangoldt.

Riemann no va publicar mai més res sobre aquest tema, entre altres
raons perqué ja no li quedaven molts anys de vida. Ben entrat el segle
XX Siegel decidi revisar el que quedava dels seus papers, dipositats a
la biblioteca de la Universitat de Gottingen després d’haver sofert una
purga considerable per part de la seva assistenta i de la seva muller,
que volien evitar vestigis de tota mena d’informacié personal. I.’examen
d’aquests papers va resultar fructifer tant historicament com cientifica.
D’una banda, va servir per refutar la creenca de la comunitat mate-
matica de ’época que Riemann, matematic eminentment teoric, havia
arribat als seus resultats i formulat la seva hipotesi en base només a una
portentosa intuicié i penetracié teorica: en els seus papers s’hi troba
el desenvolupament d’'una expressi6é adequada per al tractament nume-
ric de la funcié zeta i un munt de calculs a ma d’aproximacions dels
seus zeros. D’una altra, alguns dels resultats trobats per Siegel foren
encara, setanta anys després de la seva mort, contribucions originals re-
llevants de Riemann a una area en qué alguns dels millors matematics
de I’época havien estat treballant tot aquest temps.

La funcié ¢ introduida per Riemann i la manera com es pot fer servir
per a l'estudi d’un problema aritmétic és, juntament amb altres funci-
ons 1 técniques semblants usades per Dirichlet poc abans per demostrar
el teorema de la progressié aritmeética, només la punta de 'iceberg de
la teoria de les funcions L, que des d’aleshores no ha parat de créixer.
Aquestes funcions han proliferat i han guanyat importancia a partir
d’investigacions de molts dels grans matematics del segle XX (Hecke,
Weil, Selberg, Serre, Langlands, Shimura, Iwaniec, ...), fins al punt que
actualment s’han convertit en eines universals, d’is imprescindible en
un ampli ventall de disciplines matematiques, en particular i especial-
ment per a la teoria de nombres, la geometria aritmética o la teoria de
representacions, a part del I'interés notable que 'estudi de les funcions
L té per si mateix. Per a la majoria d’elles les propietats més basiques
demostrades per Riemann en el cas de la funcié ( segueixen sent conjec-
tures. Per exemple, la conjectura de Shimura-Taniyama, demostrada
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per Wiles i altres, que conduf finalment a I'altim teorema de Fermat,
és equivalent al fet que les funcions L de les corbes elliptiques sobre Q
tinguin prolongacié analitica i equacié funcional.

La hipotesi sobre la localitzaci6 dels zeros de la funcio ¢ es generalitza
de manera natural al context de les funcions L, on rep els noms d’hi-
potesi de Riemann generalitzada o estesa. Fins ara no s’ha aconseguit
demostrar que la compleixi (ni que no ho faci) cap funcio de la classe
de les funcions L globals, el prototipus de les quals és la ¢ de Riemann.
En canvi hi ha una altra classe de funcions L associades a varietats
algebraiques sobre cossos finits, anomenades funcions L locals, per a
les quals Deligne va aconseguir demostrar la hipotesi de Riemann ’any
1973 (la qual, en aquest context, és una de les propietats d’aquestes
funcions que, junt amb altres, se segueixen coneixent un cop demostra-
des amb el nom de conjectures de Weil).

El resultat principal del treball de Riemann, la féormula explicita, ha
estat sovint interpretat en termes de ’analisi harmonica de la mane-
ra segiient. La funcidé que representa el so d’un instrument musical,
potser amb forma de pols rectangular o de dent de serra, que en gene-
ral presentara discontinuitats de salt, pot obtenir-se com a superposicio
infinita de funcions oscillatories (harmonics) amb les técniques habi-
tuals de I'analisi de Fourier. De manera analoga, la funci6 =, que és
una funci6 en forma d’escala que puja un graé en cada nombre primer
a través d’una discontinuitat de salt, s’obté també per superposicio
infinita de funcions oscil'latories, les amplituds i freqiiéncies de les quals
estan governades pels zeros de la funcio zeta. Per tant (vegi’s [8]) «els
zeros de la funcioé zeta contenen la miusica dels nombres primers.»

2. LA DISTRIBUCIO DELS NOMBRES PRIMERS

Euclides va demostrar que hi ha infinits nombres primers: donat un
nombre primer p tots els factors primers del nombre p! 4+ 1 sén més
grans que p.

El segiient aveng significatiu en la comprensi6 de la seqiiéncia dels nom-
bres primers va ser la demostracié d’Euler de que la suma dels seus in-
versos és divergent, a diferéncia de la suma dels inversos de molts altres
conjunts infinits de nombres, que pot ser finita. Per exemple, la suma
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dels inversos de les poténcies de 2 és finita i igual a 2 o la suma dels
inversos dels quadrats és 72/6. Per tant «hi ha més nombres primers
que poténcies de 2 o que quadrats.»

Ja al segle X1v Nicolas d’Oresme va donar una demostraci6 de la di-
vergéncia de la série harmonica; de fet la seva suma és logoo, en
el sentit que la diferéncia 32 1/n — log N tendeix a un nombre
v = 0.577215665 . .., conegut com a constant d’Euler-Mascheroni. La
demostraci6 d’Euler es basa en una relaci6 entre la série harmonica i
un producte sobre els nombres primers, que es coneix pel nom de pro-
ducte d’Euler, i que jugara un paper importantissim en tots els estudis
posteriors sobre la funcio6 zeta i els nombres primers. Tenint en compte
la suma d’una progressié geométrica,

1 1

11
l+ -+ —4+—=+---=
p pr P 1—

1

p

i gracies a la descomposici6 tinica en producte de primers, es té el famos
producte d’Euler

Si-metge)me-)

nl D

0, més en general,
[e's} —1
1 1
il 1— —
ST
per a nombres reals s > 1, de manera que la identitat prévia s’interpreta

com un pas al limit. Aplicant logaritmes i la série —log(l — z) =
> a"/n es dedueix que

S I (RO IR I B 3ers

n
p n>2 p

Ara bé, és immediat comprovar que el segon sumand esta fitat. Per
tant la divergéncia de la série harmonica implica la de la suma dels
inversos dels primers. L’any 1874 Mertens va precisar aquest resultat
demostrant que de fet la seva suma és igual a loglogoo, en el sen-
tit que la diferéncia ZpgN 1/p —loglog N és convergent; el seu limit,
0.2614972128 . .., es coneix pel nom de constant de Mertens.



LA FUNCIO ¢ DE RIEMANN 23

La conjectura de Gauss i Legendre. Cap a finals del segle XV1I1
Gauss i Legendre s’interessen per la distribucié dels nombres primers.
Consideren la funcié m(x) que compta el nombre de primers fins a z,

m(x) :=#{p : p primer < z } :ZL

p<T

Es tracta d’una funcié constant a trossos que en cada primer té una
discontinuitat de salt en qué augmenta en una unitat. Per bé que el
comportament d’aquesta funcié és impredictible quan es consideren in-
tervals curts, d’acord amb la manera erratica i aparentment aleatoria
com van apareixent els nombres primers entre els nombres naturals,
laspecte de m(x) és en canvi d’'una regularitat sorprenent quan s’ob-
serva des de prou lluny. A la figura 1 es pot veure la grafica de la funcio
7 en dos intervals de mides de diferent ordre de magnitud.

251
80000

20

40000 -

20000

) © ) % 00 20000 40000 600000 800000 1106
FIGURA 1. La funci6 7(z) a escales diferents.

Tant Legendre com Gauss van provar d’explicar la regularitat de la
funcié 7 buscant una funci6 simple que en donés el creixement asimp-
totic. L’any 1798 Legendre proposa la funcio
x
logxz — B’

on B = 1.08366 és una constant que va determinar empiricament a
partir de les dades que tenia disponibles; gracies a la poténcia de cal-
cul accessible actualment, és facil veure que el valor de B donat per
Legendre proporciona una bona aproximacié de m quan x es mou pels
voltants de 10°, perd deixa de fer-ho per valors gaire més grans. El va-
lor que s’assigni a la constant B és irrellevant de cara a ’equivaléncia
asimptotica entre aquesta funcié6 i la funcié 7, pero la que va millor no
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és la proposada per Legendre: mig segle més tard Chebyshev va de-
mostrar que si el limit de la funcié logx — z/m(z) existeix (ara sabem
que si que existeix, perd Chebyshev no ho sabia demostrar), aleshores
aquest limit ha de ser igual a 1.

Tot i no haver-ho publicat, Gauss havia arribat a una conclusié sem-
blant sobre el creixement de w(z) abans que Legendre, i sembla que
s’arriba a produir una certa discussi6é entre tots dos sobre a qui se li
havia d’atribuir el mérit. En una carta al seu collega Johann Enke
escrita 'any 1849, Gauss li explica que, cap a 'any 1792, quan tenia
15 anys, havia rebut com a regal un llibre de logaritmes (I’equivalent
durant moltes generacions de les calculadores actuals), que contenia
també una taula de nombres primers, i que examinant aquestes llis-
tes de nombres primers nota que la probabilitat que un nombre enter
de magnitud x sigui primer és aproximadament 1/logx. Basant-se en
aquesta observacié empirica Gauss proposa que el valor de la funcié
m(x) es pot aproximar de la manera segiient:

[z]
1 1 1 1 1 Todt
7T(‘%)_10g2leogB—i_logéi—i_.“—i_longj _;log )y logt

En la carta a Enke, Gauss també diu que des d’aleshores acostumava
a dedicar quarts d’hora en qué estava desvagat a comptar primers en
intervals de mil enters, arribant aixi a acumular dades fins a tres mili-
ons i, per il'lustrar la coincidéncia entre la funci6 7 i el valor de la seva
prediccio, dona la taula 1, en la qual els valors de la funcié m(x) con-
tenen errors menors (entre paréntesi s’ha afegit la modificacio que cal
per corregir-los). Observi’s que amb els valors correctes I'aproximacio
encara millora per als valors alts de x.

La funci6 introduida per Gauss, perdo amb la integral calculada des de
zero, el qual la modifica només en una constant igual a 1.04516. .., es
coneix amb el nom de logaritme integral, i es denota

odt
Li(x):/ loot’
o logt

on la integral impropia s’ha d’interpretar com el valor principal de
Cauchy per evitar la singularitat en ¢ = 1.
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x Nombre de primers < x i lé% Diferéncia
500000 41556 (—18) | 41606.4 50.4
1000000 78501 (—=3) | 78627.5 126.5
1500000 114112 (443) | 114263.1 151.1
2000000 148883 (+50) | 149054.8 171.8
2500000 183016 (+56) | 183245.0 229.0
3000000 216745 (+71) | 216970.6 225.6

TAULA 1. Taula amb valors de 7 (corregits) comparats
amb [ 9 (Gauss, carta a Enke, 1849).

2 logt

Tant la funcié Li(z) com la funci6 z/(log x— B) proposada per Legendre
son asimptoticament equivalents a la funcié =/ log x, de manera que les
investigacions de tots dos condueixen a formular la mateixa conjectura:

()

que es coneix amb el nom de teorema dels nombres primers. El resultat
es pot enunciar amb una o altra funci6 z/log x o Li(z) indiferentment.
Ara bé, tot i que tots dos enunciats son equivalents, el logaritme integral
aproxima millor m(z) i quan hom es refereix a qiiestions relatives al
terme d’error en el teorema dels nombres primers es refereix a ’error
en relacié a aquesta segona funcio, o sigui, a enunciat (1) del teorema
dels nombres primers donat a la introduccié. En canvi, quan 'inic que
importa és el creixement asimptotic, tot sovint s’enuncia a la literatura
amb la funci6é x/log x estalviant-se aixi d’haver de definir el logaritme
integral.

- (x — 00), o sigui, lim m(z)

O
z—oo 1/ log x

- log = ’

Els tinics progressos rellevants en la direccié d’aquesta conjectura abans
de Riemann es deuen a Chebyshev, que pels volts de 1850 va aconse-
guir demostrar amb técniques elementals que per x prou gran es tenen

desigualtats

Y < r(x) <1.10555 ——.
ogx log x

També va demostrar que si el limit

0.9219

lim m(x)

z—oo 1/ log
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existeix, aleshores ha de ser necessariament igual a 1, i que ’aproxima-
ci6 de Gauss sempre sera millor que la de Legendre per x prou gran,
fins i tot si es canvia la constant B proposada per Legendre per qual-
sevol altra. A la figura 2 es comparen aquestes dues aproximacions.
Observi’s que, fins a tres milions, segurament el valor més gran per al
qual Gauss havia calculat m, I'estimacié de Legendre encara supera la
seva, pero la situacié canvia ben aviat. Després d’un interval en que
totes dues s’assemblen forca, la funcié Li pren la primera posicio, i la
conservara per sempre.

600
500
400
300
200

100

2.x10° 4.x10° 6.x10° 8.x10° 1.x10" 1.2x10’

FIGURA 2. Error en les aproximacions de 7 de Legendre
(verd) i Gauss (vermell).

3. EL TREBALL DE RIEMANN

El contingut de larticle de Riemann [12]| s’organitza en dues parts,
cadascuna de les quals ocupa aproximadament la meitat de la seva
extensi6. La primera esta dedicada a definir i estudiar la funcio (.
Riemann dona dos métodes per obtenir-ne la prolongacié analitica i
demostrar que satisfd una equacié funcional, estudia algunes propie-
tats dels seus zeros, i finalment en troba una expressié com a producte
infinit. La segona és 'aplicacié del que ha fet préviament a 'estudi de
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la distribuci6 dels nombres primers, comenca definint una nova funcio
7 (x) per comptar primers que és una variant de 7(x), amb la qual
esta relacionada per una expressio simple, i dedueix una férmula expli-
cita que proporciona aquesta funcié com la suma d’un terme principal
i d’una série infinita de funcions osciatories que depenen dels zeros de
la funcié zeta. Finalment, la relaci6 entre les funcions 7*(z) i 7(x) li
permet obtenir una formula analoga per a la funcié w(z), que és el re-
sultat principal del treball. En aquesta seccid es donaran alguns detalls
i es comentaran breument els aspectes més importants del contingut
d’aquest treball de Riemann.

La funcié (. Prolongaci6 analitica i equacié funcional. Riemann
defineix la funci6 ¢ a partir del valor comi de la suma de la série
harmonica i el producte d’Euler corresponent

®) (=X =l R =1

n=1 p .
p

totes dues expressions convergents per nombres complexos amb part
real > 1, i que defineixen una funcié analitica en aquest semipla.

La funci6 zeta i el producte (3) ja havien estat considerats anteriorment
per Euler per a valors enters de la variable s, que havia arribat a una
identitat analoga a I’equaci6 funcional de Riemann per a aquest tipus
de valors i havia aconseguit calcular el valor de {(n) per a tot enter
parell n > 2, obtenint la famosa férmula en que apareixen els nombres
de Bernoulli. També havien estat considerats per Dirichlet, un dels
mestres de Riemann, que els va fer jugar un paper important en la
seva demostracié del teorema de la progressié aritmeética, i sembla que
Riemann pot haver estat influit per Dirichlet a I’hora d’enfocar-hi la
seva atencio.

La veritable innovacié de Riemann consisteix a considerar ( com una
funci6 de la variable complexa s i estendre-la a tot el pla complex, el
qual li permetra descobrir la importancia fonamental que tenen els zeros
no trivials d’aquesta funcio, situats fora de la recta real i a 'esquerra del
semipla de convergéncia, per a l'estudi de la distribuci6é dels nombres
primers.
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Riemann obté, per dues vies diferents, una «expressio que déna el valor
de la funcié ¢ per a tot valor de s.» En terminologia actual es tracta
de la prolongaci6 analitica de la funcié definida per (3) a una funcié
meromorfa a tot el pla complex llevat d’un pol (que resulta ser simple,
de residu 1) en el punt s = 1.

La primera expressio la troba de la manera segiient: si a la funcio
oo _ . .

gamma d’Euler I'(s) = [~ e "z* ' dx es fa el canvi de variable de z

per nx i se suma sobre tots els valors de n > 1 s’arriba a

['(s)¢(s) = /000 i dz, R(s) > 1.

et —1

. . ., — s—1 . .
Riemann integra la funcio (ei)_l entre +00 i +00 sobre un cami que

envolta el semieix real positiu, dibuixat en blau a la figura 3 (amb
els extrems tendint a +o00), i on (—z)*7! = els=De(=2) eggent log
la determinacié principal del logaritme fora del semieix real negatiu.
Tenint en compte la identitat anterior, obté una expressio

=g [ o de

2mi 1o =1

(4) ((s) =

valida per $(s) > 1. Ara bé, la integral d’aquesta férmula convergeix
per a tot valor complex de la variable s i, com que la convergéncia
és uniforme sobre compactes, defineix una funcidé entera. Tenint en
compte que la funcié gamma és meromorfa a tot C, amb pols simples
als enters < 0, i que la série harmonica defineix una funcié holomorfa
per R(s) > 11 és divergent en s = 1, es dedueix que I'expressio a la
dreta de (4) és una funci6 meromorfa amb un tnic pol simple en el punt
s =1, que és I'extensio de la funci6 ¢ a tot el pla complex que es volia.
A continuacié Riemann integra de nou la mateixa funci6 d’abans (per
valors de la variable s amb part real negativa) sobre el cami tancat de
la figura 3 (amb el radi exterior tendint a infinit). Igualant el resultat
amb la suma dels residus a les singularitats, que estan als punts 2min
per n # 0, obté I'equaci6 funcional

(5) C(s) = T(1 — )(2m)" *2sin(rs/2)¢(1 - 5),

que relaciona els valors de la funci6 ¢ en els punts s i 1 — s. Tenint en
compte identitats ben conegudes de la funci6 gamma, Riemann observa
que ’equaci6é funcional anterior es pot enunciar de manera més elegant
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FiGura 3. Cami d’integracié. El radi exterior tendeix a co.

com

la funcio D'(s/2)m~*/2((s) és invariant per s+ 1 — s.

Aquesta expressi6é tan simétrica inspira a Riemann la segona demos-
tracio de la prolongacié analitica i de '’equacié funcional: en canviar x
per n?mx a la integral que defineix la funcié gamma i sumar sobre tots
els valors n > 1 s’obté I'expressié com a transformada integral

I (s/2)7*/2((s) / ()2 d,

on P(z) = 322 ™% és essencialment la funcio theta de Jacobi.
Separant la integral anterior en dos intervals pel punt z = 1, i aplicant
I'equacio funcional 2¢(1/x) + 1 = /z(2¢(x) + 1) deduida de la que
relaciona els valors de la funcié theta en z ien 1/x, al tros de la integral
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entre zero i u, s’obté la formula

F(S/Q)W_S/QC(S) / ¢ s/2+x (1—- 5)/2)

que permet també estendre la func'lo zeta a tot el pla complex, ja que
la integral que hi apareix convergeix en tot nombre complex definint
una funcié entera. A més, en aquesta expressio I’equacié funcional es
llegeix directament, ja que la part de la dreta es queda igual en canviar
s per 1 — s. Aquest mateix métode sera utilitzat més tard per Hecke
per obtenir la prolongacié analitica i ’equaci6 funcional de les funcions
L associades a formes modulars.

dx
T

Els zeros de la funcié (. De la convergéncia del producte d’Euler
(3) per R(s) > 1 es dedueix la no anullacié de la funcié ¢ en aquest
semipla, i de equaci6 funcional (5) en resulta que al semipla R(s) < 0
la funcié ¢ té zeros simples exactament en els enters parells negatius
s = —2,—4,—6,..., que es coneixen amb el nom de zeros trivials de
la funcio ¢. Tots els demés zeros, els zeros no trivials, han d’estar per
tant en 'anomenada banda critica 0 < R(s) < 1. L'eix de simetria
d’aquesta banda, la recta R(s) = 1/2 s’anomena la recta critica. Per
tal d’estudiar aquests zeros Riemann considera la funcio

£(s) = %s(s 1T (g) 72((s),

que és una funcié entera, ja que la multiplicacié6 per s — 1 anulla el
pol de ¢, la multiplicaci6 per s anulla el pol de I'(s/2) en zero, i els
zeros trivials de ((s) es corresponen exactament amb els demés pols
de T'(s/2). Per tant, la funci6 £ té per zeros exactament els zeros no
trivials de la funci6 (. L’equacié funcional de la funci6 ¢ equival a
£(s) = &(1 — s). Observant que £(3) = £(s), es dedueix que la funcio £
pren valors reals a la recta critica, i que els zeros no trivials de ( estan
situats simétricament tant respecte de la recta real com respecte de la
recta critica.

Integrant la derivada logaritmica de la funci6 £ al voltant del rectangle
[0,1] x [0, 7], Riemann diu haver calculat el nombre de zeros N(T)
de la funci6 ¢ en aquesta regi6 i afirma que aquest calcul proporciona
I’estimaci6 segiient

T T

T
(6) N(T) = o log 5 " o + O(logT)).
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En fer aquesta afirmaci6 sense donar cap detall sobre la manera d’ar-
ribar al resultat, Riemann, que era un mestre consumat en el calcul
d’integrals definides, peca d’optimista sobre les habilitats dels lectors
de l'article: la primera demostracio rigorosa de (6) la donara von Man-
goldt 'any 1905, i per aix0 aquesta formula es coneix de vegades com
a formula de Riemann-von Mangoldt.

La frase que Riemann escriu a continuacié és I'inica de l'article que
avui dia segueix essent un repte. Referint-se a la funci6 5(% +it) com a
funci6 de la variable ¢t (complexa) diu: «hom troba efectivament apro-
ximadament aquest nombre d’arrels reals dins de la regi6 considerada,
i és molt probable que totes les arrels siguin reals.» En sentit estricte
aquesta frase conté una afirmacié: que el nombre de zeros Ny(7T') de
part real 1/2 en el rectangle [0,1] x [0,7] també admet la mateixa
estimacio (6), seguida d’una conjectura: que tots els zeros de la funcio
¢ tenen part real 1/2, o sigui que per a tot valor de T es tindra sempre
una igualtat N(T') = No(T).

Pel que fa a l’afirmacio, avui dia encara no ha estat demostrada. Van
haver de passar molts anys abans que es trobessin demostracions de
resultats molt més débils: I'any 1914 Hardy va aconseguir demostrar
que ¢ té infinits zeros a la recta critica, i més concretament que No(7T') >
C'T per una constant positiva C' i T" prou gran; 'any 1943 Selberg va
millorar aquesta estimacié demostrant que No(T') > C% log (%) per
alguna constant positiva menor que 1 i 7" prou gran, el qual es pot
interpretar com que una fracci6é positiva C' dels zeros no trivials de la
funci6 zeta cauen sobre la recta critica. Levinson prova el 1974 que
C > 1/3 i Conrey ho millora el 1989 veient que C' > 2/5. Tot i que
fa uns anys alguns investigadors anunciaven haver demostrat una nova
fita que implicaria que almenys la meitat dels zeros de ( satisfan la
hipotesi de Riemann, el resultat no ha estat mai publicat.

Quant a la conjectura que tots els zeros de £ estan situats sobre la recta
critica R(s) = 1/2, Riemann escriu: «Naturalment, hom desitjaria
una demostracié estricta d’aquest fet; he deixat de banda la recerca
d’una tal prova després d’alguns intents no reeixits, ja que no cal per
a 'objectiu immediat de la meva investigacio.» Aquesta conjectura ha
passat a formar part de la llista dels problemes oberts més dificils de
les matematiques amb el nom d’hipotes: de Riemann.
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Expressié en producte infinit. En 'obra de Riemann apareix so-
vint el problema de la caracteritzacié de funcions analitiques en termes
de les seves singularitats. Naturalment, la funcio £ també és objecte
d’una analisi d’aquesta mena. Argumentant que la funci6 log & té les
mateixes singularitats logaritmiques que la suma Zg(p):o log (1 —s/p),
i que totes dues funcions tenen un comportament semblant a I'infinit,
Riemann justifica que han de diferir en una constant i en exponenciar
obté I'expressié en producte infinit

™) for =0 T (1-2).

peC
£(p)=0

on se sobreentén que cada factor apareix en el producte tantes vegades
com la multiplicitat de p com a zero de la funcio, i que el producte
s’ha de fer en ordre creixent del modul de les arrels per assegurar-ne la
convergéncia. Aquesta factoritzacio és analoga a la que es donaria si £
fos un polinomi.

Tot i que les raons que Riemann esgrimeix son certament les que acaben
portant a la formula (7), la justificacio que en fa al seu article esta
molt lluny de poder-se considerar una demostraci6. En particular la

convergéncia de la suma Y log (1 — %) requereix d’una estimacio de

les magnituds de les arrels p, i la que Riemann addueix és conseqiiéncia
de (6), formula que no es demostraria fins gairebé mig segle més tard.
D’altra banda els arguments que dona per justificar el comportament
de £(s) per s — oo s6n massa vagues per poder-los acceptar com a una
demostracio.

La representacié com a producte infinit (7) va ser demostrada per pri-
mera vegada per Hadamard ’any 1893 en un treball en que investiga i
resol el problema general de trobar expressions en producte infinit per
a funcions enteres.

La férmula explicita. Immediatament després de trobar la formula
(7), cap al final de la pagina 3 del seu manuscrit, Riemann dona per
acabat el seu estudi de la funcié ( i comenca a ocupar-se de la distri-
buci6é dels nombres primers. Diu: «Amb aquests fets preparatoris, ara
es pot determinar el nombre de primers menors que x.»
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Tot i que l'objectiu és estudiar la funcié 7, Riemann introdueix una
altra funcié analoga, que compta no només els nombres primers sind
també les poténcies de primer, tot i que cada poténcia p" compta només
amb un pes igual a 1/n,

1
™(x) = E —.
n
Pz
De fet, per tal que les formules que apareixeran més endavant per
aquesta funcié siguin correctes, tan a les funcions 7 i 7" com en totes
les funcions amb discontinuitats de salt, el valor en els punts on hi ha la

discontinuitat s’han de redefinir com la semisuma dels limits laterals,
com és habitual en 'analisi de Fourier.

La relaci6 entre aquesta funcio i la funcié ¢ s’obté de la manera se-
giient: substituint cada sumand p~™° per I'expressio s fpono x5 1ds en
el logaritme del producte d’Euler,

1%(@%:—§:bgu_ps):§:§:%pm

p n=1

Riemann arriba a ’expressio

1%qg:s[wﬂ@m

de log ¢ com a transformada integral de la funci6 7*. Aleshores, per
inversio de Fourier, obté la formula

®) (@) = = / Tt e @),

27 ) yino

s de
X

que déna la funcié 7* en termes de la funcié log (.

De la relaci6 entre les funcions ¢ i ¢ i de la descomposicio en producte
d’aquesta segona funcié resulta que log ((s) és la suma

—log(s —1) +§(Z):010g (1 — 2) —logll (g + 1> + glogﬂ—i—logf(O),
p:

i Riemann obté la féormula explicita per a la funci6 7* com el resultat
de substituir log ((s) per cadascun dels sumands d’aquesta expressio
en la formula (8), i calculant les integrals corresponents. De fet el
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procediment es complica una mica ja que fer-ho aixi donaria lloc a
integrals divergents i en realitat la substitucio es fa en la formula

rlo= gl [ [lesdl)

T omi log x ds S

—100
que es dedueix de (8) integrant per parts.

Ara, introduint en aquesta expressio cadascun dels sumands en qué s’ha
expressat log ((s), es van obtenint els termes de la formula explicita:
el primer és

-1 1 [erd -] |
SR R R ) N A I
2mi logz J, ds s o logt

—100

El terme corresponent a la suma sobre les arrels de & dona

a+1i00 | 1-—
-t 1 /+ 4 20g< ) xsds:ZLi(xp),

2mi logx J,_ine ds s
£(p)=0

o lw

on Li(x”) s’ha d’interpretar com el valor obtingut, fixant =, per prolon-
gaci6 analitica de la funcié Li(z”) dels 3 reals positius a tot el semipla
complex 3 > 0. Aqui cal dir que Riemann no justifica prou els passos
que segueix per arribar a aquest resultat. En particular, reconeix que
el fet que es pugui avaluar terme a terme per a cada sumand requeri-
ria una discussi6 més acurada. D’altra banda els termes Li(z”) només
tenen sentit si R(p) > 0 i Riemann no havia demostrat que els zeros
no poguessin estar a l’eix imaginari, fet que va ser més endavant clau
en la demostracié del teorema dels nombres primers.

El terme corresponent al sumand de la funcié I dona

. /°° dt
¥ ds = _ .
. t(t?—1)logt

Quant al terme 3 log, la divisio per s el converteix en constant i al
derivar s’anulla. Finalment, la integral sobre la constant £(0) dona
com a valor aquesta mateixa constant, que és igual a — log(2).

-1 1 /a+i°°d[—1ogr(g+1)

27t logx ds s

—100
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Sumant tots els resultats anteriors s’arriba a la formula explicita per a
la funci6 7*

* e 1 — 1 14 —
(9) 7" (z) = Li(x) ;EC Li(z )+/x 2@~ Dlogz log 2.
&(p)=0

Aquesta férmula és el resultat principal de Iarticle de Riemann i acon-
segueix donar el valor exacte de la funcié esglaonada 7*(x) com la suma
d’un terme principal Li(x), dos termes residuals fitats, i una suma in-
finita de termes oscillatoris corresponents a les arrels no trivials de (.
Es facil comprovar que el terme fitat que s’escriu com una integral és
igual a la suma ) -, Li(z~>"), que té la mateixa forma que el sumato-
ri de (9) pero per les arrels trivials de ¢ en els enters negatius parells,
de manera que la formula de Riemann es pot escriure, de manera més
simple,
m*(x) = Li(z) — log(2) — ) Li(a”).

peC
¢(p)=0

Les grafiques de les figures 4, 5 i 6 serveixen com a illustracio de la
formula explicita, mostrant ’aspecte que tenen els termes oscillatoris
corresponents a algunes arrels (en agrupar-les per parelles simétriques
es cancellen les parts imaginaries) i dibuixant les aproximacions de 7*
que s’obtenen a partir de sumes parcials en dos intervals diferents.

La funcié Ri de Riemann. En els darrers paragrafs de l'article Ri-
emann considera la funci6 7 i enuncia les conseqiiéncies per aquesta
funcié que s’obtenen dels seus resultats. Només a partir de les defini-
cions la relaci6 entre 7* i m s’obté immediatament:

™*(z) = 7(z) + 17T( 12y 4 17r( 1/3) ;

1/n

BIH

2 3

i amb la formula d’inversié6 de Mobius s’obté la relacié reciproca
1 1 1 1

m(z) = 7" (z) — iﬂ*(xl/z) - gﬂ*(xl/g) - gﬂ'*(l’l/S) + 6#*(951/6) +...

- Z B e g

on u és la funci6 de Mobius que val zero en els enters divisibles pel
quadrat d’algun primer i val (—1)™ en els enters divisibles exactament
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FIGURA 4. Termes oscillatoris — Li(z”) — Li(z'™") co-
rresponents als parells d’arrels ntmeros 1,2,10 i 100.
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1
2 3 4 5 7 8 9 11 13 16 17 19

1 I E—
2 3 4 5 7 8 9 11 13 16 17 19

FIGURA 5. Aproximacioé de 7* a l'interval (1,20] amb la
formula explicita de Riemann usant 1, 10 i 100 zeros de
¢, respectivament.
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T 101 193 197 199 211 23 271 220

181 101 103 197 199 211 223 227 229

L L L L L L L L
Ta1 191 193 197 199 211 23 227 229

FIGURA 6. Aproximaci6 de 7* a 'interval [180, 230] amb
la formula explicita de Riemann usant 10, 100 i 1000
zeros de (, respectivament.
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per m primers diferents. Atés que totes dues funcions 7 i 7* valen zero
per x < 2 les sumes anteriors s6n en realitat finites per a cada valor de
z, ja que eventualment sera z'/" < 2.

Ara, substituint 7* per la série de la formula explicita (9) en el sumatori
anterior i arranjant la suma terme a terme s’arriba a una férmula expli-
cita semblant per a la funcié 7. El terme principal d’aquesta férmula
és la funcio

1 1 1 1
Ri(z) = Li(z) — 2L1( 1/2)—gLi(:cl/?’)—gLi(x1/5)+6Li(x1/6)+---

S ILLNED)
n=1

que es coneix com a funcid de Riemann. Per a valors reals x > 1 aquesta
funci6 admet la série rapidament convergent segiient, anomenada serie

de Gram:
- (log )™
=1
+ Z n‘nC n+1)

Els termes corresponents al sumatori sobre les arrels de ( de les funcions
Li(z?) donen lloc a un sumatori de funcions Ri(z”) i el terme constant
log(2) desapareix gracies a la identitat ) -, p(n)/n = 0 (que, poca
bromal!, és equivalent al teorema dels nombres primers). D’aquesta
manera s’obté I'elegant formula explicita (2) per a la funci6 7 enunciada
a la introduccié.

Per aquestes consideracions Riemann ha aconseguit arribar a una nova
funcio Ri(z) que s’afegeix a les funcions ja conegudes x/logx i Li(z)
com a candidata a aproximar la funci6 . En l'ultim paragraf Rie-
mann fa referéncia a les dades calculades per Gauss. Dels valors de
m(x) fins a tres milions, observa que la funcié Li sobreestima la quan-
titat de nombres primers cometent un error de magnitud comparable
a I’arrel quadrada, i que el segon terme —% Li(y/z) en la suma que de-
fineix Ri, que és el terme dominant de la diferéncia entre totes dues,
sembla corregir aquesta sobreestimacio, tal i com es pot constatar a les
grafiques de les figures 7 i 8. Des d’aleshores les taules de nombres
primers i de valors de la funci6 7 s’han anat ampliant, sobretot des
de la proliferacio de les calculadores electroniques. A més, i pel que fa
al calcul de 7, 'any 1871 'astronom alemany Meissel va proposar un
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FIGURA 7. Les funcions Li (vermell) i Ri (verd) compa-
rades amb 7w per z < 100

my ﬁ;.,mu.mmr.w 'LT MJ 'W”ldfm
ol

FIGURA 8. Diferéncies Li(z) — m(z) (vermell) i Ri(x) —
7(z) (verd) a linterval = < 3000000
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meétode combinatori que millora sensiblement el calcul basat en el gar-
bell d’Eratostenes, i que ha estat perfeccionat i simplificat per Lehmer
i altres.

Actualment se sap el valor exacte de 7(z) per a molts valors de z de
Iordre de les 20 xifres decimals, en particular per a les poténcies de
10 fins a la 23-ena. La taula 2 conté aquests valors i els compara amb
els proporcionats per les tres aproximacions de Legendre, Gauss i Ri-
emann, respectivament. En aquesta taula s’observa com les funcions

l n [ 7 (x) [ w(z) —x/logx [ Li(z) — n(x) [ 7w (z) — Ri(z) ]
3 168 23 9 0
4 1229 143 16 -2
5 9592 906 37 —5
6 78498 6116 129 29
7 664579 44158 338 88
8 5761455 332774 753 97
9 50847534 2592592 1700 —79
10 455052511 20758029 3103 —1828
11 4118054813 169923159 11587 —2318
12 37607912018 1416705193 38262 —1476
13 346065536839 11992858452 108970 —5773
14 3204941750802 102838308636 314889 —19200
15 29844570422669 891604962452 1052617 73218
16 279238341033925 7804289844393 3214632 327052
17 2623557157654233 68883734693928 7956590 —598255
18 24739954287740860 612483070893536 21949508 —3501366
19 234057667276344607 5481624169369952 99878336 23884333
20 2220819602560918840 49347193044659712 222745856 —4891825
21 21127269486018731928 446579871578169344 597340160 —86432204
22 201467286689315906290 4060704006019645440 1932787712 —127132665
23 | 1925320391606818006727 | 37083513766592905216 7236222976 1019262049

TAULA 2. Valors de m en x = 10" fins al récord actual i
comparacié amb les aproximacions de Legendre, Gauss i
Riemann.

x/logx i Li(x) donen aproximacions respectivament per defecte i per
escreix en tots els casos, i que l'error comeés per la segona és clara-
ment inferior. El nombre de xifres de x és notoriament el doble que el
nombre de xifres de l'error Li(z) — 7(z), el qual ratifica que la magni-
tud de 'error és, com ja havia observat Riemann, de 'ordre de I’arrel
quadrada.

Per a tots els valors de la taula la funci6é Ri aproxima 7 millor que Li i
la diferéncia Ri(x) — 7(z) va canviant de signe. Aquesta aproximacio,
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tot i ser millor, no ho és significativament en magnitud, ja que el nom-
bre de xifres de tots dos errors sembla comportar-se de manera molt
similar. Tal i com es veura a la secci6 segiient en parlar de I’error en el
teorema dels nombres primers, tot i que la experimentacié numeérica i
la observaci6 de pautes i correlacions en les dades és una practica molt
util en matematiques, s’ha d’anar amb molt de compte en deixar-se
convéncer d'un fet només basant-se en una propietat observada nu-
méricament, fins i tot si es disposa d’una quantitat ingent de dades.
Vegeu al respecte els «philosophical comments» de Peter Sarnak sobre
la verificaci6 numérica de la hipotesi de Riemann al final de la seva
presentacié del problema del milleni [14].

4. DESPRES DE RIEMANN

Els efectes del treball de Riemann van trigar a arribar: després de
la publicacié es va fer el silenci durant gairebé 30 anys. Després, a
I'altima década del segle X1xX floreix una edat d’or de la teoria analitica
de nombres que continuara amb menys intensitat durant el primer quart
del segle xX. Es publiquen demostracions de tots els resultats enun-
ciats per Riemann (excepte de la seva estimacio del nombre de zeros
sobre la recta critica, que encara no ha estat provada), es demostra
el teorema dels nombres primers seguint la via que ell havia obert, i
s’obtenen nombrosos resultats sobre el terme d’error i la seva relacio
amb la hipotesi de Riemann i amb altres propietats sobre la posici6 dels
zeros no trivials. Des d’aleshores, tot i el rang mitic que la hipotesi
de Riemann va assolir des de 1900 gracies a Hilbert, de les diverses
connexions proposades amb diferents branques de les matematiques
i la fisica, i de la ingent informaci6 numeérica obtinguda gracies a la
revolucié informatica, es fa dificil destacar progressos espectaculars.

Aquesta secci6 esta dedicada a repassar alguns resultats i idees poste-
riors directament relacionats amb el treball de Riemann.

Demostracié de la féormula explicita. El resultat principal del tre-
ball de Riemann és la formula explicita (9), i va ser demostrat per von
Mangoldt 'any 1895. En realitat el que fa von Mangoldt és demostrar
una féormula analoga, que en molts aspectes és més simple que la de Ri-
emann, tot i que essencialment es tracta de dues versions diferents d’un
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mateix fenomen. Un cop demostrada la seva féormula, von Mangoldt
aconsegueix sense massa dificultat passar a la de Riemann.

En les seves investigacions sobre el teorema dels nombres primers, cap
al 1850, Chebyshev havia introduit dues noves funcions per comptar
primers, analogues a les funcions 7 i 7*. Les funcions

Ia)= logp i (@)= logp,

P "<

que es coneixen com a funcions de Chebyshev. Es tracta també de
funcions en forma d’escala, que tenen els graons en els nombres primers
i en les seves poténcies respectivament, exactament igual que 7 i 7%,
amb 1inica diferéncia que l'altura del gra6é en cada primer p o en
qualsevol poténcia seva és log p. Hi ha féormules que expressen 'una en
funcio de I’'altra completament analogues a les que donen la relaci6 entre
7 i7*. Chebyshev havia observat que la funcié ¢(x) creix com z i havia
demostrat sense massa dificultat que tant ’equivaléncia asimptotica
Y(x) ~ x aixi com també (x) ~ x son totes dues equivalents al
teorema dels nombres primers 7(x) ~ Li(z).

Von Mangoldt arriba a la seva féormula seguint pas a pas la construc-
ci6 de Riemann, pero partint de la derivada logaritmica —(’(s)/((s)
en comptes de la funcio log((s) i de la funci6 de Chebyshev ¢ (z) en
comptes de la funcié 7(z). En expressar la primera com a transformada
integral de la segona i per inversi6 de Fourier es tenen les expressions

Bt
-2 ()4 v

Aplicant la derivada logaritmica a la descomposicié en producte de &
(que afortunadament havia estat demostrada per Hadamard tot just
dos anys abans) von Mangoldt obté

(ORI ST
-1 — '
((s) s oo Ps—p)  <(0)
Finalment, substituint cadascun dels sumands d’aquesta expressio en la
formula integral per a la funcié 1 i prévia justificacié de la convergéncia
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en cadascun dels passos, arriba a la formula

(10)  ¢(x) =z — Z x—p+llog< v )—1og27r, x> 1.

2 22 —1
§(p)=0

En comparar-la amb la formula explicita de Riemann (9) s’observa que
I’analogia entre totes dues és total. La funci6 x és el terme principal. La
funcio %log(mg”—il) és monotona decreixent i tendeix a zero, de manera
que la seva contribuci6 és irrellevant; en escriure-la com a la suma de la
série — 2@1 % es veu que la seva preséncia a la formula correspon
als zeros trivials de la funci6 ¢. Cadascun dels zeros no trivials dona
lloc a un terme oscillatori 2 /p, en el benentés que la suma s’ha de fer
aparellant cada zero p amb 1 — p o bé simplement com a limit de les
sumes parcials fent tendir |p| a infinit.

El teorema dels nombres primers. El Teorema dels Nombres Pri-
mers, conjecturat per Gauss i Legendre, va ser finalment demostrat
Iany 1898 simultaniament i de manera independent per Hadamard i
de la Vallée-Poussin, de manera molt semblant, i tots dos seguint el
cami indicat per Riemann.

Segons la versio equivalent del teorema dels nombres primers donada
per Chebyshev, el que s’ha de demostrar és que lim, .. ¥ (z)/z = 1.
Tenint en compte la formula explicita de von Mangoldt (10) es dedueix
que el teorema dels nombres primers equival al limit

7P
lim M = lim Z

T—00 X T—00
p

P!

p

= 0.

Ara bé, si es demostra que el limit es pot calcular terme a terme,
aleshores n’hi ha prou a comprovar que z°~! — 0 per a tot zero p a la
banda critica, el qual és equivalent a la condicio 0 < R(p) < 1. Atesa
la posicié simétrica dels zeros respecte la recta critica, resulta que el
teorema dels nombres primers és conseqiiéncia de que la funcié zeta de
Riemann no tingui zeros sobre la recta R(s) = 1.

Tant Hadamard com de la Vallée-Poussin van evitar haver de justifi-
car 'intercanvi del limit amb el sumatori partint de férmules que s6n
lleugeres variacions de la formula explicita de von Mangoldt i que sén
expressions no pas per a v sino per a les funcions fox t=*4(t) dt amb
k =1 (Hadamard) o k = 2 (de la Vallée-Poussin). Les demostracions
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segueixen els mateixos passos pero son forca més facils; de fet sembla
que Hadamard volia que la demostraci6 del teorema dels nombres pri-
mers no depengués del treball de von Mangoldt publicat tot just feia
poc, amb aspectes que encara no havien aconseguit convéncer alguns
experts.

Un cop arribats aqui 'anic que cal és demostrar que ((s) # 0 per
a tot complex s amb R(s) = 1. Tots dos ho aconsegueixen en veure,
combinant la funcio zeta, el seu logaritme i la seva derivada logaritmica,
i fent servir 'equaci6é funcional, que si hi hagués un zero al punt s =
1 + it aleshores seria |((1 4 2it)] = oo, que no pot ser ja que ( és
holomorfa fora de s = 1.

Les investigacions de de la Vallée-Poussin sobre els zeros de la funci6 ¢
li permeteren arribar a un resultat més fort, en qué aconsegueix trobar
una regio lliure de zeros dins de la banda critica. Més endavant aquest
tipus de resultats sobre regions lliures de zeros s’han anat millorant
successivament, pero tots ells son del tipus

. C
C(o+1it) A0 per 1 NG <o<1,
per t suficientment gran, on C' és una constant positiva i A(f) una
funci6 que tendeix a infinit (logt en de la Vallée-Poussin, millorada
fins a (logt)??(loglogt)'/3 per Richert el 1963). A pesar d’aixo avui
dia encara no se sap demostrar que ¢ no tingui zeros a la banda vertical
1 — e < R(s) < 1 per cap nombre positiu e.

Provocant un gran enrenou en la comunitat matematica, Erdos i Sel-
berg van obtenir 'any 1949 una demostraci6 del teorema dels nombres
primers basada només en enginyoses fites de funcions aritmeétiques, que
no requereix técniques analitiques ni té cap relaci6 amb resultats de
Riemann. Se la coneix com a demostracié elemental del teorema dels
nombres primers, tot i que la paraula elemental només es pot fer servir
aqui en el sentit de no necessitar cap eina analitica, doncs la demostra-
ci6 és intricada i requereix de varies desigualtats fines que no s’obtenen
pas sense grans dificultats i demandant una considerable virtuositat
técnica. A pesar d’una certa expectacid sobre les conseqiiéncies que
podria tenir per a I'estudi del terme d’error per altres vies, i d’'una agra
disputa per la precedéncia de 'autoria, la realitat és que les técniques
emprades en aquestes i altres «demostracions elementals» posteriors
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no han donat fins ara el fruit obtingut amb la poténcia de les eines
analitiques.

El terme d’error en en teorema dels nombres primers. Gauss
va observar que la funcio Li(z) aproxima el valor de 7(z) sempre per
escreix en tot l'interval on havia fet els seus calculs, i aixo s’ha seguit
complint per a tots els valors de x dels quals s’ha pogut calcular el
valor de la funcio 7 fins ara (vegi’s la taula 2). Per més d’un segle tots
els matematics (Gauss i Riemann inclosos) pensaren que la diferéncia
Li(z) — m(z) seguiria sent positiva indefinidament. L’any 1916 Litt-
lewood va demostrar un resultat sorprenent: la diferéncia Li(z) — 7(z)
alterna el signe infinites vegades quan = va creixent! Més precisament,
el que Littlewood demostra és que

. log log log x
Li(z) — w(x) = Q4 (\/E %) ,

on la notaci6 indica que el terme de 'esquerra supera en magnitud
el de la dreta, per x tant gran com es vulgui, i prenent tant valors
positius com negatius. Observi’s que aquest resultat de Littlewood
té una altra conseqiiéncia que contradiu el que les dades numériques
porten a creure: que I’aproximacié de Riemann Ri(z) del valor de 7(z)
sigui sempre millor que 'aproximaci6 de Gauss Li(z) (vegeu la figura 2
ila taula 2). En efecte, al voltant dels infinits punts x on la diferéncia
Li(z) — m(x) travessa l'eix real I'aproximaci6é de Gauss és imbatible!

Fins ara no s’ha pogut donar cap valor numéric concret de = en qué
m(x) superi Li(z), i pel que en sabem de la magnitud dels nombres amb
aquesta propietat és gairebé segur que ni per més capacitat de calcul
de qué es disposi en el futur, ni per molt que es millorin els algorismes,
mai sera possible calcular el nombre 7(z) exactament en cap d’aquests
valors. En efecte, 'any 1933 Skewes demostra, suposant la hipotesi

de Riemann, que existeixen nombres z < 101" amb m(z) > Li(z).
Aquesta fita es cita sovint com el nombre més descomunal que mai
hagi jugat algun paper serids en un article matematic. Mes endavant
el mateix autor va aconseguir rebaixar la fita canviant el 34 per un
3 i que resultat fos independent de la hipotesi de Riemann. Amb el
temps la fita s’ha anat rebaixant gracies a disposar de més zeros de (
calculats cada vegada amb una precisi6é millor; en un article recent [2]
es donen arguments (basats en un gran nombre de zeros) a favor de que
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el primer canvi de signe en l’error del teorema dels nombres primers té
lloc al voltant de 1.398 x 10316, T’any 1994 Rubinstein i Sarnak [13]
demostraren (modul hipotesis plausibles sobre els zeros de la funcié zeta
que inclouen la hipotesi de Riemann) un resultat que d’alguna manera
explica perqué cal anar tant lluny i es tan dificil trobar valors negatius
a pesar dels infinits canvis de signe que Littlewood ens garanteix que
hi ha d’haver: la diferéncia Li(z) — m(x) és positiva per al 99.999973. ..
per cent dels nombres!

Es recomana al lector encuriosit per aquests resultats que llegeixi ’excel-
lent article Prime number races d’Andrew Granville i Greg Martin [7]
on es descriu un fenomen analeg que es déna en comptar nombres pri-
mers en diferents progressions aritmétiques de la mateixa ra6, i que
s’explica gracies als resultats de Littlewood i de Rubinstein i Sarnak
aplicats a funcions L de Dirichlet.

Un altre topic que guarda molta relacié amb els resultats sobre el ter-
me d’error és el de 'estudi estocastic de la distribucié dels nombres
primers, que aprofundeix en la observacié de Gauss sobre la variacio
de la densitat dels nombres primers. A finals dels anys 30 Cramér va
proposar fer servir el model estocastic consistent en una successié de
variables aleatories {X,},>2 que prenen valors 0,1 amb probabilitat
P(X,, =1)=1/logn, la qual és un model de la successio dels nombres
primers. La idea és que qualsevol propietat d’aquesta successio que es
compleixi gairebé segur (amb probabilitat 1) la complira la successio
dels nombres primers. El fet és que molts resultats coneguts (teorema
dels nombres primers, oscillacions de Littlewood) o conjecturats (hipo-
tesi de Riemann, conjectura dels primers bessons) s’adiuen plenament
amb les prediccions d’aquest model, el qual ha estat sovint utilitzat
com a argument en favor de propietats conjecturades de la successio
dels nombres primers i també com a motor per a predir-ne de noves.

Métodes numérics i zeros de la funcié zeta. El primer calcul
de zeros el va publicar Gram el 1903, tot i que Siegel trobaria més
tard calculs d’aquesta mena entre els papers de Riemann. Emprant la
férmula sumacié d’Euler-Maclaurin per calcular els valors de la funci6
zeta i de la funci6 gamma, Gram va aconseguir donar els 10 primers
zeros de la funcié ¢ amb 6 decimals de precisio i demostrar la hipotesi
de Riemann fins a T" = 50. Vegeu la figura 9, en qué, a part del valor
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numeric dels zeros, es mostra la seva posicidé sobre la recta critica.
També s’hi representa graficament el recorregut de ( (% + it) quan el
parametre t recorre l'interval 0 < ¢ < 50, on es veu com passa deu
vegades pel punt zero.

La determinaci6é numérica dels zeros a la recta critica s = % + it es
redueix a l'estudi de la funcio f(% + it), que és una funcio real de la
variable real t. Utilitzant les técniques numériques habituals per a
aquest tipus de calculs es poden aproximar els zeros amb la precisio
desitjada, sempre que es sapiga calcular el valor d’aquesta funcié amb
prou precisié. En comptes de treballar directament amb & (% + it) és
habitual considerar la descomposici6

1 2 1 S :
5 (5 + Zt) — |:_e§Rlog(F(s/2))ﬂ_—1/4 (5 + g):| % [e\ylog(F(s/Q))ﬂ_—zt/QC(S)] 7
on el primer factor pren sempre valors negatius i la funci6é del segon
factor es coneix com a funcid de Riemann-Siegel i es denota

‘ 1 1t t
Z(t) = ¢ <§ + it) , U =Slog (F (1 + z§>> — 5 logm.

Aixi, tant els zeros com els canvis de signe de la funcié de Riemann-
Siegel coincideixen amb els de la funcié 5(% +1it). La figura 10 presenta
la grafica de la funci6 Z de Riemann-Siegel en intervals tots de mida
50 contenint nombres de diferents ordres de magnitud. S’hi observa
com, en augmentar z, els zeros es van atapeint com a conseqiiéncia de
la formula de Riemann-von Mangoldt (6), apareixen alternats amb els
extrems locals (conjectura equivalent al fet d’ésser tots simples), i les
oscillacions augmenten en amplitud.

A més de calcular numéricament valors aproximats dels zeros de la
funcié ¢, també es pot demostrar amb técniques numeériques que tots
els zeros de (¢ en una regio6 fitada [0, 1] x [0, 7] de la banda critica cauen
exactament sobre la recta critica, de la manera segiient. En primer lloc
s’apliquen técniques numériques per integrar la derivada logaritmica
de £ sobre la frontera d’aquesta regio; el resultat sera el nombre de
zeros N(T') dins de la regio i, tractant-se d’un enter, pot calcular-se
exactament a partir només d'un valor aproximat de la integral. A
continuaci6 es busca una seqiiéncia de valors 0 < to,t1,...,t, < T del
parametre t tals que el signe de la funci6 Z(t) canvii de I'un al segiient,
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02 04'06 08 10

p1 = 0.5+ 14.13472514173471
p2 = 0.5 4 21.02203963877164
ps = 0.5 4+ 25.01085758014574
ps = 0.5 4 30.4248761258595¢
ps = 0.5 4 32.9350615877392:
ps = 0.5 + 37.58617815882571
pr = 0.5+ 40.9187190121475¢
ps = 0.5 4 43.3270732809150:
po = 0.5 + 48.00515088116721
p1o = 0.5 4+ 49.77383247767231

FiGUrA 9. Els 10 primers zeros no trivials calculats per
Gram 'any 1905, amb altura < 50.

49
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FicguraA 10. La funcié Z de Riemann-Siegel en diversos
intervals de mida 50.

el qual garanteix que el hi ha almenys n zeros sobre la recta critica.
Si s’aconsegueix arribar a n = N(T) es dedueix que la hipotesi de
Riemann és certa en la regié considerada. Naturalment, aquest métode
donara resultat només si tots els zeros en la regié son de multiplicitat
1, propietat que es conjectura certa, i de fet ha funcionat sempre en
tots els calculs fets fins ara.

Backlund l'any 1915 i Hutchinson I'any 1925 van ampliar els calculs
fets per Gram fins a T = 200 (regi6 on hi ha 79 zeros) i T' = 300 (138
zeros), respectivament.

Un aven¢ important en les técniques per avaluar numéricament la fun-
ci6 zeta a la recta critica és una férmula asimptotica per al calcul de
la funcié Z(t), coneguda pel nom de férmula de Riemann-Siegel, que
Siegel va trobar en els papers de Riemann, la qual va permetre avaluar
numéricament aquesta funcié de manera molt més eficient i precisa, i
ampliar considerablement els resultats numérics obtinguts fins alesho-
res.

La revolucié informatica de les darreres décades i 'increment continuat
de la poténcia de calcul consegilient han permeés estendre els resultats,
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tal i com es pot observar a la taula 3. El record actual és de 'any
2004: s’han calculat els primers 10 bilions de zeros de la funcio zeta de
Riemann i cap d’ells s’ha desviat el més minim de la recta critica!

Any | Nombre de zeros | Autors

1903 15 | J. P. Gram

1914 79 | R. J. Backlund

1925 138 | J. I. Hutchinson

1935 1041 | E. C. Titchmarsh

1953 1104 | A. M. Turing

1956 15000 | D. H. Lehmer

1956 25000 | D. H. Lehmer

1958 35337 | N. A. Meller

1966 250000 | R. S. Lehman

1968 3502500 | J. B. Rosser, J. M. Yohe, L. Schoenfeld

1977 4x 107 | R. P. Brent

1979 8.1 x 107 | R. P. Brent

1982 2 x 108 | R. P. Brent, J. van de Lune, H. J. J. te Riele, D. T. Winter
1983 3 x 108 | J. van de Lune, H. J. J. te Riele

1986 1.5 x 10° | J. van de Lune, H. J. J. te Riele, D. T. Winter
2001 1010 | J. van de Lune

2003 2.5 x 101 | S. Wedeniwski

2004 1013 | X. Gourdon

TAULA 3. Nombre de zeros calculats

Aproximacions a la hipotesi de Riemann. En el darrer segle i mig,
a través de les investigacions dels continuadors de 'obra de Riemann,
han proliferat els problemes i les teories directament relacionades amb
els seus resultats, i en especial amb la conjectura encara per demostrar.

El més significatiu és sens dubte el fet que la hipotesi de Riemann
és equivalent al fet que 'error del teorema dels nombres primers sigui
en un cert sentit el més petit possible (no pot ser menor degut a la
magnitud de les oscillacions predites per Littlewood). IL’any 1901,
Helge von Koch va demostrar que la hipotesi de Riemann és equivalent
a que

Li(z) = n(z) + O(Vz log x).
Mertens estudia la funci6 M(z) = > ., u(r) que déna la suma dels

valors de la funci6 de Mobius en els enters menors que x; tenint en
compte que aquesta funcié multiplicativa proporciona els coeficients de
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la série de Dirichlet que dona el reciproc de (,

ar-l-5) 25 w0

S
» p

i com a conseqiiéncia de condicions ben conegudes per a la convergén-
cia d’aquest tipus de séries, no és dificil concloure que la hipotesi de
Riemann és equivalent al fet que es tingui M(z) = O(y/z' ™) per a
tot € > 0. Mertens enuncia, el 1897, la conjectura |M(z)| < /z (que
implica la hipotesi de Riemann) perd 'any 1985 Odlyzko i te Riele van
refutar-la: emprant una ingent quantitat de zeros de la funcié zeta cal-
culats amb prou precisié es pot veure que hi ha algun nombre menor
que 32110 on que la suma dels valors de la funcié de Mobius supera
l'arrel quadrada. Els experts opinen que la desigualtat |M(z)| < C'y/x
sera també eventualment falsa per a tota constant C', tot i que aixo no
s’ha aconseguit provar fins ara.

Una altra via d’aproximaci6é a la hipotesi de Riemann és l'estudi del
creixement de la funci6 ¢. Per a cada nombre real o la funcié ¢ té ordre
de creixement finit a la recta vertical d’abscissa o, o sigui |((o+it)| < t*
per algun a > 0 it prou gran. Definint w(o) com l'infim d’aquests
nombres a s’obté una funcié continua monotona decreixent a tot R. Es
facil calcular els valors d’aquesta funcié per als valors fora de I'interval
0 < o < 1 corresponent a la regi6 critica i la gran incognita és el valor
en 0 = 1/2. La hipotesi de Lindeldf prediu que w(1/2) = 0 o, de
manera equivalent, que

w(o) = {

i es pot demostrar que equival a la hipotesi de Riemann. El 1916 Hardy
i Littlewood van demostrar que w(1/2) < 0.166...; el récord actual és
de Bombieri i Iwaniec, que donen la fita 9/56.

1
3 o<
0, si o>

Una aproximacié deguda a Beurling i Nyman des de ’analisi funcional
obté la hipotesi de Riemann com a conseqiiéncia que ’espai generat
per les funcions
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on {-} indica la part fraccionaria d’'un nombre real, per als valors de
I'interval 0 < a < 1, generen tot 'espai L?*(0,1). Una descripci6 deta-
llada d’aquesta teoria (i molt més) es pot consultar a [5].

Per acabar, tot i que la llista podria seguir, una equivaléncia curiosa:
la hipotesi de Riemann és equivalent a que det(A(n)) = O(y/n' "), on
A(n) és la matriu binaria que té un 1 en el lloc (4,7) sij =10 béi]| j,
i zeros a la resta (vegeu [4]).

Operador de Riemann i matrius aleatories. Una de les aproxi-
macions a la hipotesi de Riemann que ha originat més discussi6 i con-
trovérsia ¢és la coneguda amb el nom de conjectura de Hilbert-Polya.
Es tracta de I'especulacio sobre la possibilitat que els zeros de la funcié
13 (% + 1t) siguin valors propis d’un operador hermitic auto-adjunt en un
espai de Hilbert de dimensi6 infinita adequat, 'operador de Riemann.
Com que aquests zeros son reals, la hipotesi de Riemann queda reduida
«nomeés» a la construccié d’un tal operador.

L’analogia amb el cas de les funcions L locals, en que la hipotesi de
Riemann es va demostrar a partir de la construccié de certs espais (la
cohomologia (-adica) i de les propietats d’'un automorfisme que hi opera
(Pautomorfisme de Frobenius), ha estat de vegades presentada com a
argument en favor d’aquesta via, tot i que els experts son molt cautes
en les seves opinions al respecte (veure [1, 3, 14]).

La conjectura de Hilbert-Poélya rebé un fort impuls durant els anys 70
quan Montgomery i Dyson observaren que l'espaiat entre zeros con-
secutius de la funci6 zeta, convenientment normalitzat, es distribueix
de manera increiblement idéntica a com ho fa ’espaiat entre els va-
lors propis de matrius aleatories hermitiques. La verificacié numeérica
d’aquesta «correlaci6 de parells» ha estat I’objectiu de molts projectes
de calcul intensiu durant les darreres décades, essent aquest un dels
principals esperons per al desenvolupament de técniques numeériques
relacionades amb la recerca de zeros de la funcié (. A més, la teoria
s’ha estés amb éxit a altres families de funcions L, fent-les correspondre
a matrius aleatories de diversos tipus. En tots els casos les dades con-
firmen el comportament previst, tot i que fins ara no s’ha obtingut cap
resultat teoric rellevant sobre la funcié ¢ com a conseqiiéncia d’aquesta
teoria.
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RIEMANN’S INFLUENCE IN GEOMETRY, ANALYSIS
AND NUMBER THEORY

SIR MICHAEL F. ATIYAH

ABSTRACT. The purpose of this article is to describe some ways
in which Zeta functions enter geometry, and their relation to the
theory of Riemann surfaces.

Riemann’s collected works take one small volume, but every contribu-
tion to this volume was very original work that supplied foundations
for the mathematics of the next century.

To give an idea of his range of interests, and of his influence up to recent
times, I will first describe briefly three areas which bear his name:

(1) Riemann Zeta function (number theory)
(2) Riemann surfaces (algebraic geometry-topology)
(3) Riemannian metric (fundamental in differential geometry)

Then I will review three examples where these areas interact. They
are three examples of work in the 20th century which have their roots
in the ideas of Riemann. The first one will be a theorem of the 1930’s
which involves the interaction of (2) and (3) on this list. Next one will
be a theorem of the 1950’s, also involving the interation of algebraic
topology /geometry with differential geometry. And the last one will
be a theorem of the 1980’s which involves in fact all three, including
number theory.

In summary, the main points will be:

e Review the three topics (1), (2) and (3) above
e A theorem of 1930’s involving (2) and (3).
o A theorem of 1950’s involving (2) and (3).
e A theorem of 1980’s involving (1), (2) and (3)
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RIEMANN ZETA FUNCTION

It is the function

o0

C(s):Z%, s € C.

This function converges for Re(s) > 1 and has analytic continuation to
whole complex s-plane with a simple pole at s = 1. For s = 0 we have

¢(0)=1/2.
Functional equation. If we write

£(s) = U r(s/2m o (s)

then
€(s) = €(1 - 5).

Euler product

(s) =T =p)"
p
where the product ranges over the primes p.

Riemann Hypothesis (10° dollar prize). It is the most famous
unsolved problem since Riemann’s time and it is about the zeros of the
Riemann zeta function.

The “trivial zeros” of ((s) occur at s = —2, —4, ... (even negative inte-
gers).

The Riemann hypothesis states that all non-trivial zeros of ((s) lie on
the line Re(s) = 1/2.

It has very important consequences for the detailed distribution of
prime numbers.

RIEMANN SURFACES

Adding the point at infinity (co) to the complex plane C we get the
Riemann sphere.
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The complex solutions (x,y) of the equation
y* = f(x), f quartic polynomial

(including oo) form a complex torus. It is a double covering of the
sphere with 4 branch points at the 4 roots of f(x) = 0 (assumed dis-
tinct).

The sphere leads to the theory of rational functions and the torus to
the theory of elliptic functions.

Higher degree polynomial equations p(z,y) = 0 lead to a theory of
functions involving surfaces of higher genus.! These are called Riemann
surfaces. Here is a picture of a genus 3 surface:

The genus is a topological invariant. It is B;/2, where By is the first
Betti number, or the rank of the first homology group, which agrees
with the number of independent 1-cycles that can be drawn on the
surface. For a torus, for example, two independent cycles are one going

IThe genus g of a compact orientable surface is the number of its handles or
holes. Thus g = 0 for the sphere and g = 1 for the torus.
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around the hole and one around the tube. In general, for each hole we
have one more pair, which means 2g in all.

On the Riemann surface we have a relationship with analysis. We can
write down what are called holomorphic differentials. If z is a local
coordinate on the surface, a holomorphic differential has (locally) the
form
f(2)dz,

where f is a holomorphic function. If we make a change of variable
from one region to another one, say z = z(u), then f(z)dz becomes
f(z(u))2'(u)du. Now the genus g is the dimension of the space of holo-
morphic differentials. For example, if ¢ = 0 there are no non-zero
holomorphic differentials. The key fact is that if z is the usual coordi-
nate on the complex plane, then u = 1/z is a local coordinate at oo and
dz = —du/u? has a pole there. On the other hand on the torus, thought
of as the quotient C/L of C by a lattice L, dz is a holomorphic dif-
ferential, and this differential is unique up to scalar factor. For higher
genus there are more complicated formulas giving the g independent
holomorphic differentials.

Thus we have a fundamental link between the topology (the number
of holes) and the analysis (the description of the holomorphic differen-
tials). Holomorphic differentials occur as integrands of integrals along
curves. In fact, that is how the theory of elliptic integrals first arose.

THE RIEMANNIAN METRIC

The Riemannian metric is the foundation of modern differential geom-
etry. It has an interesting beginning, because when Riemann was to
submit his thesis for a doctoral degree the custum in Germany of the
time was that the examiners would ask him some minor topic outside
of the main topic of interest. Gauss asked Riemann to investigate the
foundations of geometry. I think he knew that Riemann had ideas,
and Riemann’s answer was to produce the foundations of differential
geometry —as a side issue to the main thesis.

On an n-dimensional manifold, which locally looks like an Euclidean
space with n real coordinates x4, . .., z,, a Riemannian metric, which is
a way of measuring distances, is a symmetric positive definite quadratic
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form
d82 = Zgijdﬂﬁidilfj,
1,7
with the g;; varying smoothly. That gives the element of length, ds,
and the length of a curve is then given by integrating ds along it.

What Riemann discovered was that the most essential and important
object that can be associated with the Riemannian metric is what is
called the Riemann curvature tensor: An expression R;ji, given by
a quite simple formula involving the g;; and their derivatives, which
describes all the fundamental ways in which geometry is curved.

Note that a Riemann surface is at the same time, a 1-dimensional
complex manifold and a 2-dimensional Riemannian manifold, where
the real coordinates are the real and imaginary part of the complex
coordinate.

Examples of Riemannian manifolds

(1) Take an ordinary smooth surface in 3-dimensional space, as
for instance a sphere, and restrict to it the ordinary Euclidean
metric. This gives a way of measuring lengths of curves on the
surface.

(2) We can do similar things in higher dimensions. Consider a non-
singular algebraic curve in the the complex projective plane
CP,, which has real dimension 4. It is given by an equation

fa(z,y,2z) =0,
where f; is a homogeneous polynomial of degree d, and its genus
g = 3(d—1)(d—2). This curve acquires a natural Riemannian
metric, namely, the metric induced on it by the standard metric
in (CPQ
(3) Similarly, a non-singular algebraic surface fy(z,y,z2,t) = 0 in
CP5 with the induced metric.

Note. The Riemannian curvature tensor has four indices 7, 7, k,[ in
all dimensions, but it reduces to a scalar function in dimension 2, the
Gauss scalar curvature, and it is essentially a 2-tensor in dimension 3
(the Ricci tensor). Dimension 4 is the first dimension in which the most
general form of the curvature tensor is required. It is the dimension
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of Einstein’s space-time, in which Riemannian ideas, and especially
Riemann’s curvature tensor, played a very important role. It is also
the dimension of Simon Donaldson’s theory, in which he applied ideas
of Riemannian geometry and got many fantastic results showing that 4
real dimensions in some ways are quite unique amongst all dimensions.

HODGE THEORY (1930’s)

Consider an n-dimensional real manifold, compact and oriented, with
a Riemannian metric. Hodge considered the exterior differential forms
Q7 the natural integrands of ¢-dimensional integrals (¢ = 0,1,...,n).
They are skew-symmetric g-tensors. Thus Q° are the scalar functions
f(z), and Q' the forms of degree 1 (locally, >, fi(x)dz;). Higher degree
forms Q9 involve wedge products (skew symmetric) of any ¢ of the
dxq,...,dz,. For ¢ = n there is only one such product (a volume form).
There is also the exterior differentiation operator, d : Q91 — Q¢ which
gives rise to the De Rham complex:

1o LN oY SN o B AN o : BN NN o U

The metric defines a dual or orthogonal form *xw € Q"9 associated to
a g-form w € Q9. In particular, if f is a function, *f is a volume form.

In Hodge theory, a form w is called harmonic if dw = 0 and d * w = 0.
One of Hodge’s motivations for introducing this concept was the fact
that the electromagnetic field can be represented by a 2-form w in
Minkowski space and that Maxwell’s equations are then equivalent to
dw=0and d*w = 0.

Another equivalent way of defining harmonic forms is the following.
Define
d* Q1 — Q!
as the adjoint of d (if n is even, d* = — x dx) and let
A=dd" +dd: Q! — Q4.

This operator is the Hodge Laplacian and Ap = 0 is equivalent to
saying that ¢ is harmonic. This fact explains why they are called ‘har-
monic’, as Ay is the ordinary Laplacian for a function ¢ in Euclidean
space.
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The fundamental theorem of Hodge was a simple relationship between
the harmonic forms and the topology:

Theorem. The space of harmonic q-forms is isomorphic the real co-
homology space HY (the map is given w +— fﬂyw, ~ any g-cycle).

The expression f7 w is called the period of w along ~, and the theorem
says that every harmonic form is determined by its periods and that
every ‘period’ can actually occur.

For example, on a Riemann surface the harmonic 1-forms, for an ap-
propriate metric, are the real and imaginary parts of the holomorphic
forms. Note that this implies that dim H' = 2¢.2

Now a big problem was going from algebraic curves to higher dimen-
sions (algebraic surfaces, for example) and replacing the holomorphic
differentials. Hodge’s great idea was using a Riemannian metric and
taking harmonic forms. That was the beginning of the foundations of
modern algebraic geometry.

SIGNATURE OF A 4-MANIFOLD

For n = 2 (surface) the only topological invariant is the genus g (or

For n = 4 we have
Bl = Bg and BQ.

But there is a further invariant on H? (or Hy): the intersection form (or
intersection matrix), H? x H?> — R. This pairing is a non-degenerate
quadratic form. Now a quadratic form over the real numbers has an-
other invariant, aside from the rank, namely the signature. When
diagonalized, it has By positive terms and B, negative terms, where
By = By + By (no zeros, as it is non-degnerate), and the signature is
By — B, . This signature is called the signature of the manifold, and
it is another topological invariant.

2Another way of saying this is that the complex valued harmonic forms on the
surface are the holomorphic and antiholomorphic forms.
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Note. There is no analogue of the signature in dimension 2, since
the intersection pairing is skew-symmetric: (21) is an odd permutation
while (3412) is an even permutation.

This signature invariant for quadratic forms was known for a long time,
but its applications to manifolds topology were first pointed out by
Hermann Weyl, another of my heroes in mathematics. Interestingly
enough for this audience, it was published in a Spanish journal, in
Spanish, in an old paper that is not very well known.

Let’s connect this with the work of Hodge in differential geometry.
On a 4-manifold M, the * operator acts on Q2 and *> = 1. The
corresponding eigenspaces H_% and H? have dimensions By and B,
respectively. Hence

signature = dim Hi — dim H2.

By a famous theorem of Hirzebruch (1950’s),

signature:/ f(R),
M

where f is a polynomial in the curvature. This beautiful theorem
connects topology on one side with differential geometry on the other
and it is the first of a large family of theorems of this kind. It is part of
a big development in the 1950’s. Hirzebruch proved that the theorem
also holds in dimensions n = 4k (with f depending on k).

Hirzebruch’s result was for closed manifolds. So the natural question
now is to ask what happens for manifolds with boundary.

Choose a Riemannian metric on M which is isometric to the product
B x R near the boundary:

dsy, = dsp + dr?.
Then f(R) =0 on B x R and therefore [, f(R) is independent of the
length of the boundary region.
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The signature is still defined on H?(M, B), but the (diagonal) matrix
has some zeros. Count only non-zero diagonal elements.

Question. Is signature(M) = [, f(R)?

Answer. No.

But we have:

Proposition. The difference between the signature and fM f(R), which

1s called the singnature defect, depends only on the boundary.

Proof. If B=0M and B = OM’, stick M and M’ together along B to
get a manifold X without boundary.

Then we have

signature(X) = signature(M) + signature(M’),
= [ smw+ [ s
X M M

and it is enough to subtract and use Hirzebruch’s theorem for X (a
sign change occurs for M’ since its boundary is B with the opposite
orientation). O

Problem. What kind of invariant of the Riemannian 3-manifold B is
the signature defect?

Note. The signature defect changes sign when we reverse the orienta-
tion of B.

To solve the problem, introduce the 1st order elliptic differential oper-
ator A acting on
Qev — QO D 927
A=+(xd—d*) [-onQ? +onQ.
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It is self-adjoint (A* = A) and®
A2 = A" A? (Hodge Laplacian).

The eigenvalues \ of A are discrete and A? are the eigenvalues of A® @
A2, The eigenvalue \ = 0 gives the harmonic forms H° @ H?. Define

sign(A
) = 3 .

A£0

The function 7(s) converges for Re(s) > 3 (because 3 = dim(B)) and
has an analytical continuation with no pole at s = 0 (so 7(0) is well
defined).

Theorem (Atiyah—Patodi-Singer, 1970’s).
signature(M) = / f(R) —n(0).
M

See [APS] and [Atiyah].

Note. 1) Reversing orientation changes

*  to — %
A to —A
A to — A

If follows that n(0) changes to —n(0), and this behaviour checks with
the theorem.

2) In classical notation for R?, and identifying a 2-form with a vector

field,
0 div
A= (grad curl)

The theorem shows that the signature defect is a spectral invariant. It
measures the degree to which the positive eigenvalues and the negative
eigenvalues differ. If they are the same (for example if the manifold has
an orientation reversing isometry), then the signature defect is 0, as the
positive eigenvalues pair up one by one with the negative eigenvalues.
In general they are not the same, and we say that the signature defect
measures the spectral asymetry.

3 A2 is the square of the operator A, while A2 simply refers to the Hodge Lapla-
cian on 2-forms.
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EXAMPLE INVOLVING NUMBER THEORY

Here we will consider an example of an interesting application of the
APS theorem.

Let B be the 2-torus bundle over a circle defined by an automorphism
a b
d

of T? = R?/7Z?, i.e., an element A = (c ) of SL(2,7Z).

Note that SL(2,Z) gives linear automorphisms of R? that map the
lattice Z* onto itself. We have det(A) = ad — bc = 1 and we will
assume that a + d = trace(A) > 2. This implies that the eigenvalues
of A, namely the roots A and A" = 1/\ of

M —(a+dX+1=0,
are real and positive, as its discriminant A = (a + d)? — 4 > 0.

This situation arises in number theory from the real quadratic field

K =Q(VA).

Let us examine more carefully the matrix A. Over R, it is conju-

gate to the diagonal matrix ()\ /\,> and we have a 1-parameter group

t
A <>\ (/\’)t) The orbits of A® in the (x,y) plane are (branches of)

hyperbolas whose asymptotes are given by the equation of the eigen-
vectors (N is the norm):

N(y,x) =0,
where

N(y,z) = ey’ + (d — a)zy — ba® = c(y — ax)(y — fx),
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with
o (a —d)+ \/Z, 5=
2c
and

A = (d—a)*+4bc = (a +d)* — 4.
Assume ¢ < 0.

Since A € SL(2,7), it preserves each branch and maps integer points
to integer points, so branches that have one integer point actually have
infinitely many. Since the norm is constant along a branch, N is an
integer for branches containing an integer point.

\-\‘\._/'/

Zeta function of K = Q(,/(A)):
1
Cals) = %): N

where v = (m,n) is an integer lattice point and we sum over the non-
zero orbits () of {A} (the group generated by A).

Ca converges for Re(s) > 1, has analytic continuation, with no pole at
s =0, and has an Euler product expansion.

L-function of K = Q(,/(A)):

sign(NV (7))
La(s) = —
2 IN()I®
over the non-zero integer orbits of {A}. It has similar properties to

Ca(s).

Ca(0) is well-defined (actually it is a rational number).
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Theorem (Atiyah—Donnelly—Singer, 1980’s).
L(0) =n14(0)
where A € SL(2,7Z).

Notes. 1) L(s) and 7(s) are very different analytic functions:

e L(s) converges for Re(s) > 1
e 7)(s) converges for Re(s) > 3.

But the theorem can be proved by using Fourier series on T2, an ap-
proach that was initiated by Carl L. Siegel.

2) The theorem generalizes to any totally real field K of any degree:

e B becomes a T" bundle over 777!, where r is the rank of the
integers in K (and r — 1 the rank of the group of units of K).

3) The theorem is also related to algebraic geometry. Hirzebruch proved
[Hirz] that the signature defect of a 3-manifold B is L4(0) by a direct
method related to the periodic continued fraction of v/A and the res-
olution of the cusp singularities of an algebraic surface. This provided

Cusp

one motivation for the ADS theorem, as it led to a conjectured gener-
alization to higher degree fields. See [ADS].
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DUALITY IN MATHEMATICS AND PHYSICS*

SIR MICHAEL F. ATIYAH

ABSTRACT. Duality is one of the oldest and most fruitful ideas in
Mathematics. I will survey its history, showing how it has con-
stantly been generalized and has guided the development of Math-
ematics. I will bring it up to date by discussing some of the most
recent ideas and conjectures in both Mathematics and Physics.

INTRODUCTORY REMARKS

Duality in mathematics is not a theorem, but a “principle”. It has a
simple origin, it is very powerful and useful, and has a long history going
back hundreds of years. Over time it has been adapted and modified
and so we can still use it in novel situations. It appears in many
subjects in mathematics (geometry, algebra, analysis) and in physics.
Fundamentally, duality gives two different points of view of looking at
the same object. There are many things that have two different points
of view and in principle they are all dualities.

Linear duality in the plane. It starts off classically in geometry
with linear duality in the plane.

In the plane we have points and lines. Two different points can be
joined by a unique line. Two different lines meet in one point unless

* Editorial note. On December 18, 2007, Atiyah delivered the lecture Rie-
mann’s Influence in Geometry, Analysis and Number Theory at the Facultat de
Matematiques i Estadistica of the Universitat Politecnica de Catalunya and the
lecture Duality in Mathematics and Physics, this one sponsored by the Centre de
Recerca Matematica (CRM), at the Institut de Matematica de la Universitat de
Barcelona (IMUB). The present text has been produced from a transcription of
the second lecture and can be downloaded from the web pages www.imub.ub.es or
www-fme.upc.edu. The text of the first lecture can also be downloaded from the
latter web page.
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P

they are parallel. People did not like this exception and so they worked
hard and realized that if they added some points at infinity then they
got what is called the projective plane in which the duality is perfect:
the relationship between points and lines is perfectly symmetrical. This
led to the classical principle of projective duality, which says that the
“dual statement” of a theorem is also a theorem, so that we can talk
about the dual theorem.

[
[ ]

Linear algebra. In linear algebra duality involves the pairing

of dual vector spaces.

For example, let n = 3. If we fix a £, then the equation (£, x) = 0
gives a linear condition on  which determines a plane in 3-dimensional
vector space. On the other hand if we fix & and let £ vary, then we get
a plane in the dual space. These are vector spaces and if we factor out
by homogeneous coordinates (this leads to one dimension lower) we get
the lines of the projective plane. So the relationship between projective
geometry and linear algebra is very simple: we write equations and we
identify those that differ by a non-zero scalar factor.

LINEAR ANALYSIS

When we go from linear algebra to linear analysis, in principle we make
n = oo (infinite dimension linear spaces), and we have to be careful
about questions of convergence. Formal infinite series do not make
sense and so we have to have suitable continuity conditions.

Example. If we have functions of one variable x, then we can define
the (f, g) of two functions f and g by

(f,9) /f(x)g(x)dx.
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Assuming that the integral converges, this defines a pairing which is
an oo-dimensional version of the finite pairing of linear algebra. So
immediately the ideas of duality go (provided we are careful about
convergence) into linear analysis.

Fourier transform. Now in linear analysis one of the most power-
ful tools is that of Fourier theory. Let us recall what is the Fourier
transform. Let @ = (xy1,...,x,) be n variables and & = (&1,...,&,)
corresponding ‘dual’ variables. Then given a function f(x), its Fourier
transform f (&) is defined by

f(€) :/f(a:) exp(2mi(zx, £))dx.

Fourier series. We can also have Fourier series, which in fact are
more elementary. If we have a function f(x) of the variable x which is
periodic (it is a function defined on the circle = R/Z), then we have
Fourier coefficients a,,:

an:/f(x) exp(2minx)dx.

This transforms functions on the circle R/Z to functions on the integers
Z. The inversion formula says how to go backwards.! In this example
we see that the two things that are dual need not be of the same kind.
In linear duality usually the two sides are the same sort of thing, but
here one side is a circle and the other side are the integers, but it is
still an example of duality.

Poisson summation formula. This is a very useful formula in con-
nection with the theory of Fourier series. It uses Fourier theory on R
and on R/Z and it says, given a function f, that

S fn) =Y fn),

¢ a suitable constant. In the particular case when the function is the
Gaussian f(z) = exp(—2?), and taking into account that its Fourier

Li() =3, an exp(—2mina)
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transform f is also Gaussian, we get the famous transformation law?

O(~1/2) = (~iz)"*6(2)
of the theta function

O(z) = Zexp(mn2z).

Besides this formula we have another obvious relation:
O(z +2) = O(z).

The two operations z — z + 2 and z — —1/z generate a subgroup of
index two the modular group SL(2,7Z) (we would get the whole group
SL(2,Z) if we had the condition O(z + 1) = O(z)). A function which
transforms according to such laws under this group is called a modular
form. They are very important things in arithmetic and the © modular
form is one of the most classical examples. As we see, modular forms
turn up in connection with dualities in Fourier theory. This is of course
all very classical, as it was known to Riemann and to people before him.

DUALITY FOR ABELIAN GROUPS

The real line, the circle and the integers are different-looking things.
But in fact they are all abelian groups, and for these groups there is
a duality theory. Given an abelian group G, the dual group G is the
group of characters of G (homomorphisms of G to the circle group
U(1)): A

G = Hom(G, U(1)).

Examples. 1) If G = Z, G = S (circle of radius 1), where 2 € S! =
R/Z corresponds to the homomorphism n +— exp(2mwinz).
NIG=R,G=R

3) If G is discrete, then G is a compact group (like S* = G for G = 7Z).

The general class of abelian groups for which duality theory works are
the locally compact topological abelian groups. This class includes the
groups R, S' and Z, and also others. If G is finite (hence it is both

2 This relation gives one of the ways in which the functional equation for the
Riemann ¢ function can be proved.
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discrete and compact), then G is finite. Besides the examples given,
there are also important examples in number theory, as the group of
p-adic integers:

L, =lim Z/p"Z.

Fourier theory works also in this case and is important in applications
in number theory.

NON-ABELIAN GROUPS

Abelian groups give a unifying framework for these classical dualities.
We have a good theorem, but it is natural to try to go beyond that. In
that regard a reasonable aim is to look at non-abelian groups.

(1) Let us start with a (non-abelian) finite group G. Introduce the
set G of (isomorphism classes) of irreducible unitary representations
Hom(G, U(n)), which is is called the dual of G. It is not a group
anymore, it is only a (finite) set.

(2) Consider now a compact Lie group G, like for example the orthog-
onal group O(n). Then the dual G, defined as the set of (isomorphism
classes of) irreducible unitary representations, is an infinite discrete
set.

Fourier theory. For any class function f on G, there is a Fourier
expansion

F9) =3 axx(e), ay = / F(9)X(9)dg.
x€G ¢

The notation xy € G indicates that the sum is extended over all ir-
reducible characters xy of G.> It may be finite or an infinite series
depending on the group G.

3The character y = X, of a unitary representation p : G — U(n) of G is
the function x : G — C defined by x(g) = trace(p(g)). It only depends on the
isomorphism class of the representation. The character is said to be irreducible if
the representation is irreducible. The mapping of isomorphism classes of irreducible
representations to irreducible characters is one-to-one.
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(3) Non-compact Lie groups. In this case the theory gets more
difficult. Let G be a non-compact Lie group, as for example the gen-
eral linear group GL(n). Then G should be the set of isomorphism
classes of irreducible representations, including those that are infinite
dimensional (i.e., representations in Hilbert space). If G satisfies some

conditions, G is a set with a measure on it (the Plancherel measure dpu)
and for any class function f on G the Fourier inversion formula is

f(9) = /G FoOx(@)du, flg) = /G £(9)x(9)dg.

This theory, valid for semisimple Lie groups, is due to Harish-Chandra.
It involves infinite-dimensional spaces and continuous parameters, but
it is very satisfactory as it generalizes all the other cases.

NON-LINEAR GEOMETRY

After the preceding excursions to algebra and to groups, let us go back
to geometry.

Suppose we have an n-dimensional manifold which is compact and
oriented. Then we can define the homology groups, which are given by
cycles of various dimensions up to the maximum dimension n. If ¢ is
an integer, 0 < ¢ < n, we can define the homology group in dimension
q, H,. Tt is a finite dimensional vector space if we use real coefficients.
Then we also have cycles in the complementary dimension, n—¢q, which
give the homology group (space) H,,_,.

Intersection pairing. If we have a cycle of dimension ¢ and a cycle
of dimension n — ¢ in general position, then they intersect in finitely
many points and so we get an intersection number.

From this it is possible to construct a pairing of real vector spaces
H,®H,_,—R

(the proof uses the local Euclidean nature of the manifold).
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Poincaré duality. The pairing above is non-degenerate. Therefore
each of the homology spaces H, and H,_, becomes the dual of the
other. Thus we obtain a duality between finite-dimensional vector
spaces from a curved manifold. In particular, dim H,,_, = dim H,.

Poincaré duality actually works at the global level of topology and it
is a very important tool in for the study of the topology of higher
dimensional manifolds.

HODGE THEORY

Another way of examining this, which is a combination of geometry
and analysis, is to use Hodge theory. Given an n-dimensional manifold
M, let us consider, instead of cycles, differential forms. The differential
forms of degree ¢, which form a space that we will denote 27, are the
natural integrands of integrals on cycles of dimension q.

We will also use the derivative operator
d: Q9 — QI
The a € Q7 such that da = 0 are said to be closed forms.

Now if we have oo € Q9 and 3 € Q"9 then the wedge product a A 3
is an n-form (also called a volume form). This form can be integrated

over M,
/ a B,
M

and this gives a bilinear pairing
QI x Q"1 >R
under which Q7 and "7 are dual co-dimensional spaces.

Given a Riemannian metric on M, we also have the Hodge duality
operator x : Q7 — Q"9 that is defined by the relation («, 5 € Q9)

/MaA*ﬁ:w,ﬁ),

where (a, ) denotes the pairing of o and 3 by the natural extension
of the Riemannian metric to Q9.
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Hodge theory is concerned with the solutions (called harmonic forms)
of the two equations

dw=0, dxw=0.

Thus w is harmonic if and only if w and *w are closed.

Hodge theorem. The space H? of harmonic forms of degree ¢ has
finite dimension and is isomorphic to the cohomology space of dimen-
sion g. Moreover, * : H? — H" 7 is an isomorphism. In particular,
H? and H"? are dual finite dimensional spaces (Poincaré duality) and
dim H? = dim H" 4.

This theorem provides a reinterpretation of the geometrical duality
using harmonic forms.

PHYSICS

Now we go to (classical) physics.

1. Position-momentum. Here is an elementary situation. Let x be
a variable in ordinary space (it may describe the position of a particle)
and a dual variable ¢ (it may represent momentum of the same parti-
cle). The the Fourier transform gives rise to “dual pictures”, which is
what physicists call spectral analysis.

2. Quantum mechanics. In quantum mechanics, there is the famous
particle-wave duality. Duality appears here as two ways of looking at
the same thing: either a particle behaves like a point going around
or as (quantum) wave. These two aspects are part of the mystery of
quantum mechanics.

3. Electromagnetism. In ordinary Minkowski space R*!, the elec-
tromagnetic force is described by a 2-form (skew-symmetric 2-tensor)
w. In this notation, Maxwell’s equations in vacuo are

dw=0, dxw=0,

where now * is defined using the Lorentz metric in R*!. Formally
they are the same as Hodge equations for forms of degree 2 on a
4-dimensional Riemannian manifold, but here the space is ordinary
Minkowski space, not the 4-dimensional Euclidean space. From this it
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appears that Maxwell’s equations, which unified electricity and mag-
netism, also encode a duality between electricity and magnetism in the
sense that the x operator interchanges both aspects. Physically, this is
a very fundamental fact of the universe.

Maxwell’s equations actually motivated Hodge for his work on har-
monic forms in general. As indicated, Maxwell’s equations are about
forms of degree 2 in 4 dimensions and Hodge went to forms of any
degree ¢ in any dimension n. He also worked in Riemannian geometry,
not in Minkowski space.

MODERN PHYSICS: GAUGE-THEORY

A lot of modern physics is concerned about gauge theory. This is what
physicists use to describe elementary particles. In some naive sense it
is just a (non-abelian, non-linear) matrix generalization of Maxwell’s
theory.

A Yang-Mills field F is the curvature of a connection? on a fibre bundle
(F may be thought as a as a 2-form with matrix coefficients, or as a
matrix of 2-forms). Then the Yang-Mills equations take the same form
again:

dF =0, d+F=0.

These are now matrix equations. When defined on Lorentz manifolds,
they are the fundamental equations that physicists use for elementary
particle physics. They can also be defined on a Riemannian 4-manifold,
and this leads to geometry, as in Donaldson’s celebrated theory, one of
the most exciting developments in the last quarter of the 20th century.
In particular it produced new invariants of 4-manifolds. The physics
inspired the equations and then Donaldson used the equations, in the
context of Riemannian geometry, to develop his theory.

This was just mathematics. We might say that mathematicians took
an equation that the physicists had written down and studied it in
the Riemannian context, just as Hodge did with Maxwell’s equations.
But subsequently Witten showed ([W94]) that what Donaldson did
could be understood in the language of physics. In fact, he interpreted

4In gauge theory, connections play the role of potentials.
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Donaldson’s theory as a Topological Quantum Field Theory, which can
be thought of as a “non-abelian Hodge theory”.

Going beyond ordinary quantum mechanics, which describes the quan-
tum behaviour of particles, quantum field theory (QFT) describes the
quantum behaviour of fields, like the electromagnetic field. Usually
quantum field theory supplies information about real particles and their
interactions.

In the special case of a topological quantum field theories, the only
things that can be extracted are topological invariants. These theories
supply discrete quantities that have a topological meaning, not real
numbers that can vary continuously. Donaldson’s invariants, for exam-
ple, turned out to be, as shown by Witten, instances of such topological
invariants of a QFT. This physical interpretation of Donaldson’s the-
ory made the link between physics and mathematics much easier to
understand.

One of the most exciting things that physicists have discovered is that
in QFT there are many dualities which are not at all easy to under-
stand geometrically. These theories are non-linear, and so they are not
trivial. An important observation here is that if we have a given clas-
sical geometrical picture, then there is some kind of procedure, called
‘quantization’, by which we replace classical variables by operators to
produce, with a bit of guesswork, a ‘quantization’ of the original the-
ory. In this quantized theory there is a parameter that plays the role
of Planck’s constant and which allows us to recover the classical the-
ory by letting it go to 0. Given a quantum theory, however, it may
turn out that there are several ways in which it can be realized as the
quantization of a classical geometry picture. For example, for a single
classical particle we can use the position observable or the momentum
observable (they are actually symmetrical), and so there are two ways
of reaching the same theory from two geometrical points of view. Then
these two points of view are called a duality. This is, of course, a very
simple example, but it turns out that physicists have found many much
deeper dualities which exist in complicated QFTs which link two very
different-looking geometric pictures.
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Example: Donaldson’s theory. A first example of such a duality is
that Donaldson’s theory, which has been very roughly described above,
is “dual” to Seiberg—Witten theory. Physicists predicted that these two
theories should be equivalent, in the sense that one quantum theory has
two different descriptions: one in terms of Donaldson’s geometry and
the other in terms of Seiberg—Witten geometry.

In Donaldson’s theory we just take 2 x 2 matrices and write down
equations analogous to Mawwell’s equations. In Seiberg—Witten the-
ory, instead of 2 x 2 matrices, the ordinary circle group is used, and
Maxwell’s equations for the (classical) electro-magnetic field, but cou-
pled to a spinor field.

Spinors are very important things in physics (they describe particles
like the electron) and they turn out to be mysteriously important in
geometry. Their geometrical meaning is much more difficult to un-
derstand than differential forms, but they exist and they are beauti-
ful geometrical objects. They satisfy the famous equation introduced
by Dirac (the Dirac equation), which is a linear equation for spinors
like Maxwell’s equations are for the electro-magnetic field, but now the
spinors and the electro-magnetic field can be coupled together. The rea-
son that they can be coupled together is fairly simple algebra: spinors
can be multiplied together and the results are differential forms (not
a single degree, but all degrees simultaneously). So spinors are like
square roots of differential forms, and that explains why they are so
mysterious.?

So SpinorsxSpinors=Forms. If the form obtained as the product of
two spinors is related to Maxwell’s equations, we get equations that are
quadratic, and therefore non-linear. So there is a non-linear coupling
between spinor fields and the electro-magnetic field and this coupling
gives rise to a system of equations that are called the Seiberg—Witten
equations. They involve on one hand spinors, which satisfy Dirac’s

5 One of the most fantastic discoveries in mathematics was the invention of the
square root of —1. It took 200 years to understand, and even when it was understood
Gauss said that “the real metaphysics of the square root of —1 is not simple”. In
a similar way, spinors are something like trying to understand the square root of
‘area’, or the square root of ‘volume’. What does that mean? Very mysterious
notions, but nevertheless spinors exist in a formal way and can be used in formulas
just as 7 is used all the time in mathematics and physics.
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equation, and involve also the electromagnetic field, which satisfies not
just the pure Maxwell equations, but the Maxwell equation with a
right hand side which is constructed from a spinor roughly speaking by
squaring.

The Seiberg—Witten equations are, in some ways, very elementary
equations, more elementary than the matrices that Donaldson used,
but they are not linear—otherwise they would be rather trivial. What
was predicted, on the grounds of physics intuition, was that Donald-
son theory and the Seiberg-Witten theory should be equivalent: they
should give two different ways of realizing the same QFT. So the invari-
ants that Donaldson had written down and the similar invariants that
we can get by solving the Seiberg-Witten equations, are really equiv-
alent information, and what this means is that we have some kind of
Poisson summation formula to relate the two. This does not at all
say that the invariants on one side are equal to the invariants on the
other side. What it says is that the sum of all the Donaldson invariants
(they depend on an integer degree) is equal to the sum of the Seiberg—
Witten invariants (they also depend on an integer degree), or that the
two series give the same information. The equality (Poisson summation
formula) is in the sense of generating functions. Symbolically:

It is a very deep kind of relationship, a non-linear co-dimensional ver-
sion of a Poisson summation formula—that’s why this formula was
mentioned at the beginning. It is a very important way of getting in-
teresting formulae in ordinary classical mathematics. But it also points
to much deeper things that link non-linear dualities in geometry and
in physics. This is very much part of modern day physics, for it was
physicists who discovered it, not mathematicians.

Of course, we might say that we ought to prove theorems, in this case
this prediction of the physicists. It is a very hard question and no
direct mathematical proof is known yet. Ideas for a proof could come
from the fact that the same geometric results are obtained by applying
Donaldson’s theory or Seiberg—Witten’s theory, so that in practical
terms they are equally useful. But mathematically, strictly speaking,
we don’t have a proof because we do not yet have a framework in which
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this new kind of duality involving infinite dimensional spaces has been
formally set up. We are still in the early stages of a theory which
will probably be developed in the future. In any case the question is
obviously very important.

Example: Mirror symmetry. Another example, also coming out
of physics, was equally spectacular. It was called mirror symmetry. It
does not have the name ‘duality’, but ‘symmetry’ here means essentially
the same thing. Mirror symmetry can be described in many different
ways. Here I will consider one of them.

In geometry there are different kind of geometries:

o Complex geometry. The coordinates are complex and the admis-
sible changes of variables are holomorphic. Examples: Riemann
surfaces and algebraic varieties over the complex numbers.

o Symplectic geometry. Real manifolds with a non degenerate
skew-symmetric 2-form. They generalize the phase space of
classical Hamiltonian mechanics. Algebraic varieties in complex
projective space are also symplectic, because the latter has a
natural symplectic structure (given by the Kéhler metric) and
this structure induces a symplectic structure on subvarieties.

e Riemannian geometry. Real manifolds with a positive definite
metric.

These geometries may be thought as the non-linear versions of the three
classical (lie) groups:

e Complex general linear group, GL(n, C).
e Symplectic group, Sp(n) (preserves a skew-symmetric form).
e Orthogonal group, O(n) (preserves a metric).

Seen the other way around, each of these linear theories has a non-
linear generalization to a geometry, and this is how complex geometry,
symplectic geometry and Riemannian geometry arise.

What the physicists discovered is that there is a certain duality, or
symmetry, between the complex geometry and the symplectic geom-
etry. This duality relates in a rather precise way the information on
one side to the information on the other side. In particular, when this
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Complex Geometry Symplectic Geometry

o

DUALITY
Projective Algebraic Geometry

symmetry is applied to complex projective algebraic varieties we obtain
again complex projective algebraic varieties.

There are many concrete examples of this, which were first discovered
by physicists. In one class of examples, the algebraic varieties M and
M' have (complex) dimension 3 (so 6 real dimensions) and the duality
exchanges information on one side with information on the other (very
subtle information, as we will see below). Moreover,

dim H® (M) = dim H*%(M")

The dimensions of the homology are the same, but even homology on
one side corresponds to the odd homology on the other, which is very
hard to understand. It means, for example, that the Euler character-
istic (the dimension of the even part minus the dimension of the odd
part) changes sign when we go from one to the other. It is a very precise
relationship, but very mysterious. Moreover, the details of the geome-
try give the following: On the M side the information is about algebraic
curves, for example enumerative questions about rational curves of any
degree, and on the M’ side it is related to periodic matrices.5

So this marvellous theorem tells us that easy information on one side
(periodic matrices, that can be calculated by classical means) is equiv-
alent to difficult information on the other side (algebraic curves, for
whose determinations there is very little information). In physics lan-
guage, the easy information is what is called classical and the difficult
one is what is called quantum. We are thus getting information of a
quantum character on one side out of a classical calculations on the
other side.

6 Period matrices started with Riemann and its entries are integrals of forms on
cyles.
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Using this fantastic duality the physicists were able to calculate the
numbers of rational curves of any degree on very simple examples of
algebraic varieties of dimension 3. The formulae they got were so spec-
tacular to algebraic geometers that at first they did not believe them,
but eventually they were converted. Then they began a big industry
that has produced many books on mirror symmetry. It is a whole
new area in algebraic geometry that arises out of this particular simple
example, just one example of duality in quantum theory.

The applications of physics to mathematics have been numerous over
the years. Usually the mathematics is quite close to the physics, but
complex algebraic varieties seem as far away removed from physics as
one can imagine. Why should physics have anything to do with these
concepts in pure geometry?

[So its a spectacular coup: physicists go up into the sky, they land
by parachute in the middle of algebraic geometers and they capture
immediately the whole city.]

The discovery of mirror symmetry is certainly one of the most remark-
able developments of the last part of the 20th century. It provided
an example of two different classical theories, two different algebraic
varieties, giving rise to the same quantum theory, and with spectac-
ular applications. The mirror symmetry and Donaldson’s theory, two
of the most interesting developments in recent times, had their origin
in physics and in terms of the dualities we have been considering. We
see, therefore, that the payoffs of these dualities is very great.

It should be emphasized that the physics, even if it gives the exact an-
swers, does not necessarily give proofs. It gives answers we can believe
if we believe that the physics intuition is correct. But mathematicians
like to have a proof, and then they have to work very hard to prove the
theorems by other methods. Now lots of this has been done, and when
they have succeeded, essentially the physicists have been correct. This
is an interesting interaction: the physicists generate results that the
mathematicians can prove by other means and then they can exchange
information.
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NUMBER THEORY

The preceding two examples were from geometry. Now we will move
to number theory and to begin with we will consider a nice beautiful
simple example about prime numbers.

Let p be and odd prime. Then we can ask whether it can be represented
as the sum of two squares of two integers. The answer is that it can be
done if and only if p =1 mod 4. In other words, if p =3 mod 4, the
answer is no, and if p =1 mod 4, the answer is yes.

Writing p = 2* + y* (z,y integers), which is equivalent to
p=(z+iy)(z —iy),

we see that we are factorizing a prime number, not in the rational
numbers, but in the field we get by adjoining ¢ to the rational num-
bers.” This is an example of algebraic extension of the field of rational
numbers.

This is the beginning of what is called class field theory, which is trying
to give information which relates algebraic extensions of a number field
to properties of primes in that field (in the example, information on
Q(7) relates to properties of primes in Q ). The theorem above is one
of the facts at the origin of class field theory, which essentially worked
for all abelian field extensions.

Abelian class field theory, a very fine theory finished in the 20th century,
was founded by Gauss, Kronecker and others, and gives a complete
answer to the story about abelian extensions of the rational numbers,
and also about abelian extensions of number fields. The important
thing that comes in is the Galois group of the extension. If the Galois
group is assumed to be abelian, the answer is that we can relate this to
constructions that can be performed inside the field concerning primes,
whereas the extensions are outside the field.

This was a great triumph of classical number theory and ended the
questions that Gauss and Hilbert posed of developing a theory in gen-
eral for all number fields (the original works were about quadratic
fields). But in the 20th century people became more ambitious and

"If we do this with the integers, we obtain the Gaussian integers.
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asked about what could be done for non-abelian extensions. Would
there still be some kind of duality?

Taking into account the role of representations of groups in linear du-
ality, it is natural to ask whether this idea will also apply to number
theory. In other words, is there a way of using representations of non-
abelian groups to extend the classical class field theory?

The search for non-abelian class field theory has been going on for
over forty years and nowadays it goes under the name of the Lang-
lands programme, because Langlands was the person who put this in
a rather precise form—he made many conjectures and proved many
special cases.

Langlands programme. The Langlands programme is a large pro-
gramme which, if eventually completed, will give a very satisfactory
answer to the question of how to extend abelian class field theory to
the general case of non-abelian extensions. It is a very big programme,
that in many ways has just started, and in it a fundamental role is
played by complex linear representations of the Galois groups of alge-
braic extensions.

Simple geometric analogue. Let us consider a simple example or
analogue between number theory and ordinary geometry.

In ordinary geometry, or topology, if X is a space, for example the
circle S1, there are two things that we can do.

One is that we can look at the covering spaces that project down onto
it as the picture indicates.

AN
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(——
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For example, if we take X to be a circle, then Y can be the real line,
which covers the circle infinitely many times (that is why we take the
real numbers modulo 1). When we go to a covering space that cannot
go any further, that is called the universal covering space.

Consider the fundamental group of the space X, I' = m(X), It is
constructed inside the space, by geometry.® Then the fact is that this
is related to the covering space situation: if we have the universal
covering space Y, then the fundamental group I' acts freely on Y and
the quotient of Y by this group action is X. This is an example of
the sort of duality we are talking about, the fundamental group and
the universal covering being the ‘inside’ and ‘outside’ aspects of the
situation.

For example, given a representation of I' into a matrix group (a ho-
momorphism I' — GL(n,C)), then this gives rise over the space X to
what is called a vector bundle (the quotient of Y x C™ by the action
of I' induced by the representation). This bundle is flat.” In the case
where n = 1, we get a flat line bundle (a line bundle is a vector bundle
of dimension 1). Note that in this case GL(1,C) = C* is abelian.

If X is an algebraic curve or, in other words, a Riemann surface, then
it is well known that a Riemann surface is a close analogue of a number
field. Not the same thing, of course, but only an analogue. Points of
the Riemann surface are the analogues of prime numbers and the num-
ber field itself is the analogue of the rational functions (meromorphic
functions) on the curve (Riemann surface).

Rational (meromorphic) functions on X < Number field

The analogy is stressed by the fact that many theorems just look the
same on both sides. Even more, people can guess what a theorem

8 This group is obtained by taken closed paths in X and identifying two paths if
they are deformable one into the other.

9 Any closed loop yields a linear endomorphism of the vector bundle, which only
depends on the homotopy class of the loop. The bundle is said to be flat because
loops that can be deformed to a point produce the identity endomorphism. If we
had a non-trivial endomorphisms even for loops in small regions of X, then the
bundle is said to have ‘curvature’. Flat vector bundles are vector bundles with
trivial curvature. For flat bundles, therefore, the only interesting endomorphisms
come from going around big paths.
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should be on the number field side by using the corresponding piece of
geometry and making the translation of languages.!® There is a whole
dictionary. For example, the fundamental group of the Riemann sur-
face corresponds to the Galois group of the number field and coverings
correspond to field extensions.

We also remark that there is some analogy between these pictures and
what we have been saying about class field theory. On both sides we
have the abelian case and the non-abelian case, depending to which we
want to take.

GEOMETRIC LANGLANDS PROGRAMME

The Langlands programme has, along these lines, something called the
geometric Langlands programme, which replaces the number fields by
Riemann surfaces. It is a very interesting theory which is much easier
than the number field case, but not trivial and still quite big. It is
developed by using the theory of vector bundles on Riemann surfaces.
This theory has been going on for quite a long time, has nice results
and in it there are geometrical analogues of the Langlands conjectures.
There is also the intermediate case of the Langlands program on al-
gebraic curves over finite fields from which we can transfer either to
Riemann surfaces or to a number fields.

Very recently, in the last two years, Witten and his collaborators (mainly
Kapustin and Gukov, two young Russians) have managed to deduce

what is required for the geometric Langlands program from non-abelian

dualities in physics. The kind of dualities they use are close to the dual-

ities in Donaldson’s theory and to the dualities in the mirror symmetry;,

and are based (at least) on the electric-magnetic duality.

The original dualities in physics are those between electricity and mag-
netism. They are very well understood and known, but it is a linear
theory. When people started to play with non-linear theories, and
tried to look for something analogous to duality, they had vague ideas
that perhaps is would be possible to have some generalization of the
electric-magnetic duality to the non-abelian case.

10The Weil conjectures are of this kind.
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In the dualities it often happens that there is a pair of corresponding
parameters, one on each side, that are inverse.!! That means that if
the parameter is large on one side, then it is small on the other side.
In physics there are many theories that have a parameter called the
coupling constant. If this parameter is small, then we can expand in
a power series, and one gets a good approximation of the theory (this
approach is called perturbation theory). If the parameter is large, this
is hopeless. But if the theory can somehow be related to a dual theory
with a small coupling constant, then of course we are in good business.
We expand on the other side, then translate backwards and we get
information about the theory with a large coupling constant, which is
very difficult to get by other means. This was the dream that physicists
had.

Could it be that the strong force, with a large coupling constant, and
the weak force, with a weak coupling constant, are in some sense dual?
There was lot of speculation along these lines and eventually, for ex-
ample, the theories that Seiberg and Witten produced were of that
kind.

Now the question of what Witten and his collaborators showed is that
the geometric Langlands program for a Riemann surface can be recon-
structed from one of the non-abelian dualities that involve basically
electric-magnetic duality. They take a duality in 4 dimensions, where
electricity and magnetism are given by a 2-form on each side, then they
develop a non-abelian theory which is applied in the special case where
the 4 dimensions is the product of the (curved) Riemann surface by 2
flat dimensions. In this situation they reconstruct interesting results
about the Riemann surface and out of it they get the geometric Lang-
lands program. Mirror symmetry of particular algebraic varieties plays
a key role in this programme. The particular algebraic varieties they
use are (Hitchin) moduli spaces of certain kinds of bundles on curves
(bundles with some extra information called a Higgs field).

Altogether it is a great tour de force (see [K-W, G-W, F-W]) and one
of the most exciting things happening in the last few years. It is a
non trivial, very deep operation, and it is quite spectacular that the

1 This phenomenon appear in ordinary Fourier theory, where the Fourier trans-
. . . 2
form of the Gaussian e is the Gaussian e~ /9",

7012
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electric-magnetic duality should be behind the duality which is used in
this Langlands programme, itself born out of number theory.

I must admit that many years ago, when I knew just a little bit of
these ingredients, I made some speculations that perhaps the Langlands
programme could be understood in terms of duality of electricity and
magnetism. It was a good guess: 20 years later we are there.'?

MODULAR FORMS

To finish with, let us go back to modular forms (at the beginning we
mentioned the modular form of the © function, which corresponds to
SL(2,7)). Modular forms arise all over the place in mathematics, and
in physics, and basically they are objects which transform nicely under
certain arithmetic groups (there are large numbers of these groups;
they are like groups of integer matrices).

Modular forms are the things which number theorists really play with.
Much of the Langlands programme is a reinterpretation of questions
about modular forms, which are a very key part of that theory. The
framework of representations and so on that Langlands developed is a
framework in order to handle modular forms. Results about modular
forms have immediate applications and so they are really at the heart
of the matter.

Interestingly enough, modular forms also frequently turn up in quan-
tum field theories, usually in the form of what is called a partition

12 Editorial note. “For a gauge group G, the GNO dual group is actually the
same as the Langlands dual group “G, which plays an important role in formulating
the Langlands conjectures. [...] This was observed by Atiyah, who suggested to the
second author [Witten] at the end of 1977 that the Langlands program is related
to quantum field theory and recommended the two papers [10,12].” (Quoted from
[K-W], p. 3). The two papers cited in this quote are: [10] P. Goddard, J. Nuyts, and
D. I. Olive, Gauge Theories And Magnetic Charge, Nucl. Phys. B125 (1977) 1-28;
and [12] C. Montonen and D. I. Olive, Magnetic Monopoles As Gauge Particles?,
Phys. Lett. B72 (1977) 117-120.
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function.® There are many examples of modular forms in the litera-
ture, but the reason why they exist, where they come from, is often
not at all clear.

One of the big unsolved problems will be to understand the connection
between number theory and physics which involves modular forms.
That will be related to what I have been talking about, maybe much
beyond that, and might need new ideas, but it is very concrete: we see
modular forms created on both sides, one asks why, and the answer is
that we don’t know. But the evidence is there, it is very spectacular,
and large parts of mathematics have been swept up by this kind of
band-wagon of duality.

Duality is an old topic, but it is still very much alive and kicking. We
have seen how it relates to many things that everyone is familiar with in
mathematics (group theory, topology, analysis, Fourier theory), and so
it is not surprising that it also arises in physics, where one can use the
same sort of ideas. It is a very exciting story that hopefully the younger
people here will continue by proving some theorems on modular forms
for the future.
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AN OVERVIEW OF RIEMANN’S LIFE AND WORK

ROSSANA TAZZIOLI

ABSTRACT. Riemann made fundamental contributions to math-
ematics —number theory, differential geometry, real and complex
analysis, Abelian functions, differential equations, and topology—
and also carried out research in physics and natural philosophy.

The aim of this note is to show that his works can be interpreted
as a unitary programme where mathematics, physics and natural
philosophy are strictly connected with each other.

A BRIEF BIOGRAPHY

Bernhard Riemann was born in Breselenz —in the Kingdom of Hanover—
in 1826. He was of humble origin; his father was a Lutheran minister.
From 1840 he attended the Gymnasium in Hanover, where he lived
with his grandmother; in 1842, when his grandmother died, he moved
to the Gymnasium of Liineburg, very close to Quickborn, where in the
meantime his family had moved. He often went to school on foot and,
at that time, had his first health problems —which eventually were to
lead to his death from tuberculosis.

In 1846, in agreement with his father’s wishes, he began to study the
Faculty of Philology and Theology of the University of Gottingen; how-
ever, very soon he preferred to attend the Faculty of Philosophy, which
also included mathematics. Among his teachers, I shall mention Carl
Friedrich Gauss (1777-1855) and Johann Benedict Listing (1808-1882),
who is well known for his contributions to topology.

In 1847 Riemann moved to Berlin, where the teaching of mathematics
was more stimulating, thanks to the presence of Carl Gustav Jacob Ja-
cobi (1804-1851), Johann Peter Gustav Lejeune Dirichlet (1805-1859),
Jakob Steiner (1796-1863), and Gotthold Eisenstein (1823-1852). There-

fore, in Berlin classical mechanics and the theory of elliptic and Abelian
93
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functions (with Jacobi), number theory (with Dirichlet and Eisenstein),
geometry (with Steiner), real analysis and series of functions (with
Dirichlet) were all well represented and taught; and in fact Riemann’s
stay in Berlin strongly influenced his future research.

In 1848 in Berlin —as well as in all Europe— there was a democratic up-
rising; Riemann was among the conservatory students who opposed it.
This attitude was in contrast with the ideas of his teachers; Dirichlet,
Eisenstein and Jacobi had indeed an active role in the fight against the
King of Prussia.

In 1849 Riemann followed his father’s wishes and came back to the Uni-
versity of Gottingen, where he began to attend the seminar on mathe-
matical physics held by Gauss and Wilhelm Eduard Weber (1804-1891)
who was appointed professor of physics in 1831. Gauss was also con-
servative; when Victoria became Queen of Britain in 1837 her uncle
became ruler of Hanover and revoked the liberal constitution. Weber
was one of seven professors at Gottingen to sign a protest and all were
dismissed. Gauss did not support them, even though Weber —who
was very close to him— and his son-in-law (the orientalist G.H.A. von
Ewald) were among the seven professors who lost their positions at
the University. Weber remained at Gottingen without a position until
1843, when he became professor of physics at Leipzig; but in 1848 he
came back to his old position in Gottingen.

Riemann held his Inauguraldissertation (Grundlagen fir eine allge-
meine Theorie der Funktionen einer verdanderlichen complexen Grisse)
on complex analysis —supervised by Gauss— in 1851; his Habilitation-
sschrift (Uber die Darstellbarkeit einer Function durch eine trigono-
metrische Reihe) on real analysis and his Habilitationsvortrag (Uber
die Hypothesen, welche die Geometrie zu Grunde liegen) on the foun-
dations of geometry were held in 1853 and in 1854 respectively, and
published posthumously in 1868.

In 1855 Gauss died and Dirichlet took his place. Two years later, in
1857, Riemann was appointed extraordinary professor at the University
of Gottingen. In the same year he published his celebrated paper on the
theory of Abelian functions (“Theorie der Abel’schen Functionen”).



RIEMANN’S LIFE AND WORK 95

In 1859 he visited Paris, where he knew some important mathemati-
cians —such as Joseph Bertrand (1822-1900), Jean-Baptiste Biot (1774-
1862), Jean Claude Bouquet (1819-1885), Charles Hermite (1822-1901),
Victor Puiseaux (1820-1883) and Joseph Serret (1819-1885). In the
same year he was appointed ordinary professor at the University of
Gottingen and published his paper on number theory (“Uber die An-
zahl der Primzahlen unter einer gegebener Grosse”), where he stated
the famous Riemann hypothesis on the so-called zeta function.

In 1862 Riemann married Elise Koch, a friend of his sisters.

From 1863 to 1865 he was at the University of Pisa, invited by Enrico
Betti (1823-1892). In fact, in this period Riemann’s health problem
worsened and he tried to recover by staying for a time in a mild climate.

In 1866 he went again to Italy because of his illness, but with no positive
effect; he died on July 20 in Selasca.

ANALYSIS, MATHEMATICAL PHYSICS, TOPOLOGY AND
DIFFERENTIAL EQUATIONS

In Riemann’s work, research fields seem to be closely connected; as an
explanatory example I show the case of Riemann’s Inauguraldisserta-
tion. His starting point is given by the equations

ou B ov ou ov

(1) or oy oy o

which were supposed to be satisfied by a function w = u + v of a
variable z = x + iy; they lead to the conditions Au = 0, Av = 0 —
that is to say, u and v satisfy the Laplace equations and, therefore, are
called harmonic functions.

It is well known that Riemann’s complex function theory is strongly
connected with potential theory in two dimensions, which Riemann
knew very well. As a student he had indeed participated in the physics
seminar by Gauss and Weber. In potential theory, an important task
concerned the so-called “Dirichlet problem”, which many mathemati-
cians of the 19th century dealt with. It can be stated as follows:
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To find a function u with continuous first partial derivatives on a
given bounded domain, which satisfies the Laplace equation within
the domain and has given values on the boundary.

Both Gauss and Dirichlet had also confronted such a problem. Gauss
(1839) was led to it by studying the distribution of masses or electric
charges on a closed surface S, assuming the potential constant on S;
while Dirichlet published a treatise on potential theory (Vorlesungen
tuber die im umgekehrten Verhaltnisse des Quadrats der Entfernung
wirkenden Krdfte) in 1876 where this problem has an important role.

The Dirichlet problem plays a fundamental role also in Riemann’s theo-
rem concerning the existence of a conformal mapping between two sim-
ply connected plane regions. Riemann proved this theorem by solving
a special Dirichlet problem and remarked that the assumption “simply
connected” can be removed and that, as a consequence, the theorem is
valid for Riemann surfaces as well. A “Riemann surface” is introduced
for the first time in his Inauguraldissertation in order to study multi-
valued functions —such as algebraic functions and their integrals. The
Riemann surface associated with a function is composed of as many
sheets as there are branches of the function, connected in a particular
way —so that continuity is preserved and a single-valued function on
the surface is obtained. Therefore, he gave an abstract conception of
the space of complex variables by using a geometrical formulation.

The concept of “transversal cut” (Querschnitte) probably come from
mathematical physics too. This definition allowed him to make the
surface simply connected with suitable transversal cuts and to study the
behaviour of the function in the neighbourhood of the singularities. On
the basis of some letters by Riemann himself, it seems that the idea of a
transversal cut on a surface struck Riemann after a long discussion with
Gauss on a mathematical-physical problem. The origin of the ideas of
Riemann surfaces and “Querschnitte” can indeed be found in his note
on a problem of electrostatic or thermic equilibrium on the surface of
a cylinder with transversal cuts (“Gleichgewicht der Electricitat auf
Cylindern mit kreisformigen Querschnitt und parallelen Axen”, 1876).
In this unpublished note, he was led to consider a Dirichlet problem on
a simply connected and simple sheeted surface.



RIEMANN’S LIFE AND WORK 97

Finally, I note that the Laplace equation ~which appears in Dirichlet’s
problem— is a special partial differential equation of the elliptic kind.
Green (1828) showed that —at least theoretically— a Dirichlet problem
can be solved by using the so-called Green function. Unfortunately the
solution can be explicitly deduced only for special cases. Many mathe-
maticians of the 19th century —such as Hermann von Helmholtz (1821-
1894), Rudolph Lipschitz (1832-1903), Betti, Carl Neumann (1832-
1925), Franz Neumann (1798-1895), and Riemann himself- deduced
functions similar to Green’s function in order to solve problems in
acoustics, electrodynamics, magnetism, theory of heat, and elasticity.

In a paper (“Ueber die Fortpflanzung ebener Luftwelle von endlicher
Schwingungsweite” ) published in 1860, Riemann applied the method
of Green’s function in order to integrate the differential equation of
hyperbolic type describing the diffusion of acoustic waves. He intro-
duced a function which plays the same role as Green’s function did
for the Laplace equation and is today called “Green’s function for the
hyperbolic problem”.

NATURPHILOSOPHIE

In a undated note, written after the completion of his Inauguraldisser-
tation, Riemann wrote that his “main work” involved “a new interpre-
tation of the known laws of nature —whereby the use of experimental
data concerning the interaction between heat, light, magnetism and
electricity would make possible an investigation of their interrelation-
ships. I was led to this primarily through the study of the works of
Newton, Euler and, on the other side, Herbart”. The note remained
unpublished and appeared only in 1876, posthumously.

Riemann agreed “almost completely” with Herbart’s psychology, which
inspired both Riemann’s model of the ether (the elastic fluid which was
supposed to fill all the universe) and his principles of Naturphilosophie.
According to Herbart, the “psychic act” (or “representation”) is an
act of self-preservation with which the “ego” opposes the perturba-
tions coming from the external world. A continuous flow of represen-
tations go from the ego to the conscious and back. Herbart studied the
connections between different representations in mechanical terms as
compositions of forces.
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Riemann followed Herbart’s psychology and tried to apply Herbart’s
theory to his conception of the universe in a paper drafted in March
1853 (“Neue mathematische Principien der Naturphilosophie”) and in
other notes on Naturphilosophie which he intended to publish, as he
wrote to the brother Wilhelm in December 1853. However, he never
published his writings on this subject and all of them only appeared in
the edition of his collected works (1876).

In his “Neue mathematische Principien der Naturphilosophie” Rie-
mann followed Herbart’s ideas and supposed that the universe is filled
with a substance (Stoff) flowing continually through atoms and there
disappearing from the material world (Kdrperwelt). From this obscure
assumption, Riemann tried to build a mathematical model of the space
surrounding two interacting particles of substance: if a single particle of
substance is concentrated at the point O(xy, 22, x3) at time ¢ and at the
point O'(x], x4, x%) at time ¢, then he considered the two homogeneous
forms:

(2) ds* = da? + da? + da?,  ds”® = da? + do's + da'’,.

Riemann considered an appropriate new basis and compared the two
forms associated to the “particle of substance” at times t and t’. The
difference between the two forms is given by:

(3) 8(ds) = ds” — ds* = (G? — 1)ds? + (G2 — 1)ds2 + (G2 — 1)ds?.

If §(ds) = 0, then the particle will not change its form from the time ¢ to
the time ¢’; in this case, the particle does not propagate any force since
space is not submitted to deformation by a force. On the contrary,
if 6(ds) is different from zero, a physical phenomenon is propagated
through space.

Riemann tried to connect this formula with the different forces, such as
gravity, and heat and light propagation. Riemann could not explicitly
show these connections. He limited himself to state that gravity, and
light and heat can be explained by assuming that every particle of
the homogeneous substance filling space has a direct effect only on
its neighbourhood and the mathematical law according to which this
happens is due to:

1) The resistance with which a particle opposes a change of its volume,
and
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2) The resistance with which a physical line element opposes a change
of length.

Gravity and electric attraction and repulsion are founded on the
first part, light, heat propagation, electrodynamic and magnetic at-
traction and repulsion on the second part.

Riemann’s Naturphilosophie is connected both to some of his physical
concepts on electricity and electromagnetism and to his ideas on dif-
ferential geometry. In fact, as regards physics, I mention a paper on
Kohlrausch’s experiment written by Riemann in September 1854. Ac-
cording to Kohlrausch’s experiment, in a Leyden jar - the first ”capaci-
tor” in the history of physics - which had been charged, then discharged
and left for some time, a residual charge appeared. Riemann tried to
explain ”the residual charge” by using the model of ether developed
in his Naturphilosophie and developed a physical explanation of the
electromotive force and of electric propagation. Riemann addressed
this paper to the famous journal Annalen der Physik und Chemie, but
Kohlrausch —the editor of the journal- asked for so many changes that
Riemann retracted the paper.

In this paper Riemann proposed a new theory of electricity by assuming
that the electric current was caused by a reaction of the body opposed
to the change of its own electric state. This reaction is proportional
to the charge density, and it decreases or increases the electric density
depending on whether the body contains positive or negative electricity.
Therefore the transmission of electricity could not be instantaneous but
electricity moves “against ponderable bodies” with a certain speed.

In the paper, “Ein Beitrag zur Electrodynamik” (1858), he developed a
new theory of electromagnetism, by assuming that electric phenomena
travel with the velocity of light and that the differential equations for
the electric force are the same as those valid for light and heat propaga-
tion. Riemann’s research on electromagnetic forces was also influenced
by Gauss and Weber. In an unpublished note —dated July 1835— Gauss
had already suggested a new theory of electrodynamics. According to
Gauss, two elements of electricity attract and repulse each other with
a force depending on their moving state. In a letter to Weber written
in 1845, Gauss supposed that electricity propagated from one point
to another not instantaneously, but in time, as in the case of light.
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He never published his ideas on electrodynamics during his lifetime;
therefore, Weber’s theory of electrodynamics, published in FElectrody-
namische Maasbestimmungen (1846), was the first result of this kind
—where electricity propagates in time— known to the scientific world.

In his lectures on partial differential equations (Partielle Differential-
gleichungen und deren Anwendungen auf physikalische Fragen, ed. by
Hattendorff), published in 1876, Riemann tried to describe the ether
surrounding two interacting electric particles. For this purpose, he
assumed that the ether possesses physical properties which guaran-
tee electric propagation. He actually deduced a differential equation
expressing the flux of ether in space, by using classical Lagrangian
mechanics.

His model of the ether and, more generally, his ideas contained in the
notes on Naturphilosophie are not only connected to physics, but also
to his geometrical concepts expressed in the Habilitationsvortrag. Rie-
mann indeed extended the “local” investigation of particles of ether
—developed in his writings on natural philosophy— to the “global” anal-
ysis of n-dimensional spaces. In fact, if one considers an ether filling
all space, then a deformation of space will be closely linked to the
force which has to be propagated. Force and curvature of space are
then deeply connected; one could say that it is space which propagates
forces by changing its curvature.

A deep analysis on the connection between n-dimensional manifolds
and their curvatures is widely developed in a paper on mathematical
physics (“Commentatio Mathematica...”), which Riemann wrote in
1861, when trying to answer a question proposed by the Paris Academy
of Sciences on heat conduction in homogeneous solid bodies.

Riemann’s ideas on space and curvature, which seem to anticipate the
theory of relativity, were shared by other mathematicians of the 19th
century —such as Eugenio Beltrami (1835-1900), Nicolai Lobachevskij
(1792-1856), and William Kingdon Clifford (1845-1879). In this con-
nection, in The common sense of exact sciences (1885) Clifford asked
the question “whether physicists might not find it simpler to assume
that space is capable of a varying of curvature, and of a resistance to
that variation...”, and that this resistance was the responsible of the
propagation of phenomena.
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The idea of being in a curved space which, thanks to his changes of
curvature, transmitted physical force was at the basis of many math-
ematical and physical reflections during the 19th century and, in any
case, long before Einstein’s theory of relativity.
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GEOMETRIA DE RIEMANN

JOAN PORTI

REsuM. Expliquem la contribucié de Riemann a la geometria al
voltant de la conferéncia pronunciada a Gottingen el 1854, que su-
posa el naixement de la geometria de Riemann i obri nous horitzons
a la fisica.

1. INTRODUCCIO

El 10 de juny de 1854, Bernhard Riemann pronuncia, a la facultat
de filosofia de Gottingen, la conferencia d’habilitacio “Uber die Hy-
pothesen, welche der Geometrie zu Grunde liegen”, que podem traduir
com “Sobre les hipotesis en que reposen els fonaments de la geome-
tria”. Tot i haver estat publicada postumament, aquesta conferencia
fou extremadament influent en I’evolucié de la geometria i la fisica.
Se la considera una mena de manifest fundacional de la geometria de
Riemann —geometria riemanniana— que ha tingut un gran desenvo-
lupament posterior.

Els canvis conceptuals i tecniques que procura la nova geometria de
Riemann sén essencials per la teoria de la relativitat general, 60 anys
després. Les idees introduides en aquesta conferencia ajudaren a dir
més endavant que la materia deforma la geometria de 'espai, que dei-
xava de ser inamovible. Riemann crea els fonaments que permetrien
desenvolupar les matematiques necessaries per explicar com ’espai que-
da afectat per la materia, segons la relativitat general.

Aquest article esta basat en una conferéncia a la jornada Riemann de 'UPC, el
20 de febrer de 2008. Vull agrair a Sebastia Xambo i a tota la “Comissié Riemann”
per la invitaci6. També vull agrair a Eva Miranda ’ajut en la preparacié de la con-
feréncia, en particular en el guié dels Riemann cartoons, cf. la figura 1. Finalment,
el projecte FEDER/MEC MTM2006-04353 financia la meva recerca.

103



104 JOAN PORTI

Butten Norgen
Herr Doktor
Riemann

\ Gutten Norgen
A Here Professor

F1Gcura 1. Dialeg apocrif entre Gauss (1777-1855) i Rie-
mann (1826-1866).

Entre les nocions més importants, la primera que Riemann planteja és
la de varietat de dimensio n, ja que la majoria d’exemples fins aleshores
eren subvarietats de R™, i Riemann els déna entitat i valor intrinsec.

Després del tensor metric, una altra nocioé clau que apareix és la de cur-
vatura. Gauss ja I’havia introduida per superficies a I'espai, aqui Rie-
mann la desenvolupa en qualsevol dimensié i en mostra la importancia.
A més ho fa amb una simplicitat i elegancia sorprenents. Actualment,
en els cursos i llibres de text s’arriba a la curvatura mitjancant un
procés forca més complicat, que inclou les connexions. Val la pena
llegir la conferencia de Riemann i, tot i que no sabem com s’ho va fer
Riemann per arribar a aquestes conclusions, podem consultar I’aproxi-
maci6 que proposa Spivak [38].

Després de la introducidé, aquest article esta organitzat en sis capitols
més. En el 2 situem el context en que es va realitzar la conferéncia
de Riemann, en el 3 fem un breu recordatori de queé entenem actu-
alment per geometria de Riemann, que ens servira per entendre i va-
lorar el capitol 4, el més extens, on s’expliquen els continguts de la
conferencia. Al capitol 5 expliquem els desenvolupaments principals
realitzats posteriorment, que consolidaren la geometria de Riemann.
Al capitol 6 citem alguns resultats que relacionen la topologia amb la
curvatura de les varietats. Finalment, al capitol 7 expliquem com s’ha
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resolt la conjectura de Poincaré mitjangant el flux de Ricci, una eina
d’origen riemannia.

2. EL CONTEXT

2.1. La conferéencia d’habilitacié. La conferencia pronunciada el 10
de juny de 1854 completava el procés d’habilitacié de Bernhard Rie-
mann, per aixo se 'anomena Habilitationsvortrag. Al desembre de
1953 havia presentat la memoria d’habilitacié, Habilitationsscrift, amb
el titol: Uber die Darstellbarkeit einer Function durch eine trigonome-
trische Reihe (Sobre la representabilitat d'una funcié en serie trigo-
nometrica).

Tal com encara es fa a Alemanya en l'actualitat, després de presen-
tar I’ Habilitationsschrift Riemann va proposar tres titols i un tribunal
encapgalat per Gauss en va escollir un. El primer titol proposat per
Riemann era “Gesichte der Frage tiber die Dartellbarkeit einer Function
durch eine trigonometrische Reihe” (“Historia de la qiiestié de repre-
sentabilitat d’una funci6é com a serie trigonometrica”); el segon, “Uber
die Auflosung zweier Gleichungen zweiten Grades mit zwei unbekann-
ten Grassen” (“Sobre la solucié de dues eqiiacions quadratiques amb
dues variables”); el tercer, que fou l'escollit, era “Uber die Hypothesen,
welche der Geometrie zu Grunde liegen”. Tot i que tradicionalment
mai no s’escollia el tercer, cal dir que el primer titol era molt proper
al tema de la memoria d’habilitacid, i que el segon, la interseccio de
dues quadriques, podia haver-se considerat com a trivial per Gauss.
No s’han trobat manuscrits sobre I’elaboracié de cap dels tres temes.

La conferencia estava adrecada als professors de la facultat de filosofia,
i per tant hi ha molt poques férmules i cap calcul en el text. Queda
com un misteri esbrinar quins calculs havia fet Riemann per arribar a
les conclusions i formules que exposa.

2.2. Antecendents. Esta fora del meu abast establir amb precisio
quins treballs previs tingueren influencia en la conferencia de Riemann.
Probablement els treballs de Johannes Bernouilli, d’Euler i de Meus-
nier sobre superficies eren coneguts per Riemann, donat que tingueren
continuitat en I'obra de Gauss. En canvi, és molt més dificil de saber si
Riemann coneixia dels treballs recents sobre geometria no euclidiana,
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Ueber
die Hypothesen, welche der Geometrie zu Grunde liegen.

Von
B. Riemann.

Ficura 2. El titol del text de la conferencia, publicat postumament.

de Bolyai i Lobachevsky. Gauss hi estava interessat [35], perdo Riemann
no en diu res en cap moment.

Riemann si que menciona Gauss, i no només perque estava en el tribu-
nal, sin6 perque generalitza alguns dels seus treballs. En particular, les
coordenades intrinseques utilitzades per Gauss, la metrica intrinseca
de la varietat i la curvatura.

2.3. Les reaccions. En les obres completes de Riemann [37], De-
dekind descriu la conferencia com una obra mestra d’exposicid, tot
i que sembla dificil que la majoria de professors de la facultat de filo-
sofia de Gottingen la poguessin comprendre suficientment. Qui sense
cap dubte s’adona de la importancia de la conferencia fou Gauss, que
—segons escriu Dedekind—

amb gran aprectacio i una animacio rara per ell, parla a
Wilhem Weber sobre la profunditat de les idees presen-
tades per Riemann.

El text de la conferencia fou publicat postumament i les seves idees
encara van trigar temps a ser assimilades: almenys fins a la teoria de
la relativitat general, no se li va donar tota la rellevancia. Per citar-ne
un exemple, Henri Poincaré escriu en el seu assaig de 1902 “La science
et 'hypothese” [34]:

Les geometries de Riemann, tan interessants en molts
camps, mai no seran, pero, altra cosa que ens purament
analitics, 1 no conduiran a demostracions analogues a les
d’Fuclides.

Encara faltaven uns anys per la teoria de la relativitat general.
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(u, v)

FI1GURA 3. Producte escalar.

3. GEOMETRIA DE RIEMANN ACTUALMENT

Abans d’entrar en el text de la conferencia, repassem breument el que
entenem avui en dia per geometria de Riemann. De moment donem
les construccions basiques per entendre el que Riemann deia, després
ja anirem introduint més eines.

Una warietat de Riemann és una varietat diferenciable M amb un pro-
ducte escalar en 'espai tangent de cada punt, que escrivim g. Que la
varietat sigui diferenciable vol dir que els canvis de coordenades son di-
ferenciables (normalment demanem de classe C? per poder fer segones
derivades), i es demana que el producte escalar g varii diferenciable-
ment.

La manera de descriure-ho és utilitzar coordenades d’un obert U de
R™

r=(z',...,2") €U CR"

Els coeficients de la matriu del producte escalar sén funcions de les
coordenades

o 0
9ij(x) = <%7@>-

Per tant, donats dos vectors u i v, si la seva expressié en coordenades

és
_ 0
U= UG ’
v =112

oz
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aleshores el producte escalar de dos vectors u i v tangents al punt de
coordenades x s’expressa com

gu(x) -+ gn(w) v!

(u,0) = Y uigy(e)? = () | ; .

g1 () - gan(z)/ \O"
cf. la figura 3. Per bilinealitat, és equivalent donar el producte escalar
o la forma quadratica corresponent, és a dir la norma dels vectors.

3.1. Tensors. L’assignacié d’una forma bilineal a cada punt del tan-
gent és un exemple de tensor, en aquest cas el tensor metric o tensor de
Riemann. Si canviem bilineal per multilineal i fem intervenir el dual,
tenim la noci6 general de tensor.

Per exemple, els camps vectorials, que a cada punt de la varietat as-
socien un vector, sén tensors, i les formes diferencials també, perque
assignen a cada punt de la varietat un element del dual del tangent.
Les funcions sén el cas més senzill de tensor.

La notacié dels tensors pot arribar a ser forca ferragosa, i per simpli-
ficar s’utilitza el conveni de sumacio d’Einstein, segons el qual, quan
tenim superindezs i subindexs coincidents en expressions multiplicades,
suposem que se sumen i ja no escrivim el sumatori. Per exemple, un
camp V i una forma w es poden escriure com:

V:Zv’@-:vi&- i w:Zwidxi:widwi.

Aqui hem utilitzat 'abreviacié dels camps de coordenades

0

Ot

Per simplificar, moltes vegades s’ometen els termes 0; i dz’, que se
sobreentenen en funcié dels indexs i superindexs. Aixi el camp V i la
forma w es poden escriure:

9;

V=0v 1 w=uw;.
Per exemple, una metrica, sense cap convencid previa s’escriuria com

Z gi;dx' @ da?,

ij
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FiGURA 4. La longitud de corbes i I’element de linia.

pero amb la convencié d’Einstein i ometent les bases canoniques de
formes, escrivim

Gij-

3.2. Longituds. Per mesurar longituds utilitzem 1’element de linia:

ds =/ gijdxidal.

Riemann ja utilitzava la notacio ds, i 'expressio seria la mateixa si no
fos perque ell utilitzava sumatoris i no la convencié d’Einstein.

L’element de linia es fa servir per calcular la longitud L() d'un corba

diferenciable ~:
L(v) = / ds.
gl

Més precisament, si la corba s’escriu en coordenades com

y(t) = (2'(t),...,2"(t)) t € la,bl,

aleshores la seva longitud és

b dy b dxt dai
L) = [das= [1Gde= [ o Gt
y . | dt " Tdt dt

Aix0 ens permet calcular longituds de corbes continues diferenciables
a trossos.

La distancia entre dos punts es defineix com I'infim de la longitud dels
camins que uneixen dos punts. Aquest infim és en realitat un minim,
i les corbes que el realitzen s’anomena geodésiques.
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S
N yd

— i
~_/ e -

FicuraA 5. Exemple de superficies a l'espai isométri-
ques., amb la mateixa metrica. La identificacié (o iso-
metria) preserva les linies paralleles de la figura.

La distancia determina l’element de linia, i per tant el tensor metric
de Riemann g i totes les altres propietats com ara els angles i les noci-
ons que veurem més endavant: transport parallel, curvatura, etc. Per
tant les varietats de Riemann estan caracteritzades per les propietats
metriques.

3.3. Curvatura de Gauss. Un cop sabem mesurar longituds, les no-
cions més importants sén les diferents curvatures: la de Riemann, la
de Ricci, l'escalar i la seccional o de Gauss, pero ja les veurem més
endavant. De moment tornem a Riemann i parlem de la curvatura de
Gauss.

En la seva memoria de 1827 “Disquisitiones generales circa superficies
curvas”, Gauss ens parla de superficies a I’espai i de les diferents nocions
intrinseques. Es a dir, Gauss considera superficies a l'espai amb la
metrica induida, pero pot passar que la mateixa metrica es realitza per
diferents inmersions de la varietat a l'espai, cf. la figura 5. Les nocions
intrinseques sén les que només depenen de la metrica, no de com la
superficie esta situada a ’espai.

Gauss demostra el Teorema Egregi que porta el seu nom. Els treballs
d’Euler i Meusnier havien introduit les anomenades curvatures princi-
pals, Gauss defini una nova nocié de curvatura, que és el producte de
les curvatures principals, actualment anomenada curvatura de Gauss
(cf. figura 6). Observem que la curvatura de Gauss de les superficies
de la figura 5 és zero.
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Ri’)

K = kiks

F1GURA 6. La cruvatura de Gauss K és el producte de
les principals &y i ks.

Teorema 3.1 (Teorema Egregi de Gauss). La curvatura Gaussiana és
un tnvariant intrinsec.

Es a dir la curvatura de Gauss només depén de la metrica intrinseca
de la superficie i no de com esta situada a ’espai. Riemann no només
generalitzara la nocié de curvatura a qualsevol dimensio, sind que la
nocié d’invariant intrinsec és una porta per la qual Riemann accedeix
a un nou concepte de geometria.

4. UBER DIE HYPOTHESEN, WELCHE DER GEOMTRIE ZU GRUNDE
LIEGEN

En aquesta seccié comentarem alguns aspectes de la conferencia. Spi-
vak [38] conté una discussié més detallada a nivell matematic, i altres
autors I'analitzen des d’un punt de vista més historic [12, 22, 27].

La introduccio es titula “Plan der Untersuchung”, és a dir “Pla de la
recerca”’. Riemann commenca parlant de la confusi6 sobre I'estat de la
geometria no euclidiana, que en aquest temps encara no estava com-
pletatment acceptada. De manera independent, el 1829 Lobachevsky i
Bolyai havien construit geometries que comencaven suposant que per
un punt hi ha més d’una linia parallela a una linia donada, pero encara
s’esperava que es trobaria una contradiccié a aquestes construccions.
Riemann atribueix les dificultats trobades en l'estudi de la geometria
euclidiana al fet que els geometres mai no havien separat el que anome-
nem propietats topologiques de 1’espai de les seves propietats metriques.
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En el desenvolupament axiomatic de la geometria, fins i tot la nocié
d’espai no esta definida, i les seves propietats es dedueixen mitjancant
els axiomes. Riemann ens proposa primer el plantejament de totes les
metriques possibles i després la determinacié empirica de la metrica a
I’espai. De manera natural sorgeix la questié de trobar les dades més
simples que ens permetin distingir ’espai d’altres possibles varietats i
metriques de dimensio tres. Amb una gran visié fisica, qiliestiona la
legitimitat d’extendre, a les escales massa petites o massa grans, les
propietats que poguem determinar experimentalment per ’espai.

Després de la introduccid, la memoria esta estructurada en tres parts,
que analitzem a continuacié amb diferents nivells de detall.

4.1. Part I. Varietats de dimensié n. La primera part es titula
“Begriff einer nfach ausgedehnten Grifse” i s’hi introdueix la nocié de
varietat de dimensié n.

Tot i que no podem determinar fins a quin punt havia trobat la nocié
precisa de varietat, Riemann tenia clar que una varietat és localment
homeomorfa a I’espai euclidia R™. Riemann exemplifica com es passa
d’una varietat a una altra de dimensié superior o inferior: les varietats
de dimensié n + 1 s’obtenen variant en un parametre les de dimensié
n, i els conjunts de nivell de certes funcions séon varietats de dimen-
sio inferior. Entre altres exemples, posa els espais de parametres, els
continus dels colors.

Riemann també ens descriu la nocié de coordenades, en una varietat
de dimensié n calen n valors numerics per determinar un punt:

Mitjangant n iteracions d’aquest procés [fent referencia
a les funcions de nivell], la determinacid de la posicié en
una n-varietat queda determinada per n determinacions
NUMETIQUES. ..

Per acabar aquesta primera part, també fa referéncia a les varietats de
dimensio infinita i, sense entrar en detalls, en posa exemples:

Aquestes varietats estan formades, per exemple, per les
possibles funcions en un determinat domini, o per les
possibles formes d’una figura solida, etc...
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4.2. Part II. Seccié 1. Element de linia. Un cop introduides les
varietats de dimensio N, Riemann passa a les nocions metriques, i
comenca definit I'element de linia, que ens permet calcular longituds
de corbes. L’element de linia només dependra del punt de 'espai i del
vector tangent de la corba, és a dir de la direccié cap on va la corba.
Aquesta és la manera que té Riemann de donar la metrica com una
propietat intrinseca de l’espai, i la notacié ds s’ha mantingut fins a
lactualitat. A continuacié ho descrivim en detall.

Riemann comenca la seccié dient de quines corbes es cuida. En termes
moderns, parlem de corbes que son diferenciables amb diferencial con-
tinua, és a dir de classe C'. En el seu llenguatge, Riemann ens parla
de corbes de les quals...

...les raons de les quantitats dx varien continuament.

Per aquestes corbes, la longitud s’obté integrant I’element de linia ds:

L(y) = /st.

La férmula que ens proposa Riemann per a l’element de linia és la
segiient:

ds = larrel quadrada d’una funcio sempre positiva, ho-
mogeénia de seqgon grau en les quantitats dx i amb coefi-
cients funcions de x.

ds = \/Xg;j(z) deidai,

on g;;(x) sén els coefficients d'una matriu d'una forma quadratica de-
finida positiva, que és 'expressiéo que hem donat a la seccié 3.2.

Es a dir

Riemann també ens diu que per a ’espai amb les coordenades canoniques

Iexpressio és
ds =1/ Xdx?.

L’arrel quadrada queda justificada per homogenitat, donat que tenim
una forma quadratica. Per que una forma quadratica i no una forma
de grau quatre? Riemann ens diu que...
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...el sequent cas en ordre de complexitat seria el de varie-
tats en que l’element de linia es pot expressar com 'arrel
quarta d’una expressio diferencial de grau quatre.

Aixo demanaria molt esfor¢ de calcul que dificilment es justificaria ja
que, segons Riemann...

...els resultats no es poden expressar geometricament.

L’explicacié pero no sembla gaire convincent, i potser una altra justifi-
cacio és que, amb una forma quadratica, es generalitza sense problemes
la geometria intrinseca que Gauss havia desenvolupat per les superficies
a 'espai.

4.3. Canvi de coordenades. Un cop definit 'element de linia mit-
jancant coordenades locals, Riemann planteja la qiiestié del canvi de
coordenades. Es a dir, donades dues eleccions de coordenades d’una
mateixa regi6 de la varietat, com podem saber si corresponen a la ma-
teixa metrica?

Diem que dues expressions d’una metrica sén equivalents si podem pas-
sar d'una a ’altra mitjancant un canvi de coordenades. El problema de
decidir si dues metriques arbitraries sén equivalents és molt complicat
i no es pot respondre en general, ja que tal com Riemann ens diu, hi
intervenen massa indeterminades, les n(n — 1)/2 funcions g;;. Malgrat
aixo, es poden trobar invariants per distingir classes d’equivalencia de
metriques, per exemple la curvatura.

Aquesta seccié acaba amb les varietats que Riemann anomena planes,
les que 'element de linia és equivalent al de I'espai Euclidia:

\/Zdaﬂ.

En la seccié seglient Riemann introduira la curvatura i la veura com
una obstrucci6 a la platitud.

4.4. Part II. Seccié 2. La curvatura. Abans de la curvatura, Rie-
mann tria un sistema de coordenades adequat. Una de les primeres
coses que aprenem en geometria de Riemann és que 1’eleccié d'un bon
sistema de coordenades pot simplificar substancialment els calculs. Les
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FiGuraA 7. Aplicacié exponencial. La figura representa
les rectes del tangent que passen per l'origen i la seva
imatge per l'aplicacié exponencial, les geodesiques que
surten del punt base.

coordenades escollides per Riemann soén les que avui anomenem coor-
denades geodésiques o coordenades normals.

L’aplicacio exponencial identifica rectes radials que surten de 'origen
amb geodesiques (minimitzants) de la varietat que surten del punt. La
identificacio es fa de manera que la distancia a l'origen de coordenades
correspon a la distancia al punt: és a dir cada vector és enviat a una
distancia del punt base igual a la seva longitud. Aquesta aplicacié
esta ben definida en un entorn de l'origen, i utilitza el fet que donat
un vector existeix una tnica geodesica tangent a aquest vector, llevat
parametritzacions, cf. la figura 7.

En altres paraules, si T,M denota l'espai tangent a un punt p € M,
existeix U C T,M, un entorn de 0, tal que 'exponencial esta ben
definida i compleix:
exp,:UCT,M — M
v (1)
on y(t) és I'inica corba geodesica determinada per les condicions ini-
cials v(0) =p 1 +/(0) = v.

A més tenim el resultat segiient.

Y

Teorema 4.1. L’aplicacio exponencial indueix un difeomorfisme entre
un entorn de l'origen a l’espai tangent © un entorn del punt base a la
varietat.
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FicurA 8. Coordenades normals o exponencials. En el
pla tangent representem les coordenades rectangulars, i
a la varietat la seva imatge per ’exponencial, és a dir les
coordenades normals.

En conseqiiencia podem definir:

Definicio 4.2. Les coordenades normals son les coordenades cartesia-
nes induides per aplicacio exponencial i les coordenades canoniques o
rectilinies de ’espai tangent (és a dir per les quals la forma quadratica
és la standard), cf. la figura 8.

Riemann afirma que en coordenades geodesiques:

e A Dorigen ds* val Y (dx")? (és a dir, ¢;;(0) = d;5).

e No hi ha terme de primer ordre en la serie de Laurent.

e El de segon ordre és combinaci6 de (z'dx?* — 2x?dz?), (z'da® —
r3dat).

En llenguatge actual, aixo és equivalent al teorema 4.3 i a les simetries
del tensor de Riemann.

Teorema 4.3. En coordenades geodesiques:
1 N .
gij(z) = 5ij + nggjl’ l’ﬂ + O(|5L‘|3>

Les simetries son:

Ria,@j = _Riajﬁ = _Razﬂj = R,@jiom
Riopj + Rigja + Rijop = 0.
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Aquestes simetries sén equivalents a la frase “El de segon ordre és
combinacié de (z'dx? — z%dx'), (2'dx® — 23dxt)”.

A partir d’aqui podem definir:

Definicié 4.4. El tensor R;.g; s’anomena curvatura de Riemann.

Es a dir, utilitzant la multilinealitat definim un tensor pel seu valor
en una base: R és I'inic tensor que satisfa R(0;, 0n,03,0;) = Ringj.
Alternativament:

R(u'8;, 000, w05, 20;) = u'vw’ 2’ Rigg;.

Actualment aquesta no és la definicié que se sol donar als llibres de text
ni als cursos de geometria. Més endavant parlarem de connexions i de
la definicié actual, pero val la pena veure com Riemann la déna amb
molt pocs prerequisits, tot i que quedi pendent de saber quins calculs
va fer per arribar a aquesta conclusio.

Un cop introduida la seva curvatura, Riemann ens diu que recupera
la curvatura de Gauss per superficies. En llenguatge modern tindriem
que si K és la curvatura de Gauss d’una superficie, aleshores

K = R1212 = _R1221 = _R2112 = R2121'

Riemann no introdueix simbols pel tensor que més endavant portara
el seu nom, pero que calculara en un article que comentarem al para-
graf 5.1.

En el text ens diu:

Multiplicirt mit —3/4 wird sie der Grésse gleich, welche
Herr Geheimer Hofrath Gauss das Krimmungsmass ei-
ner Flache ganannt hat.

Aqui el factor 1/4 surt d’una normalitzacié diferent a la nostra que
Riemann fa, el signe es deu a una convencié diferent, mentre que el 3
prové del teorema 4.3.

4.5. Part II. Seccié 3. Curvatura seccional. En la resta de secci-
ons d’aquesta part II, Riemann desenvolupa la idea de curvatura i en
dona exemples.
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En el cas bidimensional, Riemann ja ha explicat que la seva curvatura
no és altra que la de Gauss. Per entendre-la en dimensié superior, Rie-
mann explica a la seccié tres el que actualment s’anomena curvatura
seccional. Donat ’espai tangent a un punt base i un pla de I'espai tan-
gent, és a dir un subespai vectorial de dimensié dos, podem considerar
la superficie que conté totes les geodesiques que passen pel punt base i
son tangents a aquest pla. Obtenim d’aquesta manera una superficie,
i la seva curvatura de Gauss és la curvatura de Riemann de les coor-
denades corresponents (una certa quantitat multiplicada per un factor
—3/4), de la mateixa manera que el cas purament bidimensional. Rie-
mann ens diu que quan ens restringim a plans lineals que passen per
I'origen, en coordenades geodesiques tornem a recuperar la curvatura
de Gauss de les superficies.

4.6. Part II. Secci6 4. Curvatura seccional constant. Un cop in-
troduida la curvatura seccional, Riemann déna ’expressié d’'una metrica
de curvatura constant . Amb una bona eleccié de coordenades, aques-
ta metrica s’expressa com:

1
ds = ——=—/ Zid?.
1+ $Xr;

Aquest calcul és un altre exemple de bona eleccié de coordenades, car
ara ja no son les geodesiques o normals que ha fet servir en la definici6,
sind unes altres que li permeten tenir una expressié molt més senzilla.

Encara que Riemann no ho digui, aquesta formula porta implicit el
resultat que, quan la curvatura seccional és constant, la metrica queda
determinada pel valor o de la curvatura, ja sigui localment, ja sigui
globalment en el cas simplement connex.

Observem que déna models de curvatura constant negativa, com els
que havien construit Bolyai i Lobachevsky. Per exemple, per « = —1 i
amb el canvi de variable x = 2y, obtenim el que actualment s’anomena
model de Poincaré.

A més, aquesta férmula ens permet tenir una intuicié sobre la curva-
tura. Per exemple, si mirem les esferes S, de radi r > 0 (el conjunt
de punts a distancia » d'un punt donat) la distancia a S, és igual a la
de l'esfera unitat de R™ multiplicada per un factor homotetic. Aquest
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F1GURA 9. Superficies de rotacié de curvatura constant
que son paralleles a ’equador.

factor depén de la curvatura i el seu valor és

% sin(ry/«) si a > 0;
r si a = 0;
\/+—a sinh(ry/—a) sia<0.

Aquest factor fa referencia a les distancies, el tensor metric s’hauria de
multiplicar pel seu quadrat. Per tant en curvatura positiva les esferes
“sén menors” que les corresponents a ’espai euclidia, i en curvatura
negativa, “son majors”. En particular, per a > 0 aquestes esferes col-
lapsen quan r = 7/y/a, que és el diametre de l'esferes de curvatura
constant o > 0.

4.7. Part 1II. Seccié 5. Superficies de rotacié. Per acabar la part
IT, a la secci6 5 Riemann descriu superficies de rotacié de curvatura
constant, sense ni un dibuix, és clar. Si colloquéssim superficies de
rotacié amb un mateix parallel (orbita de rotacié d'un punt) que fos-
sin tangents al cilindre corresponent, les superficies de més curvatura
estarien a dins de les menys curvades. En particular, les de curvatura
positiva estarien a dins del cilindre, i les de curvatura negativa a fora.
Vegeu la figura 9.

4.8. Part III. Aplicacions a D’espai. A la tercera part, Riemann
discuteix com es pot intentar determinar quina és la metrica de 'espai
fisic que ens envolta. En altres paraules, quina és la relacié de la
geometria amb el mon real.
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Les qiiestions que planteja son: primer quina és la dimensié de I'espai
i segon quina geometria descriu l’espai fisic. En la primera qiiestio,
Riemann observa que la nocié de dimensié assumeix una nocié de con-
tinuitat, que per conjunts finits o discrets no té cap sentit. Suposant
que l'espai fisic es pugui veure com una varietat de dimensié finita, té
limits o frontera? Es acotat? Per exemple, si la curvatura és constant
i positiva, necessariament sera acotat.

La geometria just definida i més en general el calcul infinitessimal li
serveix a una certa escala, pero es planteja la seva validesa a escala
infinitessimal. En aquest sentit la visié de Riemann per la fisica és
gairebé profetica:

“La questio de la validesa de la geometria en linfinitament petit esta
relacionada amb la qiestio de la base interna de la relacio métrica de
l’espai. Per a aquesta questio, que encara pot ser constderada part de
la teoria de l’espai, ’observacio prévia és aplicable, és a dir que una
varietat discreta té una relacic métrica inherent, mentre que en el cas
continu ha de venir d’un altre lloc. Per tant o bé la realitat que esta a la
base de l’espai ha de formar una varietat discreta, o bé hem de buscar
les bases per les relacions métriques a fora, en forces de lligadura que
hi actuen.”

“La resposta a aquesta qliestio només es pot trobar comencant des de
la concepcio dels fenomens justificats previament per [’experimentacio,
en els quals Newton es fonamenta, i per canvis successius dequts a
fenomens no explicats. Investigacions com la que hem portat a terme
aqui 1 que provenen de nocions generals només poden servir per garantir
que aquest treball no esta limitat per conceptes massa restringits, i que
el progrés en el reconeizement de la relacio entre les coses no esta
obstaculitzat per prejudicis tradicionals.”

“Aizo ens porta als dominis d’una altra ciéncia, al reialme de la fisica,
en el qual la natura de la present ocasio no ens permet d’entrar.”

5. DESENVOLUPAMENT POSTERIOR

A Tapartat 5.1 discutim una construccié de Riemann en que calcu-
la el tensor de curvatura en altres coordenades i el veu efectivament
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com una obstruccio a la platitud. Aixo dona lloc als treballs de Chris-
toffel i Lipschitz. A la resta del capitol comentarem treballs de Ricci-
Curbastro i Levi-Civita i mencionarem breument Einstein i Grossmann.

5.1. Tensor de curvatura en altres coordenades. En la conferen-
cia d’habilitacié, Riemann deia que la curvatura era una obstruccié a
la platitud. Aixo no ho havia demostrat, ni tampoc no havia donat
I'expressi6 de R;,3; en un sistema de coordenades arbitrari. En un
article [37] sotmés a l'academia de ciencies el dia 1 de juliol de 1861,
Riemann déna la férmula per R;,g; en funcié de g;; i les seves derivades.
L’article estableix un criteri de platitud per a una metrica qualsevol.

Expliquem el calcul fent servir el formalisme de Christoffel, introduit
posteriorment en un article [8] que tracta sobre aquest treball de Rie-
mann. Definim els simbols de Christoffel com

1
Fab\c = i(acgab - au,gbc + abgca)y

si fem servir la notacié 9, = 2—

ot Aleshores
Ta

1
- §Riaﬂj = 0,0j9i3 + 030;9ja — 0a089i; — 0;0;Gap
+ "™ (T Tomits — LiitiTomal);

on ¢"™ denota la matriu inversa de 9ij, 1 per tant
Sow=t={0 Jis)
La notacié que Riemann utilitzava per a I'expressié —%Rmﬂj era
(icv, B7).
L’article va romandre gairebé desconegut fins a la publicacié de les
obres completes el 1876.
Riemann donava la condicié necessaria
Ring; =0

per tal que una varietat fos plana i va indicar vagament que era sufi-
cient. La demostracié de la suficiencia la donaren Christoffel (I'intro-
ductor dels simbols I') el 1867 [8] i Lipschitz el 1870 [24].
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FiauraA 10. Christoffel (1829-1900) i Lipschitz (1832-1903).

5.2. Derivada covariant. A principis de 1887 [36], Gregorio Ricci-
Curbastro va desenvolupar la derivacié covariant de tensors. Comen-
cem amb la derivada covariant de camps. A partir dels simbols ', de
I’apartat anterior, definim el que actualment es coneix com a simbols

de Christoffel:
F;‘k = ZgiTij\r~
Aleshores la derivada covariant del camp V = Y v'0; en la direccié 0y
és:
VoV = 0,0'0; + Fé-kvj&-.
La derivada covariant és lineal respecte a la direccié de derivacié:

Vg,V = u Vs, V.

Per a les funcions, la derivada covariant s’entén que és la derivada
direccional.

Aquesta derivada covariant de camps s’estén de manera natural a ten-
sors, sempre utilitzant la regla de Leibnitz i la compatibilitat amb con-
traccions. Es a dir, si X 1 Y s6n dos tensors, aleshores

Vo(X®Y)=V, XY +X®V,Y.

A més, V, commuta amb les contraccions. Per posar un exemple de
contraccid, si X és un camp i w una forma, aleshores w(X) és una
funcié obtinguda per contraccié del tensor w ® X. Per tant la regla de
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Leibnitz i la compatibilitat amb les contraccions ens diu:
Vio(w(X)) = (V,w)(X) + w(V,X).
Aix0 ens permet calcular la derivada covariant de formes:
Vow = (Va,w)(9;)dz? = (0,(w(9;)) — w(Va,0;))da’

= (Opw;j — Thjw;)da?

Un altre exemple: si X 1Y s6n camps, aleshores ¢g(X,Y) és una funcié,
i tenim:
v(g(X,Y)) = Vy(9)(X,Y) +g(V,.X,Y) + g(X, V,)Y).
Per tant
(1) Vu(@(X)Y) =0(9(X,Y)) = g(V,X,Y) — g(X,V,Y).

Pel fet de ser lineal respecte a v, complir la regla de Leibnitz i ser
compatibles per contraccions, diem que V és una derivada covariant o
una connerio. Tal com ’hem definida, compleix dues propietats més
que la caracteritzen entre totes les connexions possibles:

Vg =0,
VxY — VyX = [X,Y].

De la primera propietat diem que el tensor de Riemann ¢ és constant,
i de la segona que és compatible amb el parentesi de Lie. En particular
Vg = 0 es llegeix, mitjancant 1'equacié 1, com:

v(g(X,Y)) = g(V,X,Y) +g(X,V,Y).

Aquesta connexié s’anomena precisament connexié de Levi Civita, de
qui parlem al proper paragraf.

5.3. Transport parallel. Levi Civita introdui el 1917 [23]| la noci6
de transport parallel. El transport parallel d’un vector al llarg d’una
corba consisteix a demanar que la derivada covariant respecte al vector
tangent sigui zero. La teoria d’equacions diferencials lineals ens diu que
el trasport parallel existeix i és unic, perque per construir el transport
parallel cal resoldre una equacié diferencial lineal.

La nocié de transport parallel serveix per derivar, car déna la manera
de transportar vectors i tensors al llarg dels espais tangents a una
corba, i un cop en el mateix espai tangent té sentit parlar de derivada.
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K o

F1GUrA 11. Ricci-Curbastro (1853-1925) i Levi-Civita
(1873-1941).

El transport parallel i la derivada covariant son equivalents, i la paraula
parallel s’ha d’entendre com constant.

Les geodesiques poden definir-se com les corbes tals que el seu vec-
tor tangent és parallel, de la mateixa manera que les rectes a l’espai
euclidia tenen vector tangent constant.

En general el transport parallel depén de la corba, llevat del cas pla,
de curvatura constant zero.

Podem veure la curvatura de Riemman com una obstruccié a la commu-
tativitat de les derivades covariants (per tant dels tranports parallels).
Per camps de coordenades 0;, 0;, O i 0; tenim:

R(0;,0;,0k,01) = 9(Vo,Vo,0r — Vo, V,0k, ).
Per camps en general, el tensor de curvatura es defineix com
R(X,YV, Z, T) = g(VXVyZ — VYVXZ — V[X’y]Z, T)

A partir d’aqui es pot veure com una mesura de la no commutativitat

de V.

5.4. Contracions o traces. El tensor R;.g; ¢és forca complicat de
manipular i moltes vegades es pensa com un endomorfisme simetric
del fibrat de 2-formes. A vegades se’n consideren contraccions, que
enumerem a continuacio.
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o Curvatura de Ricci. Té el mateix ordre que la metrica g;;, és a
dir és una forma bilineal simetrica:

sz = Raiﬂjgaﬂ = —Rmﬁjgaﬂ-

Recordem que g denota la matriu inversa de g;; i que utilitzem
la convencié d’Einstein, per tant estem fent la suma ) 5

Sense coordenades és un tensor Ric(X,Y), on X 1Y sén
camps. Es a dir, R;; = Ric(9;,0;) i donats dos camps u'0; i
’Ulai,

Ric(u'0;,v70;) = u'v' Ry;.

Com que és un tensor simetric, Ric(X,Y) = Ric(Y, X), po-
dem pensar en la forma quadratica corresponent, de manera
equivalent:

Ric(X, X).
e Curvatura escalar. Aquesta ja és una funcié, perque és una
nova contraccié de la curvatura de Ricci
i
S = ng 7,

Aquestes contraccions poden veure’s com traces: per una base
ortonormal g = &%, i aixi s = Y Ry ¢és la traca.

e Curvatura seccional d’un pla. Si escollim {e;, e2} una base or-
tonormal per un pla, aleshores la curvatura seccional del pla
que generen (eq, e9) es defineix com:

K<<€1, 62>) == R(@l, €9, €1, €2>'
Si la base no és ortonormal, aleshores

R(ela €9, €1, 62)
9(61, 61)9(62, 62) - 9(€1> 62)2

K({e1,e2)) =

La curvatura seccional ens permet recuperar la curvatura de Ricci. De
fet si v és un vector unitari i el completem en una base ortonormal del
tangent {v, es, ..., e,}, aleshores

Ric(v,v) = Z K({(v,e;)).
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La curvatura de Ricci es relaciona amb el volum. En coordenades
(z',...,2"), la forma de volum s’escriu com

dvol = y/det(g;;) dz' A -+ A dx".
L’analeg del teorema 4.3 és:

Teorema 5.1. En coordenades geodésiques:

1 o
dvol(z) = (1 - ERijx’x’ + O(!x|3)) dz' A Ada™.

5.5. L’Equacié d’Einstein. Com que se situa en ’espai temps qua-
tridimensional, per l'equacié d’Einstein no parlem d’una metrica de
Riemann sin6 d'una pseudometrica o metrica de Lorentz. L’inica di-
feréncia és que el tensor g;; no és una metrica definida positiva, siné
que té signatura (3, 1), és definida positiva a les direccions espaials i
negativa en les temporals.

L’equaci6é d’Einstein és la segiient:

Ri; — %Sgij =Tj;.
A part del tensor metric g;;, els termes que hi intervenen sén la curva-
tura de Ricci It;;, la curvatura escalar s i el tensor impusié-energia T;;.
Aquest darrer descriu el flux d’energia i moment en I'espai temps, gene-
ralitzant el tensor d’impulsio en fisica de Newton. Es la font del camp
gravitacional en relativitat general, i I'equacié d’Einstein ens descriu
com es veu afectada la geometria per aquest tensor.

Més tard Einstein escrigué sobre aquell periode:

...gairebé mai en la la meva vida no he treballat tant
durament, i m’he imbuit de gran respecte per les ma-
tematiques, la part més subtil de la qual havia mirat des
de la meva ingeniutat com una simple luxtria fins ara.

La teoria de la relativitat general va suposar la consolidacié definitiva
de la geometria de Riemann i del calcul tensorial. Per fer el pas de
la relativitat restringida a la general, Riemann va comptar amb ’ajut
d’un matematic de Zurich, Marcel Grossmann [11].
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FIGURA 12. Einstein (1879-1955) i Grossmann (1878-1936).

A T'equaci6 d’Einstein se li pot afegir un terme cg;;, on ¢ és una constant
cosmologica i el valor de la qual els cosmolegs no es posen d’acord a
determinar.

6. CURVATURA I TOPOLOGIA

Comentem breument alguns resultats que ens relacionen la curvatura
amb la topologia. Es a dir, tenir la curvatura d'un signe o un altre
ens dona informacio sobre la topologia. Els resultats d’aquest capitol
es poden trobar a molts llibres de geometria de Riemann, com per
exemple [3, 6, 17, 33].

Comencem per un exemple de curvatura positiva, pel teorema de Myers,
quan la curvatura de Ricci esta acotada inferiorment. El tensor de Ricci
R;; i el de Riemann g;; es poden comparar com a formes quadratiques.

Una varietat de Riemann (M", g) s’anomena completa si és un espai
metric complet (les successions de Cauchy convergeixen). Equivalent-
ment, pel teorema de Hopf-Rinow, les geodesiques es poden allargar
indefinidament.

Teorema 6.1 (Myers). Sigui (M™,g) una varietat de Riemann com-
pleta. Si R;; > (n — 1)cg;; per cert ¢ > 0, aleshores diam(M") < %
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El teorema ens diu que una cota inferior positiva a la curvatura de
Ricci ens déna una cota superior del diametre. En particular, aplicada
al recobridor universal:

Corollari 6.2. Sigui (M™,g) una varietat de Riemann completa. Si
R;j > (n—1)cgi; per cert ¢ > 0, aleshores m (M™) és finit.

La curvatura de Ricci es pot veure com una suma de curvatures sec-
cionals, per tant el teorema de Myers s’aplica a varietats de curvatura
seccional positiva.

Corollari 6.3. Sigui (M™, g) una varietat de Riemann completa. Si
la curvatura seccional és > ¢ > 0 aleshores diam(M") < 7= i m (M")
és finit.

Teorema 6.4 (Cartan-Hadamard). Sigui (M", g) una varietat de Rie-
mann completa. Si la seva curvatura seccional és negativa o nulla,
aleshores per tot punt p € M", l'aplicacio exponencial T,M" — M"™ és
un recobriment. En particular el recobridor universal de M™ és R™.

Corollari 6.5. Si (M",g) és una varietat de Riemann compacta de
curvatura seccional negativa o nulla, aleshores m (M™) és infinit.

Per tant, és dificilment compatible la curvatura de Ricci positiva (o
curvatura seccional positiva) amb la curvatura seccional negativa o nul-
la.

Cal anar amb compte perque la condicié de curvatura de Ricci negativa
no és cap restriccié, de fet un teorema de Lohkamp [25] afirma que en
dimensié superior o igual a tres tota varietat de Riemann admet una
metrica de curvatura de Ricci negativa.

Els dos teoremes segiients ens diuen que curvatura seccional estricta-
ment negativa i curvatura zero sén incompatibles.

Teorema 6.6 (Preissman). Sigui (M",g) una varietat de Riemann
completa. Si la seva curvatura seccional és estrictament negativa, ales-
hores w1 (M™) no conté cap subgrup isomorf a Z & Z.

Teorema 6.7 (Bieberbach). Sigui (M", g) una varietat de Riemann
plana de dimensid n. Aleshores m (M™) és una extensio finita del grup
abelia lliure Z™, amb m < n. A més m = n si i només si M"™ és
compacta.
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Les idees de geometria de comparacié s’han extés a espais metrics (es-
pais d’Alexandrov, espais CAT) i s’han aplicat a teoria de grups, donant
lloc a 'anomenada teoria geometrica de grups. La idea de curvatura
s’aplica doncs a diversos camps de les matematiques, més enlla de la
geometria.

7. CURVATURA I VARIETATS TRIDIMENSIONALS

En aquesta darera seccié volem explicar un desenvolupament recent, la
demostracié de la conjectura de Poincaré mitjancant la geometria de
Riemann, en particular el flux de Ricci, introduit per R. Hamilton el
1982. Els fluxos per curvatura tenen moltes aplicacions i estan molt
extesos, pero aqui només ens ocuparem del flux de la curvatura de
Ricci.

Recordem que la conjectura de geometritzacié fou enunciada per Thurs-
ton a la decada dels 1970 [39] i afirma el segiient:

Conjectura 7.1. Tota varietat tridimensional compacta es descompon
de manera canonica en trossos geometrics.

Per tros geométric entenem una varietat amb interior equipat amb
una metrica localment homogenia, és a dir, que dos punts qualsevol
de l'interior de la varietat tenen entorns isometrics. Dit d'una altra
manera, les propietats locals no ens permeten distingir els punts.

La descomposicié canonica de la conjectura té dues etapes. Fa refe-
rencia a la descomposicido en summa connexa, deguda a Kneser 'any
1929 [21], i a la descomposicié en tors de obtinguda el 1979 de manera
independent per Jaco-Shalen i Johannson [18, 19].

Aquesta conjectura implica la de Poincaré: tota varietat tancada de
dimensi6 tres simplement connexa és homeomorfa a l'esfera S3. Cal
insistir en que Thurston va revolucionar la topologia de les varietats
tridimensionals al fer intervenir la geometria. Sense la seva capacitat de
visié és poc probable que en aquests moments la conjectura de Poincaré
estigués demostrada.

Perelman conclogué la demostracio de la conjectura de geometritzacio a
partir del flux de Ricci construit per Hamilton. En particular demostra
la conjectura de Poincaré. Podem veure-ho com una altra aplicacié de
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F1GURA 13. Thurston (1946) i Poincaré (1854-1912).

les idees de Riemann, que exemplifica el fet que no es poden deslligar
les propietats topologiques de les varietats de les seves metriques.

7.1. Flux de Ricci. Definim el flux de Ricci com la soluci6 de I'equacié
d’evolucié

@ = —2 Ric,

ot
on g denota la metrica de Riemann i Ric el seu tensor de Ricci cor-
responent. Es tracta d’una equacié en derivades parcials en l’espai
de tensors de la varietat que sén dues vegades covariants i simetrics.
Aquest tipus d’equacions s’anomenen d’evolucié, ja que la metrica de

la varietat anira canviant al llarg del temps segons aquesta equacio.

En coordenades (z!, ..., z"), 'equacié s’escriu:
99i

Podriem intentar escriure el terme R;; en funci6 dels g;; i les seves
derivades parcials, pero ens quedaria un sistema massa complicat.

7.2. Existencia. L’existencia de solucions en temps positius no és gens
senzilla de demostrar. L’existencia de solucions en temps negatius es
falsa, com per I'equacié de la calor.
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Teorema 7.2 (Existencia i unicitat en temps curt). Si M és una vari-
etat compacta amb metrica gy, aleshores l'equacio del flux de Ricci amb
condicid inicial go té una unica solucid definida en tempst € [0,T) per
cert T' > 0.

Aquest teorema fou provat per Hamilton [13], mitjangant un teorema
de la funcié inversa de Nash-Moser, i poc després DeTurck [10] va
donar-ne una demostracié molt més senzilla trencant la invariancia per
difeomorfismes.

Si la varietat no és compacta, I'existencia i unicitat no tenen perque
ser certes. Es compleixen quan la varietat és completa i la curvatura
esta acotada [7], pero es poden construir exemples no complets amb
infinites solucions, o exemples amb curvatura no acotada sense solucié.

7.3. Exemples. Comencem amb I’exemple més senzill possible: supo-
sem que la metrica inicial gy té curvatura seccional constant K, la qual
cosa vol dir que el tensor de Ricci és un multiple constant del tensor
metric:

Ricy, = (n — 1)K go,
on n és la dimensié. Aleshores, sabent I’existencia i unicitat de soluci-
ons, ens restringim a metriques homotetiques

9: = f(t)go

i trobem solucions d’aquest tipus. Com que el tensor de Ricci és inva-
riant per homotecies, Ricy, = Ricy, = (n — 1)K go, I'equaci6 esdevé:

f'=-2(n-1)K,
i la solucié és
g: = (1 = 2K(n — 1)t) go.

Tenim tres tipus de comportament segons el signe de la curvatura sec-
cional K inicial:

e Per K =0, la solucid és constant.

e Per K < 0 la soluci6 s’expandeix durant un temps infinit, i la
curvatura s’acosta a zero.

e Per K > 0 la soluci6 es contrau fins a collapsar en un temps

finit T' = m, i la curvatura tendeix a infinit.



132 JOAN PORTI

Essencialemnt veiem que, en el cas de curvatura constant, el flux es
limita a fer homotecies, a diferents velocitats.

7.4. Primers resultats. A [13, 14], a més de 'existéncia, Hamilton
prova que el flux de Ricci servia per demostrar la conjectura de geo-
metritzacié quan la varietat tenia una metrica amb curvatura de Ricci
no negativa (primer quan Ric > 0 i després quan Ric > 0).

Teorema 7.3 (Hamilton 1982). Si una varietat compacta tridimensinal
M? admet una métrica amb Ric > 0, aleshores el flur de Hamilton-
Ricci convergeiz, després d’homotecia, cap a una meétrica de curvatura
secctonal positiva.

Hamilton va desenvolupar una serie de princips del maxim per a ten-
sors, que li permeteren demostrar el resultat segiient.

Teorema 7.4 (Hamilton 1984). Si una varietat compacta tridimensinal
M?3 admet una métrica amb Ric > 0, aleshores tenim tres possibilitats:

(1) La métrica és plana (curvatura constant zero).

(2) Ric > 0 per t > 0, i per tant el fluz convergeix a una métrica
de curvatura constant positiva, després de renormalitzar-la.

(3) La métrica és localment un producte g = g, + dx*. En aquest
cas la varietat és S? x S' o un quocient seu compatible amb el
producte.

El flux té molt bon comportament en dimensiod tres per a varietats amb
curvatura de Ricci positiva o nulla, pero ara veurem que es poden crear
singularitats.

7.5. Pingament. Veiem ara un exemple amb una singularitat. Apli-
quem el flux a lesfera S® amb una metrica que té un coll. Aixo vol
dir que és una metrica en la qual 'equador és molt més estret que els
tropics, cf. la figura 14.

Veiem el coll com S? x I, de manera que per cada valor de x € I tenim
una metrica a lesfera S? x {z}. Escollim una meétrica tal que l'esfera
del centre tingui un diametre molt més petit que les esferes de la vora
del coll. Si a més escollim la longitud de l'interval molt llarga, aixo es
pot fer de tal manera que el diametre de I'esfera del centre tendeixi a
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S2x1

oy

coll
FIGURA 14. S? amb un coll.

zero abans, ja que un diametre molt petit correspon a molta curvatura
seccional, i com que l'interval és molt llarg, en les altres direccions
gairebé no hi ha curvatura. Aix0 s’anomena una punxada (figura 15).

FIGURA 15. S? punxada.

Tot i que 'exemple sigui forga intuitiu, no és gens facil de demostrar
que es crea un pingament [2].

7.6. Heuristica. Per entendre perque aquesta equacié pot ser 1til per
la conjectura de geometritzacié, observem que en coordenades harmo-
niques (i.e. A(z') = 0) 'equacié del flux de Ricci s’escriu:

0gij Jg )

ot - A(gl]) + Qm(g ,ax

on A(gi;) és el laplacia de la funcié escalar g;; (no el tensor) i Q;; és
una expressio quadratica. Aquesta és una equacié de reaccio-difusio.
El terme del Laplacia és el de difusid, la seva contribucié a 1’equacid
s’'interpreta que tendeix a repartir la metrica de manera uniforme. Es
un comportament semblant al de ’equacié de la calor: en un cos on hi
ha zones fredes i calentes, la temperatura flueix de les parts calentes
a les fredes per tendir a uniformitzar-se. El terme quadratic Q;; és
el de reaccio, perque s’entén que contribueix a crear singularitats, per
analogia amb les equacions que descriuen certes reaccions quimiques.
En conseqiiencia podriem pensar que I’heuristica del programa de Ha-
milton és la segiient:
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“O bé g(t) convergeix cap a una métrica localment ho-
mogenia o bé crea singularitats que corresponen a una
descomposicio canonica.”

Evidentment les coses no seran tan senzilles. Hi haura singularitats
que donaran sumes connexes pero potser sumes topologicament trivials
(amb esferes), com de fet passa al pingament descrit al paragraf 7.5.

Els tors de Jaco-Shalen i Johannson no surten de singularitats, siné que
en el comportament a llarg terme del flux, hi ha parts que convergeixen
en una metrica hiperbolica (de curvatura constant —1) i parts que
s’enfonsen (part en que el radi d’injectivitat tendeix a zero despreés
d’'una homotecia que ens normalitza la curvatura 1). En les parts
que s’enfonsa, no hi ha convergencia de la metrica, i és mitjancant
I’estudi topologic de les varietats enfosades que sabem que la varietat
és geometrica [1].

Cal tenir en compte que la dimensié també compta en si guanya la part
de difusi6 o de reaccié. En dimensi6 dos guanya la part de difusié [15],
perque el flux sempre convergeix. De fet, el flux redemostra el teorema
d’uniformitzacié per a superficies de Poincaré-Koebe dintre de la classe
conforme, perque el flux en superficies no canvia la classe conforme. En
dimensio quatre, guanya clarament la part de reaccid, perque no hi ha
uniformitzacié possible. Per tant és en dimensié tres quan es produeix
un equilibri delicat.

F1GURA 16. Hamilton (1943) i Perelman (1966).
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Per acabar, direm molt breument que, a partir dels resultats que ja
havia aconseguit, Hamilton desenvolupa un programa per demostrar la
conjetura de geometritzacié [16], que no pogué portar a terme perque
no controlava les singularitats del flux. Fou Perelman, ben conegut per
les seves habilitats tecniques en geometria de Riemann, qui aconsegui
entendre les singularitats i completa el programa de Hamilton en tres
preprints [30, 32, 31]. La comprovacié que els preprints de Perelmann
donaven la demostracié ha generarat molta activitat, [20, 28, 5, 29, 4,
26, 9], i tot 1 que moltes coses no hi eren, tothom esta d’acord en que
la demostarcié final és de Perelman, i en conseqiiencia li donaren la
medalla Fields el 2006. No la recolli, pero aixo ja és una altra historia.
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RIEMANN AND PARTIAL DIFFERENTIAL
EQUATIONS.
A ROAD TO GEOMETRY AND PHYSICS

JUAN LUIS VAZQUEZ

1. INTRODUCTION

This is the edited text of a talk given at the Facultat de Matematiques

i Estadistica of UPC on February 20th, 2008, in the framework of the
“Jornada Riemann”.

In preparing the text I have endeavored to avoid or minimize repetitions
of material that appears in other contributions. I have also tried to keep
the text as simple as possible, in accordance with the style of the talk
and the open and lively discussions held during the event.

Before entering the subject proper of this work, let me summarize a
few reflections on Riemann’s life and work that I find relevant for a
deeper understanding of the significance of his legacy.

Left: the scientist as a young man; Right: a classical picture.
139
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Bernhard Riemann died very young, like other geniuses of the 19th
Century, but he left an impressive legacy to Mathematics, pure and
applied. He had a permanent love for Italy, where he traveled for health
reasons, but where he also had friends that continued his deep ideas.
Besides Mathematics, Riemann had a sustained interest in Philosophy
and in Physics.

An easy source for his mathematics is the collection of his works, [12],
which has translations to several languages. His life is described in
Detlef Laugwitz’s book [7], and I have used M. Monastyrsky’s [10]. T
have found very useful Ferreiros’ “Riemanniana Selecta” [5], in Spanish.
Besides that, Internet is a very convenient source of details, and I have
consulted Wikipedia, MacTutor, Encyclopaedia Britannica, and other
Internet archives.

Riemann had a philosophical formation, and as such he sustains that
the essence of Reality lies in a hidden world. That is not really new;
medieval scholars would say that Videmus in aenigmata, et per specu-
Tum.

In his century Riemann was not alone in seeing the key to understand-
ing the hidden reality of the World in the Concepts and Formulas of
Abstract Mathematics, or in the original German, in die Begriffe und
Formeln der H6here Mathematik.

So maybe we can see here a new look for old ideas. Indeed, the look is
not only new, it will prove to be revolutionary.

In keeping with his philosophical frame of mind, and also because of
his short life, his work is deep in concepts and ideas, but rather scarce
in details. A century and a half of research has provided answers and
details to a large number of the topics treated in his complete works,
but not to all: remember the Riemann hypothesis!

2. MATHEMATICS, PHYSICS AND PDES

2.1. PDEs and the origins of differential calculus. The Differen-
tial World, i.e, the world of derivatives, was invented, or discovered as
you may prefer to see it, in the 17th Century, almost at the same time
that Modern Science (then called Natural Philosophy), was born. We
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owe it to the great Founding Fathers: Galileo, Descartes, Leibnitz and
Newton (mainly). Motivation came from the desire to understand the
World around us, more specifically Motion, Mechanics and Geometry.

Newton formulated Mechanics in terms of ODEs, by concentrating on
the movement of particles. The main magic formula is

d*x dx
meoy = F(t,x, E)

though he would write derivatives with dots, and not as quotients,
which is Leibnitz style. Here are the magical words, to which we are
now so used: mass (m), force at a distance (F'), and acceleration, and
here is where the (second) derivative enters the picture.

Newton thought about fluids, in fact he invented Newtonian fluids,
and there you need dependence on space and time simultaneously, x as
well as £. It involves the partial derivatives, which means that we get
Partial Differential Equations (PDEs for short). But his progress was
really small if you compare it with the rest of Principia Mathematica
Philosophiae Naturalis, 1687, and other works of the early Calculus
time.

We conclude that there was not much time for PDEs from the Big
Bang to 1700 AD.

In the 18th Century, PDEs appear in the work of Jean Le Rond D’Alem-
bert about string oscillations: there a set of particles moves together
due to elastic forces, but every one of the infinitely many solid elements
has a different motion, v = u(x,t). This is one of the first instances

of continuous collective dynamics. PDEs are the mode of expression of
such CCD.

Johann and Daniel Bernoulli and then Leonhard Euler lay the founda-
tions of Ideal Fluid Mechanics (1730 to 1750), in Basel and St Peters-
burg. This is PDEs of the highest caliber:

%—?+u-Vu+Vp:0, V-u=0.
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The system is nonlinear; it does not fit into one of the three main types
that we know today (elliptic, parabolic, hyperbolic); the main pure-
mathematics problem is still unsolved (existence of classical solutions
for good data; Clay Problems, year 2000).

2.2. Modern times: PDEs in the 19th Century. The 19th Cen-
tury confronts revolutions in the concept of heat and energy, electricity
and magnetism, and also in the very concept of space. The Newtonian
edifice begins to shake. You may add a lesser revolution, real fluids.

Mathematically, all of these fields take up the form of PDEs:

(i) Heat leads to the heat equation, u; = Aw, and the merit goes
primarily to J. Fourier.

(ii) Electricity leads to the Coulomb equation in the Laplace-Poisson
form: —AV = p. Surprisingly, this equation also represents gravita-
tion! (with a difference, for electricity the right-hand side may have
two signs).

(iii) Electromagnetic fields are represented by the Maxwell system. The
vector potential satisfies a wave equation, the same as D’Alembert’s
(but now it is vector-valued and in several dimensions).

(iv) Real fluids are represented by the Navier-Stokes equations. Sound
waves follow wave equations, but they can create discontinuous solu-
tions called shocks (and here Riemann appears as we will see).

2.3. PDEs continued in the 19th Century. Geometry was trans-
formed from the Euclid tradition plus Cartesian Algebra to the spirit
of PDEs by G. Gauss and B. Riemann. The new spirit is condensed
in a number of key words. Space is determined by its metric which is
a local object that has tensor structure. The connection from point
to point is a new object called covariant derivative, the curvature is a
second order operator, a nonlinear relative of the Laplace operator.

After the work of these people, in particular Riemann, Reality is seen
as mainly continuous, and its essence lies in the physical law, that is a
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law about a field or a number of fields. In symbols, we have ®(x,y, z, )
and an equation (or system)

L® =F,

where F is the force field (a tensor).

2.4. 20th Century. Summing Up. In the 20th Century General
Relativity and Quantum Mechanics take this same form. Space, matter
and interactions become fields.

A main variant from the scheme is Statistical Mechanics, a thread that
leads to Brownian motion (Einstein, Smoluchowski), abstract proba-
bility (Kolmogorov, Levy, Wiener), stochastic calculus and stochastic
differential equations (Ito).

Summing up in a rather succint form: the main (technical) task of the
Mathematician working in Mathematical Physics is to understand the
world of Partial Differential Equations, linear and nonlinear.

The same is true nowadays for geometers (you only need to travel to
the Universitat Autonoma of Barcelona and attend the now running
CRM semester on Ricci flows!).

The main abstract tool is Functional Analysis. The combination of
Functional Analysis, PDES and ODEs, Geometry, Physics and Sto-
chastic Calculus is one of the Great Machines of today’s research, a
child of the 20th Century.

3. RIEMMANN, COMPLEX VARIABLES AND 2-D FLUIDS

In the sequel we will try to convey some of the mathematics of B. Rie-
mann that had a profound impact on PDEs, with attention to specific
concepts and calculations. In other words, let us do some math!

3.1. Complex Variables (Euler, Cauchy, Gauss, Riemann, Weier-
strass). We start with a function

u(z,y) =u(z), z=x+iy=(v,y)

that is supposed to be a good function of two real variables.
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e A good function of two real variables means (could mean) u € C(£2)
for some subdomain ) of R.

e Therefore, u has a gradient: Vu(zy) = (ug, uy).
e But, what is a good function of one complex variable?

e First of all, to keep the symmetry, there must be two real functions
of two real variables:

u=u(x,y), v=uv(x,y)
which we write as f = f(z) with f=wu+i,and z=2x+1y.

e The question is: Do we ask that f € C! and that is all? The answer
is no and this is a consequence of algebra.

e Let us explain why: very nice real functions of one variable are
polynomials, and very nice complex functions of one complex variable
should also be polynomials.

e Now, polynomials are easy to define, for instance f(z) = 2% means

u=xz* — g, v =22y

while f(z) = 2% means

u= x> — 3xy?, v =32y — 1>

e Can the reader do f(z) = 2" by heart? Euler could! In fact, Euler
and Moivre could see the whole trigonometry (by using the polar form
z = re' and expanding the power 27).

e Can you see something special in these pairs of functions, v and v?
Cauchy and Riemann could! They saw the whole theory of complex
holomorphic functions.

3.1.1. The PDE code for complex variables. What they saw is
this hidden symmetry:

ou Ov ou ov

dx Oy Oy  Ox
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These equations are called Cauchy-Riemann (CR) equations for com-
plex variables. They are one of the most important examples of a PDE
system with extraordinary geometric and analytic consequences.

e We see that Vu = (a, —b) is orthogonal to Vv = (b, a). Consequence:
the level lines u = ¢; and v = ¢, are orthogonal sets of curves.

e The linear algebra of infinitesimal calculus at every point is not 4-
dimensional but two-dimensional. In fact, the system
du ~ adx — bdy, dv ~ bdx + ady,

can be written together in the complex form df ~ Jf(z)dz, where
J f is the Jacobian matrix that we begin to call f'(z) = a + ib.

o We will assume from such glorious moment on that this is the correct
derivative of a 2-function of 2 variables that is a candidate to be a good
complex differentiable function.

3.1.2. Complex Variables, analysis and geometry. Hence we know
some magic formulas:

f(z)=a+bi=f,, f,=-b+ai=if(z).
Thus df = f'dx along the z-axis and df = if’dy along the y axis.

Comming back to the Jacobian,

_fug uy\ (a —=bY (1 0 0 -1\
6= (W)= (& D) =a(t Y o0 ) =arras
This is a similarity matrix with determinant

_ 212 _ 2 2 _ .2 .2 _ .2 2 __ 2 2
det(Jf) = a” + b = u; + u, = u; + v, = v; +v, =u, +v,,
which can be written as
[TA =1 P = 1fal? = 17 = IVull* = [ Vu]*.
The infinitesimal transformation preserves the angles (of tangent curves)

and scales the size by Jf = |f'(2)|*.

If the 2-2 function f is CR, then it defines a conformal transformation
of the part of the plane where f'(z) # 0. Riemann’s geometric theory
of one complex variable is based on this idea!
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3.1.3. Complex Variables and PDEs. Solving the equations.
Potential theory. Once we enter that framework, the question is:
how to find pairs of functions satisfying CR?

Of course, real and imaginary parts of algebraic complex functions
satisfy CR. The Taylor Series, typical of the Cauchy-Weierstrass ap-
proach, also satisfies CR.

But PDE people want their way. Here is the wonderful trick:

Au = Ugr + Uyy = Uy + <_UCE)U = 0.

Idem Av = 0. Solutions of this equation are harmonic functions, and
they count among the most beautiful C'* functions in analysis and
among the most important in physics, where solving Au = —p means
finding the potential of p, where p is a volume distribution of mass or
of electric charge.

Note a novelty full of promise: harmonic functions live in all dimen-
sions, not just two. But in d = 2 they produce complex holomorphic
functions. Given u, we find v, its conjugate partner, by integration of
the differential form

dv = Pdz + Qdy, with P =v, = —u,,Q = v, = u,.

This is an exact differential thanks to CR.

3.2. Complex Variables and ideal fluids in d = 2. Recall that
Riemann was a friend of Weber, the famous physicist.

The velocity of a 2-D fluid is a field v = (vy(z, y), vo(z, y). Irrotational
means that V x v = 0. Incompressible means V-v = 0. For the PDE
person this is easy:

Vox — Viy = 0, U1,z + Vo y = 0.
Does this look like what we saw in the previous subsection? Yes, com-
bining both we get Av; = Awvy, = 0.
Is vy harmonic conjugate to v1? No, but —wv, is.

Idea to eliminate sign problems. Go to the scalar potential of the vector
field v:
dd = Uldl‘ + Ugdy
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(it is exact by irrotationality). Take the harmonic conjugate ¥ and
define the complex potential of the flow as F' = ® + ¢V, a complex
holomorfic function. In that case

Fl(z)=F, =0, + iV, = &, — i®, = V.

Consequence: Vv = v; — 10y is a complex holomorphic function.

3.3. Some Pictures of 2D glory. The following pictures come in
every book about two-dimensional perfect fluids and conformal trans-
formations. We ask the reader to identify them as a linear flow, a
dipole configuration, a source-sink combination, and lastly the famous
streamlines for the planar flow around an obstacle. This complex vari-
able theory stands at the core of the science of aerodynamics.

3.4. Summary. The big picture in 2D.

e There is an equivalence between holomorphic complex variable
theory < conformal geometry < harmonic functions < ideal
fluids.

e Any two dimensional ideal fluid generates an analytic function,
and conversely, and it is a conformal mapping, and viceversa.

e The complex derivative of the complex potential is just the
conjugate of the velocity field.
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e The stream function ¥ indicates the lines of current via the
formula ¥ = c.

e What happens when F’(z) = 0, i.e., when v = 07 These are
singular points, called in physics the stagnation points. Many
things can happen on a singularity, but essentially only one
thing may happen on a regular point, where the implicit func-
tion theorem is valid. Riemann was an expert in singular points.

4. RIEMMANN AND THE EQUATIONS OF GEOMETRY

4.1. From 2D to 3D. Riemann was able to understand very well
the Two-Dimensional Space with its functions, analysis, geometry and
physics.

It is not as easy as it seems because complex holomorphic functions
try to follow their name and be globally defined, actually they have
analytic continuation. But they may have singularities blocking their
way to global (global is called here entire).

Riemann’s main contribution to 2D analysis+geometry is the concept
of Riemann surface (RS) with the curious branching points. A simple
Riemann surface may be a part of R but more complicated RS live in
a very strange situation, a different world.

But we want now to forget 2D and remember that we live in 3D. Think-

ing about the geometry of 3D is an old pastime, masterfully encoded
by Euclid of Alexandria (325 BC-265 BC).

The 3D world is much more complicated that 2D and no part of the
equivalence between analysis, Taylor series, elementary PDEs, confor-
mal geometry and ideal Physics survives.

4.1.1. What is Geometry according to Riemann. Let us follow
the Encyclopadia Britannica article on B. Riemann.

In 1854 Riemann presented his ideas on geometry for the official post-
doctoral qualification at Gottingen; the elderly Gauss was an examiner
and was greatly impressed.
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Riemann argued that the fundamental ingredients for geometry are
a space of points (called today a manifold) and a way of measuring
distances along curves in the space.

He argued that the space need not be ordinary Euclidean space and that
it could have any dimension (he even contemplated spaces of infinite
dimension). Nor is it necessary that the surface be drawn in its entirety
in three-dimensional space. According to Riemann, many spaces are
possible. This happened more than four decades before Relativity!

It seems that Riemann was led to these ideas partly by his dislike of
the (Newton’s) concept of action at a distance in contemporary physics
and by his wish to endow space with the ability to transmit forces such
as electromagnetism and gravitation.

A few years later this inspired the Italian mathematician Eugenio Bel-
trami to produce just such a description of non-Fuclidean geometry,
the first physically plausible alternative to Euclidean geometry. More
italians influenced by B. Riemann: Ricci, Levi-Civita, Bianchi.

4.1.2. Habilitationsvortrag, 1854. Riemannian Geometry. This
is one of the most famous and influential habilitation documents in the
history of Mathematics.

Space around only has a definite sense locally around the place. The
basic tool to do geometry is the metric, which is given by

ds? = Zgijdxida:j

It is local since it works on local entities, tangent vectors. Forget
Pithagoras but remember ds? = df? + sin? # d¢? on the sphere.

The metric field changes from point to point, g;;(x), x is locally a set
like R?. He even says that for a space of functions d can be infinite.

So there is no sense in principle of parallel vectors (at least if we do not
work more). We can instead define the derivative of a tangent vector
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X =), a;e; when we move along another vector Y = . bje;. This is
the famous covariant derivative V:

VyX = Z Y(ai)ei + Z aibjffjek.
i ijk
which depends on a set of functions Ffj, the so-called Christoffel sym-
bols. For the correct covariant derivative, called Levi-Civita connec-
tion, the Christoffel symbols are given by

1 g  Ogi 0y
Ik = — gk > L2
W= 9Y (8x3 T 0 T

Objects with several indices are usually tensors. Note that although
the Christoffel symbols have three indices on them, they are not ten-
sors. Sorry, local coordinates are intuitive but messy to work with, this
really cumbersome aspect of modern geometry is also part Riemann’s
inheritance!!

4.1.3. Curvatures at the center of geometry. The covariant de-
rivative opens the way to a whole new Differential Calculus, where
curvature tensors and Laplacians play a key role.

Curvature tensor. The Riemann curvature tensor is given by
R(X,Y,Z)=VyVxZ —VxVyZ +Vixy|Z.

In that case we have

ori,  ary, .

S s 1T
+ 5l — Tl

i —_— — . —
gkl ox! oxk

Contraction gives the low tensor R;;i = gimR;’;;l. Wikipedia gives

1
Rikim = B (8lglgim + afmgkz — 8£mgu - @%gkm-i-) + Gnp (T 5+ T T,

Ricci curvature. The Ricci curvature of g is a contraction of the
general curvature tensor:

Rij=) Ri;=2) 9" Riym
i s,m
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The Ricci tensor has the same type (0, 2) (twice covariant) of the metric
tensor. In coordinates we have (Nirenberg’s sign, Wikipedia)
!
R ory  ory
Yo ozt Oad

I Tm myl
+ Fij Im — Fil ij‘

4.1.4. The Laplacian operator in such geometries. Here is the
definition of the geometer’s Laplacian (Laplace—Beltrami operator):

1

Ag(u) = —g7(dyu — Ffjaku) = —W

0:(1g|"2g" " 0u).

This is minus the contraction of the second covariant derivative tensor
2 _ k
(V u)ij = aiju — Fij@ku.

A coordinate chart (2*) is called harmonic chart if and only if A 2% =
0 for all 2. Note that

A, (z*) = _gijrfj-

Therefore, () is harmonic iff g% Ffj =0 for all k.

The Laplacian is convenient for doing analysis and PDEs on manifolds
because the basic integration by parts formula

/ (Agu)vdu—l—/ (Vgu, Vguydp =0
M

M

makes sense if you use the correct definitions.

4.1.5. Yamabe problem. Ricci flow. Like in the rest of disciplines
of Mathematics, the combination of differential geometry and PDEs has
given rise to clasical problems that have focused the interest of gener-
ations. We will comment here on two problems that have attracted
attention in the last decades.

e Yamabe Problem. Let g be a metric in the conformal class of a
metric go. Let D denote the Levi-Civita connection of g. We denote by
R = R, and Ry the scalar curvatures of the metrics g, go, respectively.
Write Ag for the Laplacian operator of gg. Then we can write

4/(n—2)

g=u 90
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locally on M for some positive smooth function u. Moreover, we have
the formula

R=—-u"Lu on M,
with N = (n+2)/(n — 2) and

4(n—1)

Lu = rkAju — R =
u RAQU olu, K 2

Note that Ay — ﬁfio is the conformal Laplacian relative to the
background metric. Write equivalently, R,u” = Ryu — kAqu.

The standard Yamabe Problem can be stated thus: given g9, Ry and
R,, find w. This is a nonlinear elliptic equation for w.

An evolution version of the Yamabe problem leads to the so-called Fast
Diffusion Equation, u; = Au™ with exponent m = (n—2)/(n+2) < 1.
The problem is described for instance in [17].

e Ricci flow.The Ricci curvature features prominently in R. Hamil-
ton’s program, 1982, to classify three dimensional manifolds by contin-
uous deformation of the original metric. This is a remarkable idea to
try to solve by PDE methods the old Poincaré conjecture (one of the
7 problems of the Clay list). The proposed flow is

(41) atgij = —RZ]

In view of the expression of R;; in terms of g;; and its partial derivatives,
this turns out to be a system of nonlinear partial differential equations
for the evolution of the metric tensor g;;. It is formally of parabolic
type, so Hamilton established for it maximum principles and Harnack
inequalities. But the program faced difficulties related to the blow-up
of solutions in finite time

In 2002-03 G. Perelman posted three papers with a complete solution
of that problem, and this seems to be one of the main mathematical
events of the running century. In this way Riemann’s legacy is more
present than ever before for the mathematical research community.

More details on this topic can be found in J. Porti’s contribution in
this volume.
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4.2. General relativity. Einstein’s equation. Riemann’s ideas went
further and they turned out to provide the mathematical foundation
for the four-dimensional geometry of space-time in Einstein’s theory of
general relativity.

The Einstein tensor G is a 2-tensor on pseudo-Riemannian manifolds
which is defined in index-free notation as

1
(4.2) G=R-— §Rg’

where we use the following notations: R is the Ricci tensor, g is the
metric tensor and R is the Ricci scalar (or scalar curvature). In com-
ponents, the above equation reads

1
Gij = Rij — §Rgij7

and Einstein’s field equations (EFE’s) are:
87

Gij = 7Tij>
a system of second order partial differential equations in 4 variables.
The quantities T;; are the components of the stress-energy tensor, so-

called because it describes the flow of energy and momentum.

5. RIEMMANN AND THE PDES oOF PHYSICS

5.1. Riemann’s interest in Physics. The influence of the famous
experimental physicist W. Weber was important in Riemann’s view of
mathematics. Apart from his contributions to the mechanics of air
waves, he was keenly interested in the contemporary developments,
and in teaching. Let us mention here the famous book [15]: Riemann’s
lectures on the partial differential equations of mathematical physics
and their application to heat conduction, elasticity, and hydrodynam-
ics were published after his death by his former student, Hattendorff.
Three editions appeared, the last in 1882; and few books have proved
so useful to the student of theoretical physics. The object of Riemann’s
lectures was twofold: first, to formulate the differential equations which
are based on the results of physical experiments or hypotheses; second,
to integrate these equations and explain their limitations and their ap-
plication to special cases.
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5.2. Paper “Uber die Fortpflanzung...", 1860. The equations
of gas dynamics. Let us go back to creative science. Though Rie-
mann’s fame is usually associated among mathematicians with pure
mathematics (Riemann’s Hypotheses, Riemann surfaces, Riemannian
geometry), his contribution to applied science is fundamental in the
area of aerodynamics.

Let us present his contribution in a brief form. One-dimensional isen-
tropic gas flow is a mathematical abstraction described by the system
of differential equations

g+ uty +pi/p =0,
5.1
oY s

plus the algebraic equation p = p(p).

In applications z is interpreted as length along a tube, whose transver-
sal dimensions are supposed to be irrelevant, u is interpreted as fluid
particle speed and p as density. The equation p = p(p) is called equa-
tion of state and for ideal gases it takes the form p = Cp” where
v = 1,4. Evidence on the determination of this ~ really worried Rie-
mann as he says at the beginning of his paper (he was not an absent-
minded theoretician!).

In a more modern style, we may write the equations in a compact way
(5.2) U, + A(U)U, =0,

which encodes the system:
' P pu P 0)"

5.2.1. Hyperbolic systems. In order to continue we do linear alge-
bra, calculating the eigenvectors and eigenvalues of the matrix A. We
obtain

A =u+c, A =UuU—=cC
where ¢ = p/(p) (cis called the speed of sound). Note that A = \(u, p),

hence it changes with (z,t) depending on the flow you are solving at
this time.
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If p # 0 then ¢ # 0 and we have two different eigenvalues and we are
entering with Riemann into the theory of Nonlinear Hyperbolic Differ-
ential Systems, still frightening today. Peter Lax, Courant Institute,
Abel Prize winner, is a world leader in the topic. See his monograph

8].

We now get a map from (z,t) into (u, p), with two nice directions for
the linearization of the evolution equation,

If you are Riemann, or you are able to follow his train of thought, this
allows you to construct some magical local coordinates where the flow
is not complicated. Correct coordinates are Riemann’s specialty.

5.2.2. Riemann invariants. The eigenvectors of the system are
U, = (C/p7 1)7 Uy = (C/p,—l)

Now Riemann tells us to find the characteristic lines: if we think that
the solution is known, then solve the ODE Systems

dz

— = Aa,t,U

o = Al )

He tells you then to find functions Fj, F,, called the Riemann in-
variants, which are independent and constant along the corresponding
characteristics. In the gas example they are

Fi:uj:/@dp.

Since these functions are constant on the characteristics, they allow to
see what the characteristics do and this says what the flow does at any
moment. Replace (u, p) by Fi, Fy and try to see something. The reader
can follow the detailed development in Chorin-Marsden [3] or Smoller
[16].

5.2.3. Shocks. The theory Riemann develops allows to solve the sys-
tem in a classical way if and only if the characteristics of the same type
for different points do not cross. In that case the invariant takes two
values, a shock appears.
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Shocks appear in the examples even in d = 1, which is the Burger’s
equation
u +uu, = 0.

Since it happens in the simplest nontrivial mathematics, Riemann con-
cludes that you cannot avoid shock formation, and that a theory of
solutions with discontinuities that propagate in some magical way is
needed. This is today the theory of shocks and discontinuous solutions
of conservation laws.

Very soon the physical community recognized this work as a funda-
mental new insight into the complexity inherent to compressible fluids.

Rankine and Hugoniot completed the work of Riemann when the gas
is not isentropic and the system is three dimensional. They even found
that Riemann made an error in that general case! (cf. [6], [11]).

Aftermath. The story of how discontinuous functions can be correct
solutions of a partial differential equation of mathematical physics, and
even more, how important is what happens at the point where classical
analysis breaks down, is one of the deepest and most beautiful aspects
of PDEs in the 20th century. The catch word is entropy solutions, a
theory that counts famous names in the last decades like P. Lax, O.
Oleinik, S. Kruzhkov, J. Glimm, and continues for instance with the
recent work by A. Bressan.

Before Riemann nobody really dared to face those problems, after him
all of us must!

Follow the whole “shocking story” in references like [8], 3], [16], and
more recently, [1], |2]. Connections of shocks and general relativity are
described in [4].
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6. PICTURE GALLERY. SOME SHOCK WAVES IN NATURE

Schlieren Image — Convection Currents and Shock Waves, Steve
Butcher, Alex Crouse, and Loren Winters — August, 2001.

The projectiles were 0.222 calibre bullets fired with a muzzle velocity of 1000
m/s (Mach 3). The Schlieren lighting technique used for these images makes
density gradients in fluids visible. Color filtration provides false color images
in which the colors provide information about density changes.
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This Hubble telescope image shows a small portion of a nebula called
the "Cygnus Loop."

This nebula is an expanding blast wave from a stellar cataclysm, a su-
pernova explosion, which occurred about 15,000 years ago. The super-
nova blast wave, which is moving from left to right across the picture,
has recently hit a cloud of denser-than-average interstellar gas. This
collision drives shock waves into the cloud that heats interstellar gas,
causing it to glow.

Sandia Releases New Version of Shock Wave Physics Program; it can
be found in:

http://composite.about.com/library/PR /2001 /blsandial.htm
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As a conclusion of this work, as practitioners of PDEs interested in
understanding how the real world works, and above all as mathemati-
cians, we would like to say

Danke schon, Herr Riemann!
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RIEMANN & PHYSICS

EMILI ELIZALDE

ABSTRACT. Riemann’s interest in physics is clear from his legacy,
which is discussed in detail in all the contributions to this volume.
Here, after providing a very concise review of the main publica-
tions of Bernhard Riemann on physical problems, we will turn to
consider some rather less known (but not less interesting) connec-
tions between Riemann’s papers and contemporary Physics. More
specifically, we will address, among other aspects: (a) the influence
of Riemann’s work on the zeta function, its functional formula, and
related extensions of those concepts, to the regularization of quan-
tum field theories in curved space-time (in particular, that of the
quantum vacuum fluctuations); and (b) the uses of the Riemann
tensor in general relativity and in very recent generalizations of
this celebrated theory, which aim at understanding the presently
observed acceleration of the universe expansion (the dark energy
issue). We shall argue that the importance of the influence in
Physics of Riemann’s purely mathematical works exceeds by far
that of his papers which were directly devoted to physical issues.

1. INTRODUCTION

The presentation at the meeting, on which this paper on Riemann’s
work is based, took place at the very end of a long day of dense and
interesting discussions. It is in this framework that the contents which
follow have to be pondered. The author is somehow afraid he tried to
present in the talk rather deep concepts in a light, almost casual way.
This was however maybe not too bad, since it gave rise to a number of
clever questions from the audience. They can be found, hopefully, in
the recordings of the lecture, to which the reader is addressed for addi-
tional information, when needed. We will try here to avoid repeating
concepts and arguments already contained in the other contributions

161
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to this volume. For all these reasons—and also for lack of space—
the present article will not be self-contained, but the reader will be
addressed to the relevant references at the appropriate places. Even
then, some repetition will be unavoidable, but hopefully the viewpoints
will be different and maybe enriching.

It is quite clear that Riemann was definitely interested in physics. This
may sound to more than one a weird statement nowadays, when he is
considered to be a pure mathematician, who gave name to so many
concepts in different fields of mathematics, as the Riemann integral,
the Riemann surface, the Cauchy-Riemann equations, the Riemann-
Roch theorem, the Riemannian manifolds, the Riemann curvature ten-
sor and, most notably the Riemann zeta function, with its associated
conjecture—the only one of Hilbert’s problems that after the turn of
the XXth Century has entered the new list of Million Dollar Problems
of the XXIst (awarded by the Clay Foundation). However, historians of
science assure that during his life and till as late as 60 to 80 years after
his death, Riemann was counted among the list of important physicists,
whose ideas on the unification of all known forms of energy preceded
the ground-breaking work of Hilbert and Einstein (see later, and also
the other contributions in this volume). Even more surprising is to
learn that Riemann was not only a theoretical physicist, but also an
experimental one, and that he made use of physical proofs with charged
surfaces in order to establish supplementary checks of the validity of
some mathematical theorems (as boundary problems involving partial
differential equations).

Let me here just recall that, as a student at Gottingen university, Rie-
mann worked with Weber on electromagnetism, which happened start-
ing around 1849. Like Riemann, Weber was also a student of Gauss, but
at that time Weber had already a faculty position. He had proposed a
theory of electromagnetism which gained him a name in history, as ev-
ery physicist knows, although not through his theory in fact, that was
eventually superseded by Maxwell’s one, the real landmark in classical
electromagnetism. Gauss himself is also famous for his important work
on this subject.

Riemann publications include some fifteen papers, four of which where
published after his death. Needless to say, this does not include a



RIEMANN & PHYSICS 163

number of important notes, letters, books and other writings that also
form part of his written scientific production. In the first section of the
present paper a brief summary will be provided (the reader is again
addressed to the other contributions in this issue for more detailed dis-
cussions) of the six papers (among the mentioned fifteen) which are
devoted to physical problems. Then, sort of a panoramic view will be
presented of the enormous influence of Riemann’s work on pure math-
ematics to past and present Physics. In the last part of the paper I will
concentrate more specifically on a couple of issues of my own speciality,
namely, on the one hand, the use of zeta functions as a very elegant
regularization tool in quantum field theory, including a brief descrip-
tion of its uses for the calculation of quantum vacuum fluctuations, the
Casimir effect, and the related cosmological constant problem. The
other issue to be addressed is the very well known applications of the
Riemann curvature tensor and all his geometrical formalism in general
relativity and the, much less known but very important nowadays, pro-
posed modifications of the Einstein-Hilbert Lagrangian with additional
terms—a function of the curvature scalar, the so-called f(R) theories.
Only ca. hundred years after the formulation of general relativity, on
response to the demand of the observed acceleration of the universe
expansion (the crucial dark energy issue), have some attempts at a
modification of Einstein’s equations started to appear. But again, no-
tably, in terms of its basic Riemannian building blocks, as we shall later
see.

2. SIX RIEMANN PIECES ON PHYSICAL PROBLEMS

The starting reference list of works by Riemann, previously mentioned,
consists of The Mathematical Papers of Georg Friedrich Bernhard Rie-
mann (1826-1866), a collection which contains scientific papers of Bern-
hard Riemann as transcribed and edited by David R. Wilkins [1]. These
texts are based on the second edition of the Gesammelte Mathematis-
che Werke and, in the case of some of the papers, the original printed
text in the Journal fiir die reine und angewandte Mathematik, Annalen
der Physik und Chemie and Annali di Matematica. Included in Ref. [1]
are all papers published in Riemann’s lifetime, papers and correspon-
dence published after Riemann’s death by Dirichlet and others prior
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to the publication of the first edition of the Gesammelte Mathematis-
che Werke (with the exception of the fragment Mechanik des Ohres,
which is non-mathematical in character), and one of the papers from
his Nachlass, first published in the Gesammelte Mathematische Werke.
There is also a translation by W. K. Clifford of Riemann’s inaugural
lecture on the foundations of geometry, and a biographical sketch by
Richard Dedekind that was included in the Gesammelte Mathematische
Werke.

However, I will not go here through all these works. I will restrict
my attention to a subset which, although not complete as viewed by
a historian of science, I think it is fair enough in order to establish
my point that Riemann’s physical production was actually a good part
of his complete scientific work. I will reduced the whole sample in
Ref. [1] to that of the published papers—during Riemann’s lifetime
and posthumously—and limit my study to the papers on physical issues
among them. The list of these published articles is as follows.

2.1 Papers published in Riemann’s lifetime

(1) Grundlagen fiir eine allgemeine Theorie der Functionen einer
veranderlichen complexen Grosse, Inauguraldissertation, Gottin-
gen (1851).

(2) Ueber die Gesetze der Vertheilung von Spannungselectricitdt in
ponderabeln Korpern, wenn diese nicht als vollkommene Leiter
oder Nichtleiter, sondern als dem FEnthalten von Spannungse-
lectricitat mit endlicher Kraft widerstrebend betrachtet werden,
Amtlicher Bericht tiber die 31. Versammlung deutscher Natur-
forscher und Aerzte zu Gottingen (im September 1854).

(3) Zur Theorie der Nobili’schen Farbenringe, Annalen der Physik
und Chemie, 95 (1855) 130-139.

(4) Beitrage zur Theorie der durch die Gauss’sche Reihe F(c, 3,7, x)
darstellbaren Functionen, Abhandlungen der Koniglichen Ge-
sellschaft der Wissenschaften zu Géttingen, 7 (1857) 3-32.

(5) Selbstanzeige: Beitrige zur Theorie der durch die Gauss’sche
Reihe darstellbaren Functionen, Gottinger Nachrichten (1857)
6-8.



RIEMANN & PHYSICS 165

(6) Theorie der Abel’schen Functionen, Journal fiir die reine und
angewandte Mathematik, 54 (1857) 101-155.

(7) Ueber die Anzahl der Primzahlen unter einer gegebenen Graisse,
Monatsberichte der Berliner Akademie (November, 1859) 671-
680.

(8) Ueber die Fortpflanzung ebener Luftwellen von endlicher Schwin-
gungsweite, Abhandlungen der Koniglichen Gesellschaft der Wis-
senschaften zu Gottingen, 8 (1860) 43-65.

(9) Selbstanzeige: Ueber die Fortpflanzung ebener Luftwellen von
endlicher Schwingungsweite, Gottinger Nachrichten (1859) 192-
197.

(10) FEin Beitrag zu den Untersuchungen tber die Bewegung eines
fliissigen gleichartigen Ellipsoides, Abhandlungen der Konigli-
chen Gesellschaft der Wissenschaften zu Gottingen, 9 (1860)
3-36.

(11) Ueber das Verschwinden der Theta-Functionen, Journal fir die
reine und angewandte Mathematik, 65 (1866) 161-172.

2.2 Posthumously published papers of Riemann

(12) Ueber die Darstellbarkeit einer Function durch eine trigono-
metrische Reihe, Habilitationsschrift, 1854, Abhandlungen der
Koniglichen Gesellschaft der Wissenschaften zu Gottingen, 13
(1868).

(13) Ueber die Hypothesen, welche der Geometrie zu Grunde liegen,
Habilitationsschrift (1854), Abhandlungen der Koniglichen Ge-
sellschaft der Wissenschaften zu Gottingen, 13 (1868).

(14) Ein Beitrag zur Elektrodynamik (1858), Annalen der Physik und
Chemie, 131 (1867) 237-243.

(15) Ueber die Flache vom kleinsten Inhalt bei gegebener Begrenzung,
Abhandlungen der Koniglichen Gesellschaft der Wissenschaften
zu Gottingen, 13 (1868).

Six among these fifteen papers (namely, those with numbers 2, 3, 8, 9,
10, 14) are the ones that I have selected because they directly address
issues of theoretical and experimental physics. I now provide a free
translation of their titles, together with a short summary of each of
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them (indeed very brief, since they are also described in some detail in
the other contributions to this volume).

2.3 Riemann papers on Physics

2. About the distribution laws of electric tension in ponderable bod-
1es, when these cannot be constdered as absolutely conductors or
non-conductors, but as opposing with a finite force to the elec-
tric tension they contain, Official Report at the 31st Meeting
of German Scientists and Physicians at Gottingen (September,
1854).

Riemann considers in this paper Leyden jars, where an elec-
tric charge is kept, and studies in particular how, once the bot-
tle has been emptied, a certain amount of charge still remains,
which gradually disappears with time. He studies in detail the
corresponding law describing this phenomenon. Riemann deals,
in particular, as the title clearly indicates, with bodies that are
neither perfect conductors nor perfect isolators. He elaborates
on previous work by Ohm, Weber, Kirchhoff and Kohlrausch.
An important point in the whole development is the contact
with the corresponding experimental results. The mathemat-
ical basis of the paper are partial differential equations, as is
also the case in the ones to follow.

3. On the theory of noble color rings, Annals of Physics and Chem-
istry, 95 (1855) 130-139.

Here an experimental study of the propagation and of the
distribution of an electrical current in a conductor is presented.
The rings mentioned in the title are generated when one cov-
ers a plate of a noble metal, as platinum, gold plated silver, or
similar, with a solution of lead oxide. Then, an electric current,
produced by a battery, is connected to the plate. In this way,
the so-called Newton color rings are produced. Riemann elabo-
rates here on previous results by Becquerel, Du-Bois-Reymond
and Beetz, improving their calculation and discussing about the
hypothesis previously considered by these authors.

8. About the propagation of plane airwaves of finite oscillation am-
plitude, Sessions of the Royal Science Society at Gottingen, 8
(1860) 43-65.
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Riemann integrates in this paper the differential equations
corresponding to the movement of gases, under different con-
ditions of pressure and temperature. He remarks that he can
bring his calculations further away in the order of approxima-
tion, with respect to those previously carried out by Helmholtz,
for instance, who only got to the second order in the pertur-
bative expansion. He refers to previous results by Helmholtz,
Regnault, Joule and Thomson, improving their calculations,
discussing the set up and improving the hypothesis in the works
by these authors. With 22 pages, this is quite a long paper as
compared with other papers of Riemann.

Self-announcement: About the propagation of plane airwaves of
finite oscillation amplitude, Gottingen Notices (1859) 192-197.

This is a very short compendium of the main mathematical
formalism that is used in the former paper, of the same title, in
order to obtain the results. In spite of its title, this one could
be considered as a mathematical article. Indeed, it deals with
the theory of propagation of a gas, but the only physical in-
put in the whole paper is the mathematical equation giving the
behavior of gas pressure as a function of the density (that is,
its equation of state), in the absence of any heat exchange. He
develops the mathematical formalism in detail and compares
with previous results by other mathematical physicists as Chal-
lis, Airy, Stokes, Petzval, Doppler and von Ettinghausen (most
of them have given names to quite famous equations).

A contribution to the investigation of the movement of a uni-
form fluid ellipsoid, Sessions of the Royal Science Society at
Gottingen, 9 (1860) 3-36.

Again as clearly indicated in the title, Riemann deals here
with the movement of a uniform fluid ellipsoid, which is con-
sidered to be constituted by isolated points that attract them-
selves under the influence of gravity. This is considered one of
the finest papers by Riemann within the class of those consid-
ered here, i.e. the ones dealing with actual physical problems.
In the paper, the equilibrium configurations of the ellipsoid are
identified, what has many and important applications, e.g., to
the study of the possible forms of celestial bodies as galaxies
or clusters. Riemann studies in particular the evolution of the
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principal axis of the ellipsoid and the relative movement of its
components. As the one before, this is also a rather mathe-
matical paper, since the only physics it contains is practically
reduced to the initial conditions and Newton’s law. Previous
results of Dirichlet and Dedekind on this problem are extended.

14. A contribution to Electrodynamics, Annals of Physics and Chem-
istry, 131 (1867) 237-243.

This paper is generally considered to incorporate the main
results of Riemann’s physical (and also philosophical) ideas on
the ‘unification’ of gravity, electricity, magnetism, and heat. It
contains indeed his observation on how a theory of electricity
and magnetism is closely related with those for the propagation
of light and heat radiation. He presents in the paper a complete
mathematical theory, with “an action that does not differenti-
ate” the already mentioned four cases of “gravity, electricity,
magnetism, and temperature”. The finite velocity of propaga-
tion of the interaction (as opposed to the predominant concept,
at the epoch, of action at a distance) is clearly presented, identi-
fying such velocity with that of light, which has been considered
by many to be a really remarkable achievement of Riemann’s
genius. The paper, which with only six pages is in fact quite
short, relies on experimental results by Weber and Kohlrausch,
Busch, and by Bradley and Fizeau.

2.4 Some additional considerations

(1) Once more, those above are not all the works on physical issues
Riemann wrote, but just the ones extracted from a uniform
sample, namely his published articles.

(2) A good example of a work not in the list is the well-known
book by H. Weber and B. Riemann, Die partiellen Differential-
Gleichungen der mathematischen Physik nach Riemanns Vor-
lesungen, 6. unveranderte Aufl., 2 vols (Vieweg, Braunschweig,
1919), that was used for many years as a textbook in different
universities, together with several other papers by Riemann.

(3) An interesting biography of Riemann is the book by Monastyrsky
2]. A lot of emphasis is made there on the importance of the
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contribution to physics of paper 14 of the list above. In par-
ticular, it is underlined how Riemann was searching for “.. a
completely self-contained mathematical theory ..., which leads
from the elementary laws up to the actions in an actually given
filled space, without making a difference between gravity, elec-
tricity, magnetism or the equilibrium of temperature.”

(4) In the celebrated biography of David Hilbert by Constance Reid
[3] we can read that Hilbert sustained the opinion (referring to
what is nowadays known as the Einstein-Hilbert action) that
“... the invariance of the action integral unifies electromag-
netism with gravity ...”7, yielding in this way a solution to a
problem that, as he recognizes, “.. was already posed by Rie-
mann: the connection between gravitation and light.” Hilbert
goes on to observe that, since then, many investigators had
tried to arrive at a deeper understanding of this connection by
merging the gravitational and electromagnetic potentials into a
unity. The one example Hilbert mentions explicitly is Weyl’s
unification of the two fields in a “unified world metric,” as he
calls it, by means of Weyl’s notion of gauge invariance.

(5) Remarkably enough, in what is probably one the most exhaus-
tive biographies of Riemann ever written, Laugwitz [4] forgets
almost completely about Riemann’s work on physical issues.
This is, in my view, to push to an extreme the opinion that I
maintain here, which is much more moderate and doublefaced.

3. INFLUENCE IN PHYSICS OF RIEMANN’S PURELY MATHEMATICAL
PAPERS

It is the opinion of the author, shared also by others (see, e.g., Ref. [4]),
that the influence in Physics of Riemann’s purely mathematical papers
exceeds by far, in its manifest importance, the above mentioned con-
tributions on actual physical problems; even if the interest of the last
attains already, as we have pointed out in the preceding section, a fair
high level.

I would need more space and time than I have at disposal in order
to describe all such intertwining influences. In the following, to start,
a rather short list of items will provide some basic ideas about those
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influences. Then we will elaborate on some of them in more detail,
not only because of their importance, but also because of the fact that
they have to do with my own scientific expertise and published record
— mostly join works with a number of different colleagues— in the last
few years.

3.1. On the concept of space. One reason why the discovery of non-
Euclidean geometry took so long might have been the fact that there
was universal belief that Euclidean geometry was special because it de-
scribed the space we live in. Stemming from this uncritical acceptance
of the view that the geometry of space is Euclidean was the conviction
that there was no other geometry. Philosophers like Emmanuel Kant
argued that the Euclidean nature of space was a fact of nature, and
the weight of their authority was very powerful. From our perspective,
we know of course that the question of the geometry of space is in
fact entirely different from the question of the existence of geometries
which are non-Euclidean. Gauss was the first who clearly understood
the difference between these two issues. In Gauss’ Nachlass one can
find his computations of the sums of angles of each of the triangles
that occurred in his triangulation of the Hanover region. His conclu-
sion was that the sum was always two right angles, within the limits
of observational errors.

Nevertheless, quite early in his scientific career Gauss became con-
vinced of the possibility of constructing non-Euclidean geometries, and
in fact came up with the ‘theory of parallels,” but because of the fact
that the general belief in Euclidean geometry was deeply ingrained,
Gauss decided not to publish his researches in the ‘theory of parallels’
and the construction of non-Euclidean geometries for fear that there
would arise criticisms of such investigations by people who did not
understand those things (’the outcry of the Boeotians’).

Riemann took this entire circle of ideas to a higher, completely different
level. In his famous inaugural lecture of 1854, written under the advice
(or, better, compulsory choice) of Gauss himself, he touched upon all
of the aspects that his thesis advisor had considered. He pointed out,
to start, the very crucial idea that a space does not have any structure
except that it is a continuum in which points are specified by the values
of n coordinates, n being the dimension of the space. On such a space
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one can then impose many geometrical structures. His great insight
was that a geometry should be built from these infinitesimal parts. He
treated in depth geometries where the distance between pairs of in-
finitely near points is pythagorean, formulated also central questions
about such geometries, and discovered the set of functions—the sec-
tional curvatures—whose vanishing characterized the geometries which
are Euclidean, namely those whose distance function is pythagorean not
only for infinitely near points, but even for points which are a finite
but small distance apart.

If the space is the one we live in, he formulated the principle that its
geometrical structure could only be determined empirically. In fact he
stated explicitly that the question of the geometry of physical space
does not make sense independently of physical phenomena, i.e., that
space has no geometrical structure until we take into account the phys-
ical properties of matter in it, and that this structure can be deter-
mined by measurement only. Indeed, he went so far as to say that “the
physical matter determines the geometrical structure of space”. This
groundbreaking idea took definite form some half a century later with
Einstein equations.

Indeed, it is also important to remark that Riemann’s ideas consti-
tuted a profound departure from the perceptions that had prevailed
until his time. No less an authority than Newton had asserted that
space by itself is an “absolute entity endowed with Fuclidean geomet-
ric structure”, and had built his entire theory of motion and celestial
gravitation on that premise. Riemann went completely away from this
point of view. Thus, for Riemann, space derived its properties from
the matter that occupied it, and he asserted that the only question that
could be studied was whether the physics of the world made its ge-
ometry Euclidean. It followed from this idea that only a mixture of
geometry and physics could be tested against experience. For instance,
measurements of the distance between remote points clearly depended
on the assumption that a light ray would travel along shortest paths.
This merging of geometry and physics, which is a central and domi-
nating theme of modern physics, since Einstein’s work, may be thus
traced back to Riemann’s inaugural lecture [5].
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3.2. Linear algebra, the concept of n—dimensional space (lin-
ear, or trivial ‘variety’). It has been often reported (and this seems
indeed to be the case) that linear algebra was a ‘trivial matter’ for Rie-
mann. However, in Laugwitz’s book [4] (p. 242) we can read that the
early developments of Riemannian geometry were ‘prolix and opaque’
because ‘the development of linear algebra failed for a long time to keep
pace with the progress of analysis.” This may be true, in fact: although
nowadays n—dimensional linear spaces and their algebraic properties
are considered to be one of the simplest theories in Mathematics, and
its uses in classical and quantum physics are so basic and widespread
(including infinite dimensional spaces, topological spaces, Banach and
Hilbert spaces, etc.), that even the most basic issues of modern physics
would not be possible without such concepts. One cannot simply trans-
late this view to Riemann’s time. But it was already clear that these
abstract linear spaces had nothing to do with the space we live in,
and were not even called ‘spaces’ by Riemann or Gauss, but rather
‘varieties’ or ‘manifolds’ again.

3.3. Riemann’s integral. Riemann may have arrived at his notion
of an ‘integral’ in answer to the question of whether the Fourier coef-
ficients, ¢,, of a given function tend to 0 (as n goes to infinity). Yet
Laugwitz [4] characterizes Riemann’s introduction of his integral as ad
hoc and remarks that “History would have been different if he had
asked himself the question: what kind of integral implies the equality

lim/abfnz/abf,

where f,, is a monotonically increasing sequence of integrable functions
that converge pointwise to the limit f?7”

It is of course true that Lebesgue’s integral is the ultimate extension
of Riemann’s one, a most fundamental tool in measure theory. But
it is not less certain that, concerning the subject at discussion here,
Riemann’s integral is much more intuitive for a physicist. This I know
well since I have been teaching both kind of integrals to physicists dur-
ing many years. The Riemann integral is such a physically fashionable
object, in particular the incremental version before the limit is taken,
before an ‘increment’ is transformed into a ‘differential’, which is a far
more elusive concept indeed! (I know well from my students). The
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corresponding upper and lower finite sums', ... no realization of an
integral could be more suited to the physicist’s mind.

3.4. Complex Variables, Cauchy-Riemann equations. Riemann’s
Thesis studied the theory of complex variables and, in particular, what
we now call Riemann surfaces. It therefore introduced topological
methods into complex function theory. The work elaborates on Cauchy’s
foundations of the theory of complex variables built up over many years
and also on Puiseux’s ideas of branch points. However, Riemann’s The-
sis is a strikingly original piece of work which examined geometric prop-
erties of analytic functions, conformal mappings and the connectivity
of surfaces. Riemann’s work was always based on intuitive reasoning
which would fall at instances a little below the rigor required to make
the conclusions watertight. However, the brilliant ideas which his works
contain are so much clearer because his papers are not overly filled with
lengthy computations [6], and this is why they were so frequently used
in lecture courses (in special in Italy) afterwards. Again, one recog-
nizes the physicist’s approach in many of his discussions, but more
important than this is the enormous use that both classical and quan-
tum physics has made of the complex calculus that Riemann (among
others) contributed to expand and popularize in a very efficient way.

3.5. Riemann surface, sphere, manifold. In principle, those are
very abstract concepts, but which have been applied, e.g., by engineers
to the study of aerodynamics and hydrodynamics. At a different level,
theoretical physicists have more recently drawn upon them very heavily
in their formulations of string theory.

String theory is the modern version of a Theory of Everything (TOE).
It suggests replacing pointlike particles with infinitesimal vibrating
strings as the basic units of the physical world. Some ten to fifteen years
ago, when string theory was overwhelmingly dominating the landscape
in theoretical physics?, there have even been jokes about the typical

IWith references to the determination of areas of real fields in ancient Egypt and
Mesopotamia.

>There is a fashionable string theory landscape right now which contains an
enormous amount (maybe 10°°) of possible vacuum solutions of the corresponding
theory. Choosing one among them seems hopeless, for the moment, and it is one
of the main problems of M theories (M stands for ‘Mother’, or ‘Mysterious’).
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theoretical physicist always carrying Farkas and Kra’s book (Riemann
Surfaces) under his arm, everywhere from place to place [7]. Edward
Witten, from the Institute for Advanced Study at Princeton, has been,
and continues to be, one of the main architects of string theory. He
has given talks from time to time on Riemann’s work, when discussing
some of the relations between physics and mathematics in the 20th
and 21st centuries, to which the reader is addressed for material that
complements a lot, from a different, much more ambitious perspective,
what I will discuss below.

3.6. Analytic continuation, complex power series. Most of Rie-
mann’s predecessors concentrated on a power series expansion rather
than on the function that it represents. By shifting emphasis to the
latter, Riemann could eliminate superfluous information, determining
a complex function from its singularities. Riemann’s work used sim-
ple concepts in place of the lengthy and sometimes obscure compu-
tations typical of his predecessors and contemporaries. The steady
decrease in the amount of attention Riemann seems to have paid to
power series between 1856 and 1861 indicates how Riemann’s thought
matured, shifting further away from computation. Even when using
his great computational abilities, Riemann still focused upon concepts
rather than the computation itself. Since relations obtained from se-
ries expansions of functions retain their validity outside their regions of
convergence, he asked himself what actually continues functions from
region to region? For example, Riemann constructed a function that
has simple zeros at z = 0,1, 2, ... and is finite for all finite z (see Laug-
witz [4]). The road to his function g(z) was heuristic, but this was of no
consequence to Riemann. All he wanted was to find some function with
the prescribed zeros. By contrast, Weierstrass always aimed to obtain
formula representations of given functions. The Riemann approach to
this issue is one of the main starting points in a big part of the present
author’s work, as it will be commented later in more detail.

3.7. Curvature tensor. Differential Geometry. In his general the-
ory of relativity, Einstein used Riemann’s concept of curved space as
the basis for his elegant explanation of gravitation. Massive objects put
a dimple in space in their vicinity. So when other physical objects, in-
cluding photons, which do not have any mass, wander into the object’s
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vicinity, they encounter this curved space. Such curvature determines
the path the objects follow, in a way that was formerly attributed to
the force of attraction that we call gravity.

In much the same way that Riemann conceived of curving and twisting
space in innovative ways, he also described a set of abstract surfaces
that were created by cutting and pasting together normal surfaces in
ways that cannot be employed with real surfaces, but can be thought
abstractly. You can do a lot of mathematics on those abstract sur-
faces. So this has been an amazingly important idea for many parts of
mathematics, and now for physics.

General relativity, quantum field theory in curved spaces, string theo-
ries, gravitation, modern cosmology, would had been impossible with-
out those basic concepts introduced by Riemann.

3.8. The Riemann zeta function. This is known to be of extreme
importance in analytic number theory. But also, through its analytical
continuation (the so called functional equation or reflection formula of
the zeta function), and extrapolating the concept of the zeta function
to the domain of pseudodifferential operators (the spectral values of the
operator replace the natural numbers in the zeta function definition),
as a regularization tool in quantum field theory (notably in curved
space-time), for dynamical systems (classical and quantum), the con-
cept of chaos (also present nowadays in the issue of the distribution of
non-trivial zeros, or Riemann conjecture), etc. The interconnections
between pure mathematics and physical uses here is becoming more on
more profound as decades advance.

4. SELECTED HOT SUBJECTS: CONCEPT OF SPACE, ZETA
REGULARIZATION, MODIFIED GRAVITY THEORIES

4.1. The concept of space.

4.1.1. Historical evolution of the concept of space. A summary of the
evolution of the concept of space, from the very remote times of its
inception, could be as follows.
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(1) The introduction of the concept of space seems to go back to
the pre-Socratic philosophers, who already had coined this no-
tion, together with some other very important ones as those
of substance, number, power, infinity, movement, being, atom,
and of course time, among others.

(2) The Pythagorean school should be mentioned as another im-
portant step, in its attempt at bringing all these concepts, in
particular the one of space to the domain of numbers (“all things
are numbers”). Just recall the importance of Pythagoras theo-
rem, that has so much to do with space and with Gauss’ search
to check if the space we live in was or not Euclidean.

(3) Euclid’s “Elements”, this goes without saying as one of he most
important pieces of work in the History of Mankind. It was so
influential, for generations, that departing from the concept of
Euclidean space was absolutely impossible for many centuries
to come.

(4) Indeed, still for Isaac Newton “space is, by itself, an absolute
entity embedded with a Euclidean geometrical structure”.

(5) On the side of the philosophers, for Immanuel Kant “that space
15 Fuclidean is a property of nature itself”.

(6) Now Bernhard Riemann came to clearly say, as we have ad-
vanced before, the following: “many spaces are possible; it is
the physical matter that determines the geometrical structure of
space”.

(7) And Albert Einstein gave a precise mathematical formulation of
this concept, with the important help of Grossmann and making
use of Riemann’s manifolds and tensors: space-time is curved
by matter, as prescribed by Einstein’s equations (in terms of
the Riemann curvature tensor).

(8) Finally, an embracing reflection by Eugene Wigner, which can
be extended to the whole development of the concept of space,
is that of “the unreasonable effectiveness of Mathematics in the
Natural Sciences”.

4.1.2. On the topology and curvature of our universe. Let us now con-
nect, briefly, these philosophical ideas about space with recent precise
determinations of the topology and geometrical curvature of the uni-
verse we live in—what can be considered as the modern version of
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the pioneering attempts by Gauss, already mentioned, to determine its
possible curvature.

The Friedmann-Robertson-Walker (FRW) model, which can be ob-
tained as the only family of solutions to the Einstein’s equations com-
patible with the assumptions of homogeneity and isotropy of space, is
the generally accepted model of the cosmos nowadays. But, as the
reader surely knows, the FRW is a family with a free parameter, k,
the curvature, that can be either positive, negative or zero (the flat or
Euclidean case). This curvature, or equivalently the curvature radius,
R, is not fixed by the theory and should be matched with cosmologi-
cal observations. Moreover, the FRW model, and Einstein’s equations
themselves, can only provide local properties, not global ones, so they
cannot tell about the overall topology of our world: is it closed or
open? is it finite or infinite? Those questions are very appealing to
any human being. All this discussion will only concern three dimen-
sional space curvature and topology, time not being for the moment
involved.

Serious attempts to measure the possible curvature of the space we
live in go back to Gauss, who measured the sum of the three angles of
a big triangle with vertices on the picks of three far away mountains
(Brocken, Inselberg, and Hohenhagen). He was looking for evidence
that the geometry of space is non-Euclidean. The idea was brilliant,
but condemned to failure: one needs a much bigger triangle to try to
find the possible non-zero curvature of space. Now cosmologist have
recently measured the curvature radius R by using the largest triangle
available, namely one with us at one vertex and with the other two
on the hot opaque surface of the ionized hydrogen that delimits our
visible universe and emits the cosmic microwave background radiation
(CMB, some 3 to 4 x10° years after the Big Bang) [8]. The CMB maps
exhibit hot and cold spots. It can be shown that the characteristic spot
angular size corresponds to the first peak of the temperature power
spectrum, which is reached for an angular size of .5° (approximately
the one subtended by the Moon) if space is flat. If it has a positive
curvature, spots should be larger (with a corresponding displacement
of the position of the peak), and correspondingly smaller for negative
curvature.
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The joint analysis of the considerable amount of data obtained dur-
ing the last years by balloon experiments (BOOMERanG, MAXIMA,
DASI), combined also with galaxy clustering data, have produced a
lower bound for |R| > 20h~'Gpc, that is, twice as large as the radius
of the observable universe, of about Ry ~ 9h~*Gpc.

General Relativity does not prescribe the topology of the universe, or
its being finite or not. The universe could perfectly be flat and fi-
nite. The simplest non-trivial model from the theoretical viewpoint is
the toroidal topology (that of a tyre or a donut, but in one dimension
more). Traces for the toroidal topology (and more elaborated ones,
as negatively curved but compact spaces) have been profusely inves-
tigated, and some circles in the sky with near identical temperature
patterns were identified [9]. And yet more papers appear, from time to
time, proposing a new topology [10]. However, to summarize all these
efforts and the observational situation, and once the numerical data
are interpreted without bias (what sometimes was not the case, and
led to erroneous conclusions), it seems at present that available data
still point towards a very large (we may call it infinite) flat space.

4.2. On zeta-function regularization and its uses in quantum
field theory. The fact that the infinite series
1 1 1 1
5—2+4+8+~~-+2n+---
has the sum s = 1 is nowadays clear to any school student. It was
not so, even to well learned persons, for many centuries, as we can
recall from Zeno of Elea’s paradox (or Zeno’s paradox of the tortoise
and Achilles), transmitted by Aristotle and based on the pretended
impossibility to do an infinite number of summations (or recurrent
‘jumps’ or steps of any kind, in a finite amount of time). In fact there
are still modern versions of the Zeno paradox (e.g. the quantum Zeno
paradox) which pop up now and then [11, 12].

In a modern version of this paradox, extrapolated to its more far reach-
ing consequences, Krauss and Dent affirm, in a recent paper appeared
in The New Scientist that, incredible as it may seem, our detection
of dark energy could have reduced the life-expectancy of the universe
(). This idea is a worrying new variant of the quantum Zeno paradoz,
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as these cosmologists claim that astronomers may have accidentally
nudged the universe closer to its death by observing dark energy, the
anti-gravity force which is thought to be accelerating the expansion of
the cosmos. These allegations suggest that by making this observation
in 1998 we may have caused the cosmos to revert to an earlier state
when it was more likely to end. Krauss and Dent came to such aston-
ishing conclusion by calculating how the energy state of our universe—a
summation of all its particles and all their energies—has evolved since
the big bang of creation some 13.7 billion years ago.

The quantum Zeno effect is a well known phenomenon in quantum
physics, with sufficiently precise experimental proofs. It says that,
whenever we observe or measure a quantum system repeatedly, we
make its evolution slower and slower, until it could stop decaying. That
is, if an observer makes repeated, quick observations of a microscopic
object undergoing change, the object can stop changing (just as, ac-
cording to common lore, a watched kettle never boils).

A couple of months ago, under the request of some journalists, I was
asked to report on this issue in the scientific sections of a couple of
Spanish newspapers. What I said, in short, is that even being the
quantum Zeno effect a widely accepted phenomenon, the extrapolation
made by Krauss and Dent is far from clear. Actually, I was able to
find some loopholes in the mathematical derivation, what points out
to the conclusion that, even in the best of cases, the computed result
wold be many orders of magnitude smaller than the one reported and,
therefore, negligible.

I shall not discuss on this philosophical point here any further, but
rather concentrate on the beautiful mathematics behind the Zeno para-
dox. Let us continue with the very simple example above. It is quite
clear that, by taking the first term, 1/2, to the left what remains on the
r.h.s. is just one half of the original series (extracting 1/2 as a common
factor), so that

L_s 1
§— === s=1.
2 2
Thus the conclusion follows that when to one half of an apple pie we
add a quarter of it and then an eighth, and so on, what we get in the

end is the whole pie.
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Now, something more difficult: what is the sum of the following series?
s=1+1+14---+1+---

Again, any of us will answer immediately: s = co. In fact, whatever
oo is, everybody recognizes in this last expression the definition itself
of the concept of infinity, e.g. the piling of one and the same object,
once and again, without an end. Of course, this idea is absolutely true,
but it is at the same time of little use to modern Physics. To be more
precise, since the advent of Quantum Field Theory (QFT). In fact,
calculations there are plagued with divergent series, and it is of no use
to say that: look, this series here is divergent, and this other one is also
divergent, and the other there too, and so on. One gets non-false but
also non-useful information in this way, and actually we do not observe
these many infinities in Nature. Thus it was discovered in the 30’s and
40’s that something very important was missing from the formulation
or mathematical modelization of quantum physical processes.

Within the mathematical community, for years there was the suspicion
that one could indeed give sense to divergent series. This has now
been proven experimentally (with 10714 accuracy in some cases) to
be true in physics, but many years earlier mathematicians were the
first to realise that it was possible. In fact, Leonard Euler (1707-1783)
was convinced that “To every series one could assign a number” [13]
(that is, in a reasonable, consistent, and possibly useful way, of course).
Euler was unable to prove this statement in full, but he devised a
technique (Euler’s summation criterion) in order to ‘sum’ a large family
of divergent series. His statement was however controverted by some
other great mathematicians, as Abel, who said that “The divergent
series are the invention of the devil, and it is a shame to base on them
any demonstration whatsoever”. [14] There is a classical treatise due
to G.H. Hardy and entitled simply Divergent Series [15] that can be
highly recommended to the reader.

Actually, regularization and renormalization procedures are essential in
present day Physics. Among the different techniques at hand in order
to implement these processes, zeta function regularization is one of the
most beautiful. Use of this method yields, for instance, the vacuum
energy corresponding to a quantum physical system, which could, e.g.,
contribute to the cosmic force leading to the present acceleration of the
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expansion of our universe. The zeta function method is unchallenged
at the one-loop level, where it is rigorously defined and where many
calculations of QFT reduce basically (from a mathematical point of
view) to the computation of determinants of elliptic pseudodifferen-
tial operators (YDOs) [16]. It is thus no surprise that the preferred
definition of determinant for such operators is obtained through the
corresponding zeta function (see, e.g., [17, 18]).

4.2.1. The zeta function as a summation method. The method of zeta
regularization evolved from the consideration of the Riemann zeta func-
tion as a ‘series summation method’. The zeta function, on its turn,
was actually introduced by Euler, from considerations of the harmonic

series
1+1+1+1+ +1+
2 3 4 n ’

which is logarithmically divergent, and of the fact that, putting a real
exponent s over each term,

1 1 1 1
bttt
then for s > 1 the series is convergent, while for s < 1 it is divergent.
Euler called this expression, as a function of s, the (—function, ((s),
and found the following important relation
=1 1\
= 2= T (1-5) .
n=1 pprime
which is crucial for the applications of this function in Number Theory.
By allowing the variable s to be complex, Riemann saw the relevance
of this function (that now bears his name) for the proof of the prime
number theorem?, and formulated thereby the Riemann hypothesis,
which is one of the most important problems (if not the most important
one) in the history of Mathematics. More of that in the excellent review
by Gelbart and Miller [19].

For the Riemann ((s), the corresponding complex series converges ab-
solutely on the open half of the complex plane to the right of the

3Which states that the number II(x) of primes which are less than or equal to a
given natural number x behaves as z/log x, as * — co. It was finally proven, using
Riemann’s work, by Hadamard and de la Vallé-Poussin.
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abscissa of convergence Re s = 1, while it diverges on the other side,
but it turns out that it can be analytically continued to that part of
the plane, being then everywhere analytic and finite except for the
only, simple pole at s = 1 (Fig. 1).? In more general cases, namely

s /

a.c.

{s)

_

FIGURE 1. The zeta function ((s) is defined in the following
way, on the whole complex plane, s € C. To start, on the open

half of the complex plane which is on the r.h.s of the abscissa of
convergence Res = 1, ( is defined as the absolutely convergent
series: ((s) = > .2, n~%. In the rest of the s—complex plane, {(s)
is defined as the (unique) analytic continuation of the preceding
function, which turns out to be meromorphic. Specifically, it is
analytic everywhere on the complex plane except for one simple
pole with residue equal to 1, which is at the point s = 1 (notice that
it corresponds to the logarithmically divergent harmonic series, as
already discussed).

corresponding to the Hamiltonians which are relevant in physical ap-
plications, [20, 21, 22| the situation is in essence quite similar, albeit in

4Where it yields the harmonic series: there is no way out for this divergence.
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practice it can be rather more involved. A mathematical theorem ex-
ists, which assures that under very general conditions the zeta function
corresponding to a Hamiltonian operator will be also meromorphic,
with just a discrete number of possible poles, which are usually simple
and extend to the negative side of the real axis.”

The above picture already hints towards the use of the zeta function
as a summation method. Let us consider two examples.

(1) We interpret our starting series
si;=1+1+1+---4+14---

as a particular case of the Riemann zeta function, e.g. for the
value s = 0. This value is on the left hand side of the abscissa
of convergence (Fig. 1), where the series as such diverges but
where the analytic continuation of the zeta function provides a
perfectly finite value:

§1 = C(O) = _%-

So this is the value to be attributed to the series 1+1+1+1+---.
(2) The series

Sp=1+2+3+4+ - +n+--

corresponds to the exponent s = —1, so that
1
—((=1) = ——.
s2 = ((=1) B

A couple of comments are in order.

(1) In two following years, some time ago, two distinguished physi-
cists, A. Slavnov from Moscow and F. Yndurain from Mdrid,
gave seminars in Barcelona, about different subjects. It was
quite remarkable that, in both presentations, at some point
the speaker addressed the audience with these (or equivalent)
words: “As everybody knows, 1 +1+1+.--=—1/276

SAlthough there are some exceptions to this general behavior, they correspond
to rather twisted situations, and are outside the scope of this brief presentation.

6Irnplying maybe: If you do not know this it will be no use for you to continue
listening. Remember by the way the lemma of the Pythagorean school: Do not
cross this door if you do not know Geometry.
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(2) That positive series, as the ones above, can yield a negative re-
sult may seem utterly nonsensical. However, it turns out that
the most precise experiments ever carried out in Physics do con-
firm such results. More precisely: models of regularization in
QED built upon these techniques lead to final numbers which
are in agreement with the experimental values up to the 14th
figure [23]. In recent experimental proofs of the Casimir ef-
fect [24] the agreement is also quite remarkable (given the dif-
ficulties of the experimental setup) [25].

(3) The method of zeta regularization is based on the analytic con-
tinuation of the zeta function in the complex plane. Now, how
easy is to perform that continuation? Will we need to under-
take a fashionable complex-plane computation every time? It
turns out that this is not so. The result is immediate to obtain,
in principle, once you know the appropriate functional equation
(or reflection formula) that your zeta function obeys: in the case
of the Riemann zeta £(s) = £(1 — s), &(s) = 77°/2T'(s/2)¢(s).
In practice these formulas are however not optimal for actual
calculations, since they are ordinarily given in terms of power
series expansions (as the Riemann zeta itself), which are very
slowly convergent near the corresponding abscissa. Fortunately,
sometimes there are more clever expressions, that can be found,
which converge exponentially fast, as the celebrated Chowla-
Selberg [26] formula and some others [27, 28]. Those formulas
are an speciality of the author, and give enormous power to the
method of zeta function regularization.

4.2.2. Zeta regularization in physics. As advanced already, the regu-
larization and renormalization procedures are essential issues of con-
temporary physics —without which it would simply not exist, at least
in the form we now know it. [29] Among the different methods, zeta
function regularization—which is obtained by analytic continuation in
the complex plane of the zeta function of the relevant physical operator
in each case—is maybe the most beautiful of all. Use of this method
yields, for instance, the vacuum energy corresponding to a quantum
physical system (with constraints of any kind, in principle). Assume
the corresponding Hamiltonian operator, H, has a spectral decompo-
sition of the form (think, as simplest case, in a quantum harmonic



RIEMANN & PHYSICS 185

oscillator): {\;, ¢; }ier, where I is a set of indices (which can be dis-
crete, continuous, mixed, multiple, ...). Then, the quantum vacuum
energy is obtained as follows [20]:

E/u=> (i (H/pe) = TrcH/n=">_ Xi/u

i€l el

= (/) = Cuyu(=1),
iel s——1

where (4 is the zeta function corresponding to the operator A, and the
equalities are in the sense of analytic continuation (since, generically,
the Hamiltonian operator will not be of the trace class).” Note that the
formal sum over the eigenvalues is usually ill defined, and that the last
step involves analytic continuation, inherent with the definition of the
zeta function itself. Also, the unavoidable regularization parameter
with dimensions of mass, u, appears in the process, in order to ren-
der the eigenvalues of the resulting operator dimensionless, so that the
corresponding zeta function can indeed be defined. We shall not dis-
cuss these important details here, which are just at the starting point
of the whole renormalization procedure. The mathematically simple-
looking relations above involve very deep physical concepts (no wonder
that understanding them took several decades in the recent history of
quantum field theory).

4.2.3. The Casimir energy. In fact things do not turn out to be so
simple. One cannot assign a meaning to the absolute value of the zero-
point energy, and any physical effect is an energy difference between
two situations, such as a quantum field in curved space as compared
with the same field in flat space, or one satisfying BCs on some surface
as compared with the same in its absence, etc. This difference is the
Casimir energy: Fq = EPC — Ey = % (tr HBC —tr H)

But here a problem appears. Imposing mathematical boundary condi-
tions (BCs) on physical quantum fields turns out to be a highly non-
trivial act. This was discussed in much detail in a paper by Deutsch

"The reader should be warned that this (—trace is actually no trace in the usual
sense. In particular, it is highly non-linear, as often explained by the author [30].
Some colleagues are unaware of this fact, which has lead to important mistakes and
erroneous conclusions too often.
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and Candelas a quarter of a century ago [31]. These authors quantized
em and scalar fields in the region near an arbitrary smooth bound-
ary, and calculated the renormalized vacuum expectation value of the
stress-energy tensor, to find out that the energy density diverges as the
boundary is approached. Therefore, regularization and renormaliza-
tion did not seem to cure the problem with infinities in this case and
an infinite physical energy was obtained if the mathematical BCs were
to be fulfilled. However, the authors argued that surfaces have non-zero
depth, and its value could be taken as a handy (dimensional) cutoff in
order to regularize the infinities. Just two years after Deutsch and Can-
delas’ work, Kurt Symanzik carried out a rigorous analysis of QFT in
the presence of boundaries [32]. Prescribing the value of the quantum
field on a boundary means using the Schrodinger representation, and
Symanzik was able to show rigorously that such representation exists
to all orders in the perturbative expansion. He showed also that the
field operator being diagonalized in a smooth hypersurface differs from
the usual renormalized one by a factor that diverges logarithmically
when the distance to the hypersurface goes to zero. This requires a
precise limiting procedure and point splitting to be applied. In any
case, the issue was proven to be perfectly meaningful within the do-
mains of renormalized QFT. In this case the BCs and the hypersurfaces
themselves were treated at a pure mathematical level (zero depth) by
using (Dirac) delta functions.

Recently, a new approach to the problem has been postulated [33].
BCs on a field, ¢, are enforced on a surface, S, by introducing a scalar
potential, o, of Gaussian shape living on and near the surface. When
the Gaussian becomes a delta function, the BCs (Dirichlet here) are
enforced: the delta-shaped potential kills all the modes of ¢ at the
surface. For the rest, the quantum system undergoes a full-fledged
QFT renormalization, as in the case of Symanzik’s approach. The
results obtained confirm those of [31] in the several models studied
albeit they do not seem to agree with those of [32]. They are also in
clear contradiction with the ones quoted in the usual textbooks and
review articles dealing with the Casimir effect [34], where no infinite
energy density when approaching the Casimir plates has been reported.
This issue is also of importance at the cosmological level, in braneworld
models.
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4.3. Present day cosmology from modified theories of gravity.

4.3.1. Uses of the Riemann tensor in cosmology. As was mentioned be-
fore, Riemann’s revolutionary ideas about the concept of physical space
where given a definite form by Albert Einstein when he formulated the
Theory of General Relativity, with the help of his, more mathematically
minded, classmate and friend Marcel Grossmann ®. The community of
relativists celebrates Grossmann’s contributions to physics by organiz-
ing the very important Marcel Grossman meetings, every three years
(MG12 will take place in Paris, in 2009). Let us summarize the main
points of the so called “curved-space-time physics” (excellent references
are the books by Robert Wald [35]):

(1) Space-time, the set of all events, is a four-dimensional manifold
endowed with a metric (M, g).

(2) The metric is physically measurable by rods and clocks.

(3) The metric of space-time can be put in the Lorentz form mo-
mentarily at any particular event by an appropriate choice of
coordinates.

(4) Freely-falling particles, unaffected by other forces, move on time-
like geodesics of the space-time.

(5) Any physical law that can be expressed in tensor notation in
special relativity has exactly the same form in a locally-inertial
frame of a curved space-time.

We cannot go into much detail in the standard theory of General Rel-
ativity, since we here aim at putting our emphasis on the very recent
developments concerning its application to modern cosmology. Let us
just recall Einstein’s equations

1
R, — §gWR =81GT),,,

where on the lhs we have the curvature, the geometry of space-time,
under the form of contractions of the Riemann curvature tensor:

posv vp,p pp™ av vpt ap’

8Who later became a Professor of Mathematics at the Federal Polytechnic Insti-
tute in Zurich, today the ETH Zurich, specializing in descriptive geometry.
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the I'’s being, as usual, Christoffel symbols of the Riemannian connec-
tion, and

Ry = Ruy’,  R=RM.

Einstein observed that the solution of these equations, subject to the
constraints of the cosmological principle, led to a universe that was not
static. He was disappointed because at that time (1915-20) the ex-
pansion of the Universe had not yet been discovered (Hubble, 1925-30)
and the universe was considered by everybody to be in a stationary
state. This led Einstein to introduce (almost against his actual will)
a constant term in his equations (known now as the cosmological con-
stant, A), that was perfectly compatible with all of the principles of his
gravity theory (but otherwise unnecessary):

1
R, — §gWR =87GT, — Aguw.

When a few years later Hubble discovered that the universe was in
fact expanding, Einstein said the introduction of the cosmological con-
stant had been the greatest blunder of his life. He was right to be
upset since, to get a static Universe, he had added an artificial term
to his field equations that stabilized the Universe against expansion
or contraction. Had he possessed sufficient confidence in his original
equations, he could have predicted that either his theory was wrong or
the Universe was expanding or contracting, well before there was any
experimental evidence of the expansion!”

An important historical issue (also for what will follow) was the deriva-
tion of Einstein’s equations from a variational principle, starting from
what is now called the Einstein-Hilbert action'’:

S:/d4x vV—9 (Lg+ Ly, — ),

where A = A/87G. Here the first two terms within the brackets are
the Lagrangians corresponding to gravity and matter, and the last one
is the cosmological constant term. By variation in the Euler-Lagrange

9What would have been an enormous accomplishment. This explains why Ein-
stein got so angry.

101y fact Hilbert preceded Einstein by one day in the submission of his results
for publication, in 1915.
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sense, one obtains

OL 1
— e /= Zm _ v
5Sm = /d X g (89“” QQ;WLm) 5g )
oL,
T;w = _QW + gul/Lmv

wherefrom Einstein’s equations follow.

4.3.2. Cosmological constant and the quantum vacuum energy. How-
ever, this was not the end of the story. Any attempt at a unification
of all fundamental interactions—already envisaged by Riemann and to
which Einstein devoted an important part of his entire life and scientific
effort—that is, a physical theory describing the gravitational interac-
tions of matter and energy in which matter and energy are described
by quantum theory, has failed. In most theories that aim at doing this,
gravity itself is quantized. Since the contemporary theory of gravity,
general relativity, describes gravitation as the curvature of space-time
by matter and energy, a quantization of gravity implies some sort of
quantization of space-time itself. As all existing physical theories rely
on a classical space-time background, this presents profound method-
ological and ontological challenges, in fact it is considered to be maybe
the most difficult problem in physics. However, new theories must al-
ways contain the successful previous ones, that have proven already to
be perfectly valid in their corresponding domains of applicability.

Thus, special relativity reduces to classical Newtonian mechanics when
the velocities v involved are v < ¢, and corrections to the classical
formulas start with terms of the form v/c and higher powers (post-
Newtonian, post-post-Newtonian approaches, etc.). In this sense, some
successful semi-classical approaches to quantum gravity have been con-
structed. Summing up, even if we do not have a quantum theory of
gravity, it is by now clear that the quantum correction to the Einstein
equations corresponding to the fluctuations of the quantum vacuum
will show out as an additional term in the energy-momentum tensor
T,., side by side with Einstein’s cosmological constant contribution,

namely

1
R, — égw/R =81G (T — Egu — A9 ),
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where F denotes this vacuum energy density (and remember A =
A/87@G). More precisely, the combination of this two terms (includ-
ing all fundamental physical constants) reads

A2 1 ke
G T Voo e

i

w; being the energy modes (spectrum) of the Hamiltonian operator of
the quantum theory. This fact will remain true in any quantum theory
of gravitation, as far as vacuum fluctuations behave as an ordinary
form of energy (e.g., they satisfy the equivalence principle), what seems
indeed to be the case [36].

The dramatic consequence of this issue (already pointed out by Zel’do-
vich in the sixties) is that we cannot get rid any more of the cosmo-
logical constant as Einstein finally did. It will pop up, under this new
form, as fluctuations of the quantum vacuum, that are allowed by the
fundamental Heisenberg’s uncertainty principle (unless, of course, all
quantum vacuum fluctuations add up to zero, which is very difficult to
realize; this is known as the cosmological constant problem).

4.3.3. Cosmic acceleration. Astrophysical observations clearly indicate
that huge amounts of ‘dark matter’ and ‘dark energy’ are needed to
explain the observed large scale structures and cosmic accelerating ex-
pansion of our universe. Up to now, no experimental evidence has been
found, at the fundamental level, to convincingly explain such weird
components. In particular, concerning the problem of the accelerating
expansion, the only possibility to solve it within the domains of Ein-
steinian gravity is, again, through the cosmological constant term, that
with the convenient sign provides the contribution needed to produce
the observed acceleration (very similar to the way how Einstein tried
to stabilize the universe against gravitational collapse, when he though
it should be static). However, this is not easy to do. First, when
computed with care, the contribution of the vacuum energy density
is many orders of magnitude larger than the value needed to explain
the small acceleration rate of the universe expansion'! (what is called
the ‘new’ problem of the cosmological constant, which is even worse

1Tt is of the order of 1023, one of the largest discrepancies between theory and
observation in the history of Physics.
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than the older one). Second, it is not even clear (very specific models
must be involved) whether the sign of the contribution of the vacuum
fluctuations is the correct one in order to obtain expansion (and not
contraction!). Making the story short, there are models where these
two problems could be understood, but always with the help of some
tailored hypothesis, and the general consensus is that the problem is
far from having been solved yet.

This has led to consider completely different approaches (see, for in-
stance, [37]). One of the most successful is the so-called f(R) gravity,
which is a deviation from Einstein’s General Relativity in the way we
are going to see (note that the R stands here again for Riemann: the
Riemann tensor contraction). This is an alternative theory of gravity
in which dark energy and dark matter could be effects—illusions, in
a sense—created by the curvature of space-time (the same bending of
space and time as in General Relativity, caused by extremely massive
objects, like galaxies, but now a bit modified). This theory does not
require the existence of dark energy and dark matter. The problem
then could be completely reversed considering dark matter and dark
energy as ‘shortcomings’ of General Relativity and claiming for a more
‘correct’ theory of gravity as derived phenomenologically by matching
the largest number of observational data available. As a result, accel-
erating behavior of cosmic fluid and rotation curves of spiral galaxies

have been reported to be reproduceable by means of ‘curvature effects’
[38].

4.3.4. f(R) gravity. Modified gravity models constitute an interesting
dynamical alternative to the ACDM cosmology—which is the standard
approach nowadays—in that they are able to describe with success, and
in a rather natural way, the current acceleration in the expansion of
our Universe, the so called dark energy epoch (and even perhaps the
initial de Sitter phase and inflation). As the name itself indicates, the
modification in the action of the modified gravitational models consists
of changing the R contribution by adding to it a term which is a (in
principle arbitrary) function of R only. It thus reads

5= [ dev=gIR+ SR+ S,
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Usually, one calls F(R) = R+ f(R) and sometimes the theory itself is
named F'(R) theory (those are very recent concepts, and nomenclature
is not yet completely fixed). The general equation of motion in F'(R) =
R + f(R) gravity with matter is obtained as

2

1 , , K
590 F(R) = By F'(R) = 9, OF (R) + V.V, F(R) = =" Tl

where Ty 18 the matter energy-momentum tensor.

Modified f(R) gravity has undergone already a number of studies which
conclude that this gravitational alternative to dark energy is able to
pass the solar system tests, that is, the very severe constraints imposed
by the observational proofs that Einstein’s gravity (with R only) is
able to describe to extremely high precision the evolution of our solar
system. Recently the importance of those modified gravity models has
been reassessed, namely with the appearance of the so-called ‘viable’
f(R) models [39, 40]. Those are models which satisfy the stringent
cosmological as well as the local gravity constraints, which had caused
a number of serious problems to some of the first-generation theories
of that kind. The final aim of all these phenomenological models is
to describe a segment as large as possible of the whole history of our
universe, as well as to recover all local predictions of Einsteinian gravity,
which have been verified experimentally to very good accuracy, at the
solar system scale.

In this last couple of years, we have investigated for two classes of ‘vi-
able’ modified gravitational models what it means, roughly speaking,
that they incorporate the vanishing (or fast decrease) of the cosmolog-
ical constant in the flat (R — 0) limit, and that they exhibit a suitable
constant asymptotic behavior for large values of R. A huge family
of these models, which we term first class—and to which most of the
models proposed in the literature belong—can be viewed as containing
all possible smooth versions of the following sharp step-function model.
To discuss this toy model, at the distribution level, proves to be very
useful in order to grasp the essential features that all models in this
large family are bound to satisfy. In other words, to extract the gen-
eral properties of the whole family in a rather simple fashion (which
involves, of course, standard distribution calculus). This simple model
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(representative of the whole class) reads
f(R) = —2A0(R — Ry),

where §(R — Ry) is Heaviside’s step distribution. Models in this class
are characterized by the existence of one or more transition scalar cur-
vatures, an example being Ry in the above toy model.

The other class of modified gravitational models that has been consid-
ered contains a sort of ‘switching on’ of the cosmological constant as
a function of the scalar curvature R. A simplest version of this kind
reads
f(R) = 2Aeg(e ™ = 1).

Here the transition is smooth. The two models above may be combined
in a natural way, if one is also interested in the phenomenological de-
scription of the inflationary epoch. For example, a two-step model may
be the smooth version of

f(R) = —2A00(R — Ry) —2A;0(R — R;),
with Ry < Ry, the latter being the inflation scale curvature.

In a recent paper [41], we have developed a general approach to viable
modified gravity in both the Jordan and the Einstein frames. We have
focussed on the so-called step-class models mainly, since they seem
to be most promising from the phenomenological viewpoint and, at
the same time, they provide a natural possibility to classify all viable
modified gravities. We have explicitly presented the cases of one- and
two-step models, but a similar analysis can be extended to the case of
an N-step model, with N being finite or countably infinite. No addi-
tional problems are expected to appear and the models can be adjusted,
provided one can always find smooth solutions interpolating between
the de Sitter solutions (what seems at this point a reasonable possibil-
ity), to repeat at each stage the same kind of de Sitter transition. We
can thus obtain multi-step models which may lead to multiple inflation
and multiple acceleration, in a way clearly reminiscent of braneworld
inflation.

This looks quite promising, with the added bonus that the model’s
construction is rather simple. Use has been made of the simple but
efficient tools provided by the corresponding toy model constructed
with sharp distributions, a new technique that we have pioneered. It
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is to be remarked that, for the infinite-step models, one can naturally
expect to construct the classical gravity analog of the string-theory
landscape realizations, as in the classical ideal fluid model.

The existence of viable (or “chameleon”) f(R) theories with a phase
of early-time inflation is not known to us from the literature. The fact
that we are able to provide several classes of models of this kind that
are consistent also with the late-time accelerated expansion is thus a
novelty, worth to be remarked.

Both inflation in the early universe and the recent accelerated expan-
sion could be thus understood in these theories in a unified way. If we
start with large curvature, f(R) becomes almost constant and plays
the role of the effective cosmological constant, which would generate
inflation. For a successful exit from the inflationary epoch we may
need, in the end, more (say small non-local or small R") terms. When
curvature becomes smaller, matter could dominate, what would indeed
lower the curvature values. Then, when the curvature R becomes small
enough and Ry < R < Ry, f(R) becomes again an almost constant
function, and plays the role of the small cosmological constant which
generates the accelerated expansion of the universe, that started in
the recent past. Moreover, the model naturally passes all local tests
and can be considered as a true viable alternative to General Rela-
tivity. Some remark is however in order. On general grounds, one is
dealing here with a highly non-linear system and one should investi-
gate all possible critical points thereof (including other time-dependent
cosmologies), within the dynamical approach method. Of course, the
existence of other critical points is possible; anyhow, for viable f(R)
models; to find them is not a simple task, and in Ref. [41] we have
restricted our effort to the investigation of the de Sitter critical points.
With regard to the stability of these points, the one associated with
inflation should be unstable. In this way, the exit from inflation (what
is always a very non-trivial issue) could be achieved in a quite natural
way. In particular, for instance, this is in fact the case for the two-step
model with an R® term.

In conclusion, we are on the way to construct realistic modified grav-
ities. Some of these models ultimately lead to the unification of the
inflationary epoch with the late-time accelerating epoch, under quite
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simple and rather natural conditions. What remains to be done is to
study those models in further quantitative detail, by comparing their
predictions with the accurate astrophysical data coming from ongoing
and proposed sky observations. It is expected that this can be done
rather soon, having in mind the possibility to slightly modify the early
universe features of the theories here discussed, while still preserving
all of their nice universal properties.

4.4. Epilogue. Let us finish this short overview of Riemann’s work
and its uses in modern Physics—a clear example of the very fruitful
relation between the worlds of Physics and Mathematics—with an ex-
tremely touching sentence that appears in a letter written by Albert
Einstein and addressed to Arnold Sommerfeld, in the year 1912—this
means, some 60 years after the celebrated Habilitationschrifft of Bern-
hard Riemann—where Einstein comments on the efforts he is doing in
trying to understand Riemannian Geometry:

“Aber eines ist sicher, dass ich mich im Leben noch nicht anndahend
so geplagt habe und dass ich grofle Hochachtung vor der Mathematik
eingeflofit bekommen habe, die ich bis jetzt in ihren subtileren Teilen
in meiner Einfalt fiir puren Luzus gehalten habe!”

What means, in a free English translation: “But one thing is sure,
that never before in my life had I invested such an effort, and that I
never had had such a high opinion of Mathematics, which I considered
till very recently, in my boldness, and for what respects its most subtle
parts, as a mere luzury!”

I, ja per acabar, en catala: “Pero una cosa és sequra, que mai en la
meva vida no m’havia afanyat ni de bon tro¢ com ara, i que mai no
havia dispensat tan alta consideracio a la Matematica, la qual tenia fins
fa poc, en la meva ingenuitat, pel que fa a les seves parts més subtils,
per un simple luxe!”
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CODIGOS CONVOLUCIONALES Y GEOMETRIA
ALGEBRAICA

J.M. MUNOZ PORRAS, J.A. DOMINGUEZ PEREZ

RESUMEN. Las técnicas de Geometria Algebraica utilizadas pa-
ra construir cédigos de Goppa sobre una curva algebraica sobre
un cuerpo finito F; pueden extenderse a la construccién de cédi-
gos convolucionales sobre el cuerpo infinito de funciones racionales
en una variable Fy(2). De este modo es posible constuir cédigos
convolucionales sobre la recta proyectiva que alcanzan la cota de
Singleton generalizada.

1. INTRODUCCION A LA TEORIA DE CODIGOS CONVOLUCIONALES

Dado un cuerpo finito F, de ¢ elementos, un [n, k|-codificador lineal es
una aplicacién lineal inyectiva

i n
G:F, — I,
u—zrz=u-G,
cuya imagen define el [n, k]-cddigo lineal C, = Img G C Fy.

De este modo, la codificacion es la transformacion de una “palabra de
informacion” u € F’; en una “palabras del codigo” z = u- G € Fy,
mediante el producto por una “matriz codificadora” G de k filas y n
columnas.

Si lo que se considera es una sucesion finita de palabras de informacién

u(1),u(2),...,u(r), se obtiene a su vez una sucesién finita de palabras
del cédigo z(1),2(2),...,z(r), donde
(1) a(t) =wu(t) -G,

de modo que z(t) es una funcién lineal de u(t).

Entendiendo u(t) como una palabra de informacion en el instante de

tiempo t, la idea de la codificacién convolucional es hacer que x(t) sea
199
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una funcién lineal de u(t) y de un nimero fijo de palabras de informa-
cién anteriores u(t), u(t —1),...,u(t —m), donde m es un entero posi-
tivo denominado “memoria” del codificador (en particular, los cédigos
lineales son cddigos convolucionales sin memoria, m = 0).

Este concepto de codificador convolucional fue introducido por P. Elias
[1] en 1955, y desde el punto de vista algebraico fue desarrollado por
G.D. Forney Jr. [2] en una serie de papeles cldsicos en la década de
1970, y posteriormente reformulado por R. McEliece [3] en 1998. Més
recientemente se han introducido técnicas de Geometria Algebraica en
la teoria de cddigos convolucionales con los trabajos de J. Rosenthal y
R. Smarandache [4] y V. Lomadze [5], asi como los publicados por los
autores en colaboracién con G. Serrano Sotelo y J.I. Iglesias Curto [6],
[7], en cuyos resultados esta basada esta exposicién.

Para dar una definicén concreta de cddigo convolucional, reexpresamos
la férmula (1) como un sumatorio formal (dependiente del tiempo t)
introduciendo un operador de retardo D,

(2) > a(t)D'=> ut)D' -G,

£>0 >0

donde D (3_,oqu(t)D') = Y sou(t) D =37, u(t—1). Si se denota

2(D) =) u(t)D' € F,[D]"

>0
u(D) =) u(t)D' € F,[D]*
>0
la expresion (2) se puede reescribir como
(3) #(D) =u(D) -G,

ecuaciéon que resume el proceso de codificaciéon lineal respecto a la ma-
triz codificadora G. La codificaciéon convolucional consiste entonces en
hacer que la matriz codificadora que aparece en (3) dependa también
del operador de retardo

2(D) = u(D) - G(D).

De este modo se obtiene una de las posibles definiciones de cédigo
convolucional, para la que utilizaremos una notacién polinémica, re-
emplazando D por la variable z.
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Definicién 1.1. Un [n, k]-codificador convolucional (polinémico) es un
homomorfismo inyectivo de F,[z]-mddulos

G(2): Fyl2]* = Fyl2]"
u(z) — x(z) =u(z) - G(z2).
La imagen de este homomorfismo define (las palabras de) el [n, k]-cddi-

go convolucional

Cr =Img G(2).

Dado un [n, k]-codificador convolucional G(z), se tiene una sucesion

exacta
G(z
0—F, ) SEF, )" — M —o0,
donde M es un F [z]-mddulo de rango n — k. Tomando entonces duales
como F,[z]-médulos, resulta otra sucesién exacta

O—>]/\/[\—>IE‘/q[z\]"Cﬁ>CAk—>CAk/ImgG(z)t—>0,

donde C;/Img G(2)! es un F 4|#]-médulo de torsién, cuyo anulador es
precisamente

Ann (CAk/ Img G(z)t) = ({menores k x k de G(2)}) .

La aplicacién G(z)" permite distinguir diversos tipos de codificadores,
e introducir una nocién de “grado interno” del codificador

Grin(G(2)) = méximo grado de los menores k x k de G(z),

en contraste con la nocién de “grado externo”,
k
Gre(G(z)) = Z méximo grado de la fila i-ésima de G(z).
i=1
Este grado externo se identifica con la idea de “memoria” que mo-
tivo la introduccion de los codificadores convolucionales, por lo que
denotaremos indistintamente

ma = Gre (G(2)) .
Definicién 1.2. Un codificador convolucional G(z) se dice

» bdsico & G(z2)! es epiyectiva.

» reducido < Gry,(G(2)) = Gre(G(2)).
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» canonico < Gre,(G(2)) es minimo entre todos los codificadores
polinomicos que definen el mismo cddigo C, = Img G(2).

A su vez, los conceptos de “grado” y “memoria” pueden aplicarse al
propio cédigo convolucional Cy: considerando el conjunto de los codifi-
cadores polinémicos G(z) tales que C,, = Img G(2), el grado del cédigo
convolucional es

d(Cx) = minimo Gr,, de sus codificadores polinémicos =

= memoria total de C;, .

Observacion 1.3. Los codigos convolucionales se pueden definir a
partir de codificadores mdas generales, considerando el cuerpo (infinito)
F,(z) de funciones racionales en una variable: un [n, k]-codificador con-
volucional es un homomorfismo inyectivo de F (z)-espacios vectoriales
G(2): Fy(2)F — F, (2)" y su imagen define el [n, k]-cédigo convolucio-

nal Cr, = Img G(z).
2. REALIZACION FISICA DE UN CODIFICADOR CONVOLUCIONAL

Los codificadores convolucionales pueden realizarse fisicamente me-
diante circuitos secuenciales lineales, equivalentes a sistemas lineales
invariantes respecto del tiempo y con un numero finito de variables de
estado.

Para ello, si G(z) es un [n, k]-codificador convolucional de memoria m,
la ecuacion

2(2) = u(z) - G(2)
puede expresarse como un sistema lineal de ecuaciones, introduciendo
las “variables de estado” s(t), con s(0) = 0,

s(t+1)=s(t)- A+u(t)-B
{ z(t) =s(t) - C+u(t) -G
donde s(t), u(t) y x(t) son vectores de dimensiones m, k y n, respecti-

vamente, mientras que A, B, C'y D son matrices con coeficientes en F
de dimensiones m x m, k X m, m X n y k X n, respectivamente.

Ejemplo 2.1. Sea G(z) = (1 +z+ 2%, 1+ 2%). En este caso, k =1,
n=2ym =2,y la codificacion puede expresarse

(@1(t), 22(t)) = (wi () - (L +t 4+, 14¢%),



CODIGOS CONVOLUCIONALES 203
o equivalentemente
(21(8), 22(8)) = (s (8) +ua(t = 1) + un(t — 2), s () + w1 (¢ — 2))
Introduciendo entonces las vartables de estado,

{ (s1(t+1),82(t+ 1)) =(uy(t), s1(t))
(z1(), 22(t)) =(ua(t) + s1(t) + s2(t), ua(t) + s2(t))

resulta que la codificacion es el sistema de ecuaciones lineales

(s1(¢ + 1), salt + 1)) =(s (), s2(1)) (8 é) + (1) (1 0)

(2(t), (1)) =(s1 (1), (1)) - G (f) () (1 1)

cuya realizacion fisica es el circuito

b-@ ml(Z')
U(Z:) T SI(Z:) T Sz(Z)
>O—>

(BZ(Z')

3. CODIFICADORES POLINOMICOS Y HACES SOBRE LA RECTA
PROYECTIVA

Consideremos P! = ProjF,[xo, z1] la recta proyectiva sobre el cuerpo
F,, donde (x¢,x;1) son las coordenadas proyectivas, y su abierto afin
U =P!'—{P,}, con Py = {z¢ = 0} el punto del infinito de modo que
la variable z = i—é sea la coordenada afin de esta recta proyectiva.

Dado entonces un codificador polinémico G(z), es posible realizar su
“homegenizacién” G(zo, z1), haciendo un cambio de variable a las coor-
denadas proyectivas.
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Ejemplo 3.1.
Gz)=(1+z+2%, 1+2%): Fyfz] — Fyfz)?

G(zo, 1) = (2§ + zox1 + 27 , xf + x7): Falwo, 11] — Falz, 1]

El estudio de los codificadores polinémicos puede entonces plantearse
en términos del haz de anillos sobre U

OU = IF[Z] 3

teniendo en cuenta las identificaciones:

Homgy (]F[z]k,IF[z]”) =Homp, ((’)5, (’)Z) =
=H° (U,Hom@]P (O]{fp, (9]?)) =
=lim H° (P', Homo, (Of, Of) ® Op(mPs)) =

m

—lim H° (B', Homo, (OF, O3(mPx))) =

m

m

=lim Homp (F*, H® (Op(mPx)")) .

m

Siguiendo esta idea, los autores estan trabajando conjuntamente con
J.I. Iglesias Curto en la clasificacién de los cédigos convolucionales, en
términos de esquemas Quot.

4. LA NOCION DE DISTANCIA PARA CODIGOS CONVOLUCIONALES

Dado un vector polinémico z(z) = (z1(2),...,x,(z)) € F[z]", es posible
definir su peso de Hamming como

hwt(x(2)) = ##{i | zi(z) # 0} .

Sin embargo, este peso no sirve para medir los errores de transmi-
sion si se utiliza la codificacién convolucional. En la teoria de codi-
gos convolucionales, la nocion natural de peso se obtiene consideran-
do los vectores polindmicos z(z) € F[z]" como z(z) = >, z(t)z", con
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x(t) = (z1(t), ..., z,(t)) € F™, de modo que el peso de x(t) es
= Z hwt(z(t)), donde hwt(z(t)) = #{i | x;(t) # 0} .

De este modo, el concepto de distancia libre de un [n, k]-c6digo convo-
lucional Cy C F[z]™ es

dfree (Cp) = min {wt(z(2)) | x(z) € Ci, x(z) # 0} .

Teorema 4.1. (véase [4]) Dado un [n, k]-cddigo convolucional de grado
d, su distancia libre dg,c. verifica la cota de Singleton generalizada

dfreeg(n—k)Q%J +1>+5+1.

Un codigo convolucional cuya distancia libre alcanza el valor maximo
de esta cota se denomina MDS (Maximum Distance Separable).

La cuestién clave es entonces la construcciéon de codigos convolucionales
MDS, para lo cual es posible introducir técnicas algebraicas, similares a
las utilizadas en la teoria de codigos algebraico-geométricos de Goppa.

5. Co6Dpicos DE GOPPA CONVOLUCIONALES

Sea F,(z) el cuerpo (infinito) de funciones racionales en una variable, y
X una curva proyectiva lisa sobre F(z). Consideremos D = P, +---+P,
un divisor de n puntos F,(z)-racionales distintos de X y G otro divisor
con soporte disjunto a D, tal que

29 —2<Gr(G)<n.

Sobre el F,(z)-espacio de secciones globales L(G) se tiene una aplicacién
[F,(2)-lineal inyectiva

a: L(G) — F(2) x .7 x Fy(2)
fr= (f(P), - ()

Definicién 5.1. (véase [6] o [7]) El cédigo de Goppa convolucional de
longitud n y dimension k = Gr(G) + 1 — g asociado al par (D,G) es

C(D,G) =Imga C Fy(2)".
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Considerando sobre el F(z)-espacio vectorial F,(2)™ el producto escalar
()
Fy(2)" x Fy(2)" — Fy(2)

(2(2), y(2)) = (2(2), 2(2)) = in(Z)yi(Z) ,

es posible construir el correspondiente codigo de Goppa convolucional

dual,
C(D,G)* = {y(z) € Fy(2)™ | (x(2),y(2)) = 0 para todo x(z) € C(D,G)}.

Teorema 5.2. (véase [6] o [7]) CH(D, Q) es también un cédigo de Gop-
pa convolucional: si K es el divisor candnico de formas diferenciales
racionales sobre X, entonces CH(D, Q) es la imagen de la aplicacion

F,(2)-lineal B: L(K + D — G) — F,(2)", dada por

B(n) = (Resy, (1), ..., Res,, (1)) .

6. Copicos DE GOPPA CONVOLUCIONALES SOBRE LA RECTA
PROYECTIVA

Consideremos X = IP’]qu () = ProjFy(z)[uo, u1] la recta proyectiva sobre

el cuerpo [Fy(z), donde w = u; /ug es la coordenada afin, Py = (1,0) es
el punto origen, y P,, = (0, 1) el punto del infinito. Sean P, ..., P, un
conjunto de n puntos racionales distintos, P; = (1, «;) # Py, Pwo.

Tomando los divisores D = Pp+---+ P, v G = rP,, — sFy, con
0 <s <r<n,elF,(2)-espacio vectorial L(G) tiene como base

y el cédigo de Goppa convolucional C(D, G) es la imagen de la aplica-
cién
a: L(G) — Fy(2) x . 7. x Fy(2)

w' = (al,...,a)
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Se obtiene de este modo un c6digo convolucional C(D, G) de longitud
n y dimensién k = r — s+ 1, cuya matriz generadora es

o oy ... o
st st L ot
G = _ ) .
ap oy ap

En cuanto al cédigo dual, como
dw w dw w2 dw >
w* [Timy (w — i) we [Ty (w —ew) ™ ws [y (w — o)
y calculando los residuos
md o dw
Respj(s i” w ):s =
w Hizl(w — ;) Qaj H;;;(aj — ;)
resulta que C(D, G)* es un c6digo convolucional de longitud n y dimen-

sion n —k =n—r-+s— 1 que tiene como matriz generadora (= matriz

de control de C(D, G))

QG-D) = <

hq hs e I,
thél théQ e hnOén
H - . . ’
a2 hgap TR panTe?

R S
donde h; = T, (@ o)
i#
Obsérvese que esa matriz generadora H de C(D,G)* tiene la forma de
un “codificador alternante” sobre F,(z), lo que sugiere la posibilidad
de emplear en este contexto convolucional los algoritmos algebraicos

de decodificacién conocidos para los codigos lineales alternantes.

Como casos particulares, vamos a calcular las matrices G y H en el
caso de puntos I, (z)-racionales P, = (1, o;) cuando

a=a 2407, i=1,....,n, n<gq,

comprobando ademas que en estos casos resultan codigos convolucio-
nales MDS.
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e Cuerpo F3(z) = {0,1,2}

Casoa=1,b=2,G= P, — F,.
G=(2+1 z+2)

1 1
H = <2(z+1) z+2>

(n,k,6,d) = (2,1,1,4)

e Cuerpo Fy(z) ={0,1,£,%}, con €+ E6+1=0

Casoa =&,b=E% G = Py

G = (i1 eorer eave)

o 1 1 1
H = ( (€224€)(62+€2) (€22+6)(241) (£2+£2)(2+1) )

(n,k,6,d) = (3,2,1,3).

Casoa=1,b=& G =P, — b

G = (z-i-l 2+€ z+62)

1o &
H = | =71 z+¢ 3¢2
1 ¢ &

(n,k,08,d) = (3,1,1,6).

e Cuerpo F5(z)

Casoa=1,b=2,G=2P, —2F,
G = ((z+1)? (2+2)? (2+4)?)

2 2 2 = 1 =
z+1 z+2 z+4
H— ( 2) ( 2) ( 1)

z+1 z+2 z+4

(n,k,6,d) = (3,1,2,9).
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Casoa=2,b=3,G=2P, — F,

G = z+1 2243  4z+4 3242
— | (z+1)? (22+3)? (42+4)? (32+2)?

4 4 4 4
H = | GtD?GE2GE+3) G+)GE43)EH)? +D2(242)(5+3)  (242)(243)(2+4)?
- 4 3 1 2
(24+1)(2+2)(2+3)  (24+2)(2+3)(2+4)  (2+1)(2+2)(2+3)  (2+2)(2+3)(2+4)

<n7 k? 67 dfree) = (4, 2, 3, 8) .

Agradecimientos. Los autores manifiestan su gratitud a sus colabo-
radores del grupo de investigacién Geometria Algebraica, Aritmética y
Teoria de Codigos del Departamento de Matematicas de la Universi-
dad de Salamanca, especialmente a Gloria Serrano Sotelo y J.I. Iglesias
Curto.

REFERENCIAS

[1] P. Elias, Coding for noisy channels, I.R.E. Nat. Conv. Record 3, 34-45, (1955).

[2] G.D. Forney Jr, Convolutional codes I: Algebraic structure, IEEE Trans. In-
form. Theory, 16 (3), 720-738, (1970).

[3] R.J. McEliece, The algebraic theory of convolutional codes, in Handbook of
coding theory, Vol. I, 1065-1138, North-Holland, Amsterdam, (1998).

[4] J. Rosenthal and R.Smarandache, Maximum distance separable convolutional
codes, Appl. Algebra Engrg. Comm. Comput., 10 (1), 15-32, (1999).

[5] V. Lomadze, Convolutional Codes and Coherent Sheaves, Algebra Engry.
Comm. Comput., 12 (4), 273-326, (2001).

[6] J.A. Dominguez Pérez, J.M. Munoz Porras and G. Serrano Sotelo, Convolu-
tional Codes of Goppa type, Algebra Engrg. Comm. Comput., 15 (1), 51-61,
(2004).

[7] J.M. Munoz Porras, J.A. Dominguez Pérez, J.I. Iglesias Curto and G. Serrano
Sotelo, Convolutional Goppa Codes, IEEE Trans. Inform. Theory, 52 (1), 340—
344, (2006).






FUNCIONES THETA DE RIEMANN

ESTEBAN GOMEZ GONZALEZ
JOSE M. MUNOZ PORRAS

1. INTRODUCCION

El objetivo de este articulo es presentar al lector no especializado una
introduccion al tema de las funciones theta y sus aplicaciones geométri-
cas y aritméticas. Las funciones theta fueron introducidas por primera
vez por B. Riemann y su estudio ha sido desarrollado por diversos
matematicos como Frobenius, Weierstrass, Hecke, Artin, Tate, Weil,
Langlands, Mumford y Fay. Actualmente el estudio de las funciones
theta y las formas modulares desde un punto de vista aritmético es
una parte esencial del programa de Langlands.

Esperamos que este articulo sea de utilidad para estudiantes de post-
grado interesados en la conexién entre la Geometria Algebraica, la
Aritmética y la Fisica Tedrica.

Finalmente deseamos agradecer al profesor Sebastian Xambd la invita-
cién para realizar la exposicion de este articulo en el seminario organi-
zado por la Facultad de Matematicas de la Universitat Politécnica de
Catalunya

2. FUNCIONES THETA DE UNA VARIABLE

Sea H el semiplano superior complejo:
H={reC: Im7 > 0}
Este trabajo estd parcialmente financiado por los proyectos de investigacién

MTM2006-07618 de D.G.I. y SA112A07 de la Junta de Castilla y Ledn.
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La funcién theta es la funcién analitica en C x H definida por la si-
guiente serie absolutamente convergente:

0(z,7) = Zexp(m’n% + 2minz) con z € C,7 € H
nez
Esta funcién verifica las siguientes propiedades:
— 0(z+1,7)=6(2,7)
— O(z+ 7,7) = exp(—miT — 27iz) - 0(z,7)

2

— 0(z+ar +b,7) = exp(—mia“T — 2miaz) - 0(z,T)

Otra de las relaciones fundamentales que satisface la funcion theta es
la ecuacién de calor:

9, , 1 :
a@(z, it) = ——=0(z,it)

Se verifica que la funcién theta esta caracterizada por estas propieda-
des, es decir, periodicidad y ecuacion del calor.

2.1. Funciones theta y grupo de Heisenberg. El grupo de Hei-
senberg de dimension 3 se define como:

G=Ci xR xR, donde C; ={z€C:|z| =1}
con la siguiente ley de grupo:

(A, a,b) - (N, d', V) = (AN exp(2miba’),a + a’', b + V')

Se verifica que el centro del grupo de Heisenberg es C; que coincide
con el subgrupo conmutador.

El teorema de Stone-von Neumannn afirma que existe una tnica re-
presentacién unitaria e irreducible de G en la cual Cj actia por la
identidad. Esta representacion se puede realizar de la siguiente forma.
Sea & el espacio de las funciones enteras (funciones holomorfas en to-
do el plano complejo) con la siguiente norma definida a partir de un
elemento 7 € H:

112 = / exp(—2my?/ T 7) - |f(x + iy)|Pdxdy
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Denotaremos por H, el subespacio de £ formado por las funciones con
norma finita. Se define la siguiente representaciéon unitaria de G en H,:

U: G — Aut(H,)
(>‘7 a, b) — U)\,a,b)
con (Uyap) f)(2) = Aexp(mia*T+2miaz) f(z+a7+b). Se verifica que H,

es un G-médulo irreducible, por lo que es una realizacién de la tnica
representacion irreducible de G.

La funcién theta admite la siguiente caracterizacion en términos de la
accién del grupo de Heisenberg G: La funcién theta 0(z,7) es la tnica
funcién holomorfa en ‘H, invariante por la accién del siguiente subgrupo
de G:

r={(l,a,0)€G:a,beZ} CG
A continuacién vamos a introducir el analogo finito al grupo de Hei-

senberg y le teorema de Stone-von Neumann. Para cada nimero entero
positivo [ se define el siguiente subgrupo de I':

Iy ={(1,la,lb): a,beZ} CT

Sea V; el subespacio vectorial de H, formado por las funciones enteras
invariantes por la accién de I';. Se verifica que una funcién f(z) € V; si
y s6lo si es de la forma

f(z)= Z cn exp(min®t + 2minz)
nG%Z
siendo ¢,, = ¢,, si n —m € [-Z. En particular se tiene que dim¢ V; = 2.

Para cada entero [, sea p; el subgrupo de C; formado por las raices
[-ésimas de la unidad. Se define el grupo de Heisenberg finito de nivel
[ como

1 1
G = e x (12/(1- 7)) x (12/(1-2)
con la ley de grupo (A, a,b)- (N, d', V') = (AN exp(2miba’),a+a', b+ V).

Se verifica que V; es la tnica representacion irreducible de G; en la que
(; actiia por homotecias (este enunciado es el andlogo finito del teorema
de Stone-von Neumann).
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Una base de V} esta formada por las siguientes funciones:

0)(z,7) =Y _exp(mi(a+n)’r + 2mi(n + a)(z + b))
neZ
con a,b € 77Z. Las funciones 0[¢](z,7) se denominan funciones theta
con caracteristicas.

2.2. Funcién theta, funcion zeta y sus ecuaciones funcionales.
Dada una funcién f : Rt — C integrable y con apropiadas cotas en 0
y en el infinito, se define su transformada de Mellin como la siguiente
funcién analitica:

(Mf)(s) = /Oof(a:’)xsd% , con a < Re(s) <b

La transformada de Mellin es simplemente una transformada de Fourier
multiplicativa (haciendo el cambio de variable x = exp(y) se convierte
en una transformada de Fourier cldsica). En particular, si consideramos
la funcién f(z) = 0(0,ix) — 1y Re(s) > 1, se tiene que

(Mf)(1/2s) = 22 (/OOO exp(—mn’r) e dg) = (y = mn’z) =

neN

= 2<Z(M2)_%S> /Ooo exp(—y)yés% =

neN

= 27‘('_%8(271_8) /000 exp(—y) yés% =

neN
=277 2° ((s)T(1/2 )
donde ((s) = >, cyn"°, con Re(s) < 1, es la funcién zeta de Rie-

mann y I'(1/2 s) = [;° exp(—y) y2* %. Por tanto, se tiene la férmula
fundamental:

(2.1) 27725 C(s) [(1/2 s) = /Oo(e(o,m) — 1)z i—x

Ahora bien, si a, b, ¢, d € 7Z son nimeros impares tales que ad —bc =1,
se tiene que

( 2 ar +b

T d o d) = (e + d)Y? exp(micz®/(cr + d)) 0(z, T)
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siendo g una raiz octava de la unidad. En particular, se obtiene la
ecuacién funcional de la funcion theta:

(2.2) 0(0,i/x) = 2*/260(0,iz) con z € Rt

Por otro lado, si £(s) = 772°((s)T'(1/2 s), la ecuacién funcional de la
funcién zeta de Riemann es

§(s) =&(1—s)

Esta igualdad se obtiene por la igualdad (2.1), aplicando la transforma-
da de Mellin a la ecuacién funcional (2.2) de la funcién theta, es decir,
las ecuaciones funcionales de la funcién theta y de la funcién zeta son
equivalentes.

2.3. Funcién theta y toros complejos de dimension uno. Dado
7 € H, se define el siguiente toro complejo:

E, =C/(Z+71Z)

Las funciones 0[](z, 7) no definen funciones holomorfas en E. porque
no son periodicas respecto del reticulo Z + 7Z. Ahora bien las propie-
dades de periodicidad vistas para estas funciones se pueden interpretar
geométricamente en el sentido de que 6[¢](z, 7) son secciones holomor-
fas de determinados fibrados de linea sobre le toro complejo E,.

Por medio de las funciones theta se pueden construir explicitamente
funciones meromorfas en E, como productos de cocientes de las fun-
ciones theta y de sus trasladados, como por ejemplo, la funciéon ¢ de
Weierstrass:

0[%]/(077—)2 . 6[ = 0 Nz r
0191(0,7)% 6] = log O[] (2, 7) + A

p(z) = A+ 1(z,7)? T d?

ol(z1)? &
1
1

donde la constante A\ se ajusta para que el desarrollo en serie de la
funcién en z = 0 no tenga término constante.
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3. FUNCIONES THETA DE VARIAS VARIABLES. VARIEDADES
ABELIANAS

Anélogamente al semiplano superior, en varias variables de define el
semiplano superior de Siegel:

H, = {r € M(g x g,C): 7" =7, Im7 es definida positiva}

Una variedad abeliana de dimension g es un toro complejo de la forma
X(r)=C/(Z° +7Z°) con T € H,

Ademas, para cada 7 € Hy se define la funcién theta en g variables como
la funcién holomorfa en CY dada por la siguiente serie absolutamente
convergente:
0(z,7) = Z exp(min'tn + 2mwin'z)
nez9
con z = (21,...,24) € C9. Andlogamente, dado (a,b) € RY x RY se
define la funcién theta con caracteristica [{] como:

0f)(zm) = Y exp (m(n +a)'r(n+a)+ 2mi(n + a)'(z + b))
nez9

Estas funciones theta también tienen propiedades de cuasi-periodici-
dad:

019](z +m, 7) = exp(2mia‘m) 0[¢](z, )

0¢](z + mm, 7) = exp(—2mib'm) exp(—mim‘Tm — 2rim'2) 0[¢](z, 7)
Por estas propiedades, las funciones theta definen secciones holomorfas
de fibrados de linea sobre la variedad abeliana X (7). En particular, la
funcién theta 6(z,7) es seccién holomorfa de un fibrado de linea Lg

cuyas secciones holomorfas tienen dimension compleja 1, por lo que
define una polarizacién principal en X (7).

El grupo I'y = Sp(2¢, Z) actia en H,, del siguiente modo:

(1) = (AT + B) - (Ct + D)™ cony = ( é IB; ) € Sp(2¢9,7Z)

Se verifica que dos variedades abelianas X (7) y X (7') son isomorfas si
y sélo si existe v € I'y tal que 7 = (7). En consecuencia, la varie-
dad que clasifica las variedades abelianas principalmente polarizadas
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de dimension g, es decir, la variedad de moduli de variedades abelianas
principalmente polarizadas es:

A, =H,/Ty; con dimA, =g(g+1)/2

3.1. Funciones theta de superficies de Riemann compactas.
Variedad jacobiana. Sea S una superficie de Riemann compacta
de género g¢. Fijamos una base candnica {ai,...,a4, 01,...,0,} de
H'(S,Z) ~ 7Z* tal que la interseccién definida a través del produc-
to cup es:

oy =0 B;=0 ;- B = 04
Sea Og el haz de funciones holomorfas sobre S, Of el haz de funciones
holomorfas sin ceros en S y g el haz de diferenciales holomorfas en S.
La sucesién exacta de grupos
0 —7%2—C—C"—1

z — exp(2miz)

induce una sucesion exacta de grupos de cohomologia:

0 —= H'(S,Z) —= H'(S,05) — H'(S,0%) <% H>(S,Z) — 0
I I I
z% HO(S, Qs)* Z
donde el morfismo j: H'(S,Z) — H°(S,Qs)* esta dado por j(a)(w) =

[, w.

Por otro lado, se tiene que el grupo de Picard de S es:
Pic(S) = H'(S, O%) ~ {fibrados de linea en S} / {isomorfismos} ~
~ {divisores en S} / {~}
donde dos divisores estan relacionados si difieren en el divisor de ceros y

polos de una funcién meromorfa. Teniendo en cuenta esta identificacion,
el morfismo deg de la sucesién exacta anterior viene dado por:

deg

Pic(S) = H'(S,0%) %

[D:Zns-s] |—>degD:Zns

finita
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Se define la variedad jacobiana de la superficie de Riemann S como:

J(S) = Pic’(S) = {fibrados de linea de grado cero sobre S}

Sea {w1, - ,w,} la base de diferenciales holomorfas de S normalizada
por la base de ciclos elegida {a, ..., a4, 01, .., 04} por la condicién:

/ Wy = 271'26]@
Qg

SiTiy; = fﬁi w; € C, se verifica que la matriz 7 = (7;;) es una matriz
simétrica de parte imaginaria definida positiva, es decir, 7 € H,. Por
tanto, por la sucesion exacta de cohomologia anterior, se tiene que

J(S) ~ H°(S,Q)"/H'(S,Z) = C9/(Z9 + 79

es decir, la jacobiana de S es una variedad abeliana principalmente
polarizada. La matriz 7 se denomina matriz de periodos de la superficie
de Riemann compacta S. Las funciones theta asociadas a esta matriz
son conocidas como las funciones theta de la superficie de Riemann.

Sea M, la variedad de moduli de las superficies de Riemann compactas
de género g, que es una variedad analitica de dimensién:

0 sig=0

dimMy; =4 1 sig=1
3g—3 sig>1

La construccién anterior de la matriz de periodos define una aplicacion:

My — Ay
S+— J(9)

que es inyectiva por el teorema de Torelli. Por dimensiones se verifica
que My, =A,sig <3,y M, C A, para g > 4.

El problema clasico de Schottky consiste en calcular las ecuaciones de
la imagen de M, en A,, y su estudio ha llevado a diferentes caracte-
rizaciones de las jacobianas dentro del moduli de variedades abelianas
principalmente polarizadas.
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4. FORMULAS DE ADICION DE FUNCIONES THETA

Para cualquier 7 € Hy, las funciones theta verifican unas relaciones
(férmulas) de adicién (Riemann-Weierstrass) que describen analitica-
mente la ley de grupo de la variedad abeliana X (7):

0(2z,27) - 0(2y,27) =279 Z 02 (z +y,7)-0°)(z —y,7)

20€(Z,/27)9

y su inversion:

Oz +y.7)-0—yr)= Y  O[l(2,27) 0[](2y,27)

20€(Z/2Z)9

Si 7 es la matriz de periodos de una superficie de Riemann compacta,
entonces sus funciones theta verifican ciertas ecuaciones que no satis-
facen las funciones theta asociadas a elementos arbitrarios de H,. Una
de ellas es la formula de adicion de funciones theta de superficies de
Riemann:

El morfismo de Abel definido por un punto pg € S es:
A S — J(S)=C/(Z° + 727)

p— Afp) = </w/w>

que como clase de equivalencia de divisores de grado cero consiste en
p+— [p — po]. Por aditividad, se define el siguiente morfismo:

m: S* — J(9)

(T1,Y15 -+ Ty Yn) [Z(ﬂfz - ?Ji)}

i=1

Sea F(z,y) la prime-form de S construida a partir de las funciones the-
ta de S y de sus diferenciales holomorfas, que es una seccién holomorfa
hemisimétrica del fibrado diagonal sobre S x S con ceros simples a lo
largo de la diagonal.
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Férmula de adicién para funciones theta de superficies de Riemann
compactas: Si e € CY con (e, ) # 0 se verifica que:

Q(iz:;(l‘i—yi)—em) O(e,7)" ! HK];E%EZ?ESJ’%) = det (9((96}]_(3;)%_)6’7—))

para todo (x1,¥1,...,%Tn,yn) € S?*, donde esta igualdad debe de ser
entendido como igualdad de secciones holomorfas de ciertos fibrados
de linea en S?". En el caso particular n = 2, esta férmula es conocida
como la identidad trisecante de Fay:

9(551 +To—y1r — Y2 — €, 7)9(6, T)E(iﬂl, 3?2)E(y1,?/2) =
= 9($1 — Y1 — €, 7')9($2 — Y2 — €, T)E(xh ?J2)E(y1,$2)+

+0(x1 —y2 — €,7)0(x2 — 1 — €, 7)E(x1, 1) E(72, y2)
para todo x1, 2, y1,y2 € S.

El nombre de esta férmula se debe a su interpretaciéon geométrica. Sea
X (1) una variedad abeliana principalmente polarizada y consideramos
la aplicacion:

X(r) — PV (N=29—-1)

2z 09(2,7) = {0[5](22, 27) }oe(z/22)s

De su definicion se deduce que la imagen de un punto y su opuesto es
la misma y dicha imagen es conocida con el nombre de la variedad de
Kummer de X (7). Si X(7) es la jacobiana de una superficie de Rie-
mann compacta S, teniendo en cuenta las formulas de adicion vistas al
principio de esta seccion para las funciones theta arbitrarias, la iden-
tidad trisecante de Fay implica que existen rectas en PV que cortan a
la variedad de Kummer de J(.S) en tres puntos o, equivalentemente, la
variedad de Kummer de J(S) admite rectas trisecantes en PV. La con-
jetura trisecante afirma que esta propiedad caracteriza a las jacobianas
y ha sido recientemente demostrada por I. Krichever.

Considerando el caso degenerado de la identidad trisecante de Fay
(los tres puntos coinciden) se obtiene la ecuacion KP (Kadomtsev-
Petviashvili): sea 7 la matriz de periodos de una superficie de Riemann
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compacta S, entonces existen tres derivaciones

g
0 .
DZ:;UZ]a—ZJ Z:1,2,3

tales que:

3 —
(20308 )

siendo A una constante. Shiota demostré que esta ecuacion caracteriza
a las funciones theta de superficies de Riemann compactas.
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LA TESIS DE RIEMANN
SOBRE LAS SERIES TRIGONOMETRICAS

ANTONIO CORDOBA BARBA

Bernhard Riemann, a pesar de su corta vida, esta generalmente consi-
derado como uno de los mas universales, fecundos y originales creadores
de todos los tiempos, ocupando, junto a los Arquimedes, Newton, Eu-
ler, Gauss, Hilbert y Poincaré, la posiciéon mas excelsa del Olimpo de
las Matematicas. Su obra, al mismo tiempo cldsica y revolucionaria,
ha tenido, y sigue atin teniendo, una influencia profunda en muchas y
variadas areas: en Geometria y en Teoria de los Ntimeros, por supuesto,
pero también en Fisica y en el Analisis Matematico.

Si juzgamos por su tesis doctoral del ano 1851 en la universidad de
Gottingen: “Fundamentos para una teoria general de las funciones de
una variable compleja” (Grundlagen fir eine allgemeine Theorie der
Functionen einer verdnderlichen complezen Grdsse), o por su prime-
ra tesis de Habilitacion presentada en la misma universidad, tres anos
después, y titulada: “Sobre la representabilidad de una funcién median-
te una serie trigonométrica” (Ueber die Darstellbarkeit einer Function
durch eine trigonometrische Reihe), podriamos afirmar que, al menos
durante los comienzos de su carrera, Riemann era, mayormente, un
analista.

Cumpliendo con los requisitos de Gottingen presenté también una se-
gunda Tesis de Habilitacion titulada “Sobre las hipdtesis en las que se
funda la Geometria” (Ueber die Hypothesen welche der Geometrie zu
Grunde liegen), siendo una anécdota muy conocida que Gauss, rom-
piendo con la tradicion establecida en aquella Universidad, le pidi6 de-
fender publicamente esta segunda opcion, que tanta influencia ha teni-
do luego en el desarrollo y evolucién posteriores de nuestras nociones
de espacio y de estructura geométrica. Habiéndose convertido, con toda

justicia, en un hito famoso de la historia de nuestra ciencia.
223
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Pero la primera tesis, aunque sea menos popular y esté quizas un tanto
oscurecida por la fama de la segunda, es también una maravilla. La
preparacion de este trabajo me ha brindado la oportunidad de volver a
leerla con cuidado, siendo mi proposito compartir esa lectura con Uds.
Pero a sabiendas de que mis comentarios no podran nunca hacerle
justicia, aunque consideraré un éxito que mis reflexiones puedan servir
para animarles a estudiarla y aprender directamente de tan magnifica
obra.

La tesis esta estructurada en cuatro partes. En la primera describe de
forma breve, pero precisa y amena, la historia y los antecedentes del
problema de la representacion de funciones “arbitrarias” por medio de
series trigonométricas. Riemann detecta a los personajes fundamentales
de la trama, a saber: D’Alembert, Euler, Bernoulli (Daniel), Lagrange,
Fourier y Dirichlet. En un lenguaje muy claro nos ilustra de la cuestién
en querella y de las contribuciones y puntos de vista de cada uno de esos
artistas. En la parte segunda inicia su propio camino, que le conduce a
la definicién de la integral que ahora lleva su nombre y a la caracteriza-
cién de las funciones que son integrables, presentando varios ejemplos
que muestran la potencia, y las limitaciones, de la nueva definicién.
En ese empeno se demora en aclarar la diferencia entre continuidad
y diferenciabilidad, ofreciéndonos los primeros ejemplos conocidos de
funciones continuas que carecen de derivada en un conjunto denso de
puntos, surgiendo naturalmente la pregunta: ;habra una funcién con-
tinua que no sea derivable en todos sus puntos?

En la tercera parte Riemann plantea el problema de la unicidad de los
desarrollos trigonométricos y resuelve su caso mas basico. Pero para
hacerlo se ve obligado, entre otros logros, a generalizar el concepto de
derivada segunda de una funcién. Luego Cantor prosiguio este andlisis,
lo que le llevo a crear la teoria de conjuntos y a preguntarse sobre la
existencia de un conjunto de ntimeros reales cuyo cardinal esté estric-
tamente contenido entre el de los naturales y el de todos los reales.
Es decir, a formular la hipdtesis del continuo, cuya naturaleza inde-
pendiente de los otros axiomas fue dilucidada por P. Cohen, en torno
al ano 1960. Por cierto que Cohen habia realizado su tesis doctoral
[10] en la Universidad de Chicago, dirigida por A. Zygmund, y ésta
verso, precisamente, sobre el problema de la unicidad formulado por
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Riemann. Finalmente, la parte cuarta de la tesis contiene varios ejem-
plos que nos ilustran sobre la complejidad y la diversidad de las series
trigonométricas.

A lo largo de la memoria aparece repetidamente el empeno de tratar
“funciones arbitrarias” e ir mas alld de lo obtenido por Dirichlet y
otros autores anteriores. Para entender el contexto y la presentacion
histérica, conviene pues considerar el concepto de funcién que se tenia
en los primeros escritos de Euler y Lagrange (aunque en los postreros
lo modificaron un poco, acercandose al actual) y su evolucién hasta la
época de Riemann, lo que queda patente en los textos siguientes:

o L. Euler (1748): Instituciones calculi differentialis.

1. Quantitas constans est quantitas determinata perpetuo eundem
valorem servans.

2. Quantitas variabilis est quantitas indeterminata seu universalis,
quae ommnes omnino valores determinatos in se complectitur.

3. Functio quantitatis variabilis est expressio analytica quomodun-
que composita ex illa quantitate variabili et numeris seu quan-
titatibus constantibus.

Que podemos traducir asi:

1. Una cantidad constante es una cantidad determinada que man-
tiene permanentemente el mismo valor.

2. Una cantidad variable es una cantidad universal o indetermina-
da que contiene en si misma todos los valores determinados.

3. Una funcion de una cantidad variable es una expresién analitica
compuesta de cualquier manera a partir de esa cantidad variable
y de ntimeros o constantes.

e J. L. Lagrange (1797): Théorie des fonctions analytiques.

On appelle function d’une ou de plusieurs quantités tou-
te expression de calcul dans laquelle ces quantités entrent
d’une maniére quelconque, mélées ou non avec d’autres
quantités qu’on regarde comme ayant des valeurs données
et invariables, tandis que les quantités de la fonction peu-
vent recevoir toutes les valeurs posibles. Ainsi, dans les
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fonctions, on ne considére que les quantités qu’on suppo-
se variables, sans aucun égard aux constantes qui peuvent
y étre mélées.

Se llama funcion de una o varias cantidades a toda ex-
presion de célculo en la que estas cantidades entren de
una manera arbitraria, mezcladas o no con otras cantida-
des a las que se considera teniendo valores dados e inva-
riables, mientras que las cantidades de la funcién pueden
tomar todos los valores posibles. Asi, en las funciones,
no se consideran mas que las cantidades que se han su-
puesto variables, sin tener en cuenta a las constantes que
puedan aparecer alli mezcladas.

e B. Riemann (1851): Grundlagen fiir eine allgemeine Theorie der Fun-
ctionen einer veranderlichen complexen Grosse.

Denkt man sich unter z eine verinderliche Grésse, wel-
che nach und nach alle méglichen reellen Werthe an-
nehmen kann, so wird, wenn jedem ihrer Werthe ein
einziger Werth der unbestimmten Grésse w entspricht,
w eine Function von z genannt, |...] Diese Definition
setzt offenbar zwischen den einzelnen Werthen der Func-
tion durchaus kein Gesetz fest, indem, wenn tuber diese
Function fiir ein bestimmtes Intervall verfiigt ist, die Art
threr Fortsetzung ausserhalb desselben ganz der Willkir
tiberlassen bleibt. [...] Es ist daher einerlei, ob man die
Abhdngigkeit der Grosse w von der Grésse z als eine wi-
lkiirlich gegebene oder als eine durch bestimmte Grésse-
noperationen bedingte definiert.

Supongamos que z es una cantidad variable que puede
asumir, gradualmente, todos los valores reales posibles,
entonces, si a cada uno de sus valores corresponde un
valor nico de la cantidad indeterminada w, diremos que
w es una funcién de z, [...] Esta definicién no estable-
ce ninguna ley entre los distintos valores tomados por la
funcién, con lo que si se conoce esta funcion en un cierto
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intervalo, la forma de su continuacién fuera de ese inter-
valo sigue siendo completamente arbitraria. |...] Es por
lo tanto indiferente definir la dependencia de la cantidad
w respecto de la cantidad z de una manera arbitraria
o por medio de ciertas operaciones entre las cantidades
involucradas.

1. PARTE I DE LA TESIS: Historia de la cuestion de la
representabilidad de una funcion arbitraria por una
serie trigonométrica

Esta parte es una sintesis, agil, clara y precisa, del estado de la cuestién
que va a abordar en el resto de la memoria. El mejor comentario que
podemos hacer es simplemente una seleccion de sus frases mas signifi-
cativas, junto, una vez mas, a la recomendacion de leerla directamente:

Las series que Fourier llama trigonométricas, es decir las
series de la forma

1 > )
500 + Z(an cos(nz) + b, sin(nx)),

n=1

desempenan un papel importante en aquellas partes de
las matematicas en las que aparecen funciones arbitra-
rias. Incluso puede afirmarse con motivo que los avances
mas esenciales en estas partes de las matemadticas, tan
importantes para la fisica, han sido consecuencia de un
mejor conocimiento de la naturaleza de estas series. Ya
en las primeras investigaciones que condujeron a la consi-
deracién de funciones arbitrarias, se formul6 la pregunta
de si una tal funcién totalmente arbitraria puede ser ex-
presada por medio de una serie como la anterior. Esto
sucedio a mediados del siglo pasado, con ocasion de las
investigaciones sobre las cuerdas vibrantes, en las que se
ocuparon entonces los mateméticos mas afamados. Sus
concepciones sobre nuestro tema no pueden ser expues-
tas adecuadamente sin entrar en ese problema.
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Riemann continta escribiendo la ecuacion de la cuerda vibrante
Py 0%
o2~ % a2
y presenta la solucién obtenida por D’Alembert, publicada en las Me-
morias de la Academia de Berlin (1747), y que consiste en la suma de
una onda progresiva, f(z — at), y otra regresiva g(x + at). Y no tiene
inconveniente en informarnos de que la solucién de D’Alembert se ob-
tiene a través del sencillo cambio de variables (u = = — at,v = z + at),
ahora tan conocido:
>’y
oudv

Constituye una muestra del estilo de exposicién directo, pedagogico y
nada pedante que encontramos en sus escritos.

Aparte de esta ecuacion, que se deduce de las leyes ge-
nerales del movimiento, y(x,t) debe satisfacer todavia
la condicion de anularse en los puntos de sujecion de la
cuerda: y(0,t) = y(l,t) = 0.

f(=at) +g(at) =0 }
fll—at)+g(l+at)=0

= f(z) =—g(=2) = —g(l = (I+2)) = f(2l + 2)
Luego

{ y= fx —at) — f(—z —at)
F(x) = fz +20)

Una vez que D’Alembert hubo establecido esto para la solucion gene-
ral del problema, se ocupd en una continuacién de su memoria de la
ecuacion f(z + 2l) = f(z); es decir, buscé expresiones analiticas que
permanezcan invariantes cuando z aumenta en 21.

El comentario siguiente se refiere a Euler, quien publico, también en
las Memorias de la Academia de Berlin (1748), un articulo en el que
desentrana la relacién entre la funcion f de D’Alembert y los datos,
posicién y velocidad, que tenia la cuerda inicialmente. Pero pocos afnios
mas tarde, en 1753, y en las mismas Memorias, aparecié una solucion
distinta debida a Daniel Bernoulli basada en la observacién de que la
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1= () o (22),

donde n es un entero, verifica la ecuaciéon y las condiciones de contorno:
y(0,t) =y(l,t) = 0.

Sobre esta base explicé el hecho fisico de que una cuer-
da pueda dar, ademas de su tono fundamental, también
el tono fundamental de una cuerda de igual constitucion
pero de longitud 1/2,1/3, 1/4,. ..y consider6 que su solu-
cion particular era general.

La observacién de que una cuerda pueda dar sus di-
ferentes tonos simultdneamente, llevé a Bernoulli a con-
siderar que la cuerda (segun la teoria) también podria
vibrar de acuerdo con la ecuacion:

Yy = Z ¢y, Sin (Wlﬁ) cos (@(i - Bn))

Y como todas las modificaciones observadas del fenémeno
se podian explicar partiendo de esta ecuacién, la consi-
deré como la mas general.

funcién

La polémica suscitada esta bien descrita en la tesis y en ella terciaron,
ademas de D’Alembert y Bernoulli, también Euler y Lagrange, entre
otros. ; Es posible representar una funcion arbitraria por medio de una
serie trigonométrica? D’Alembert lo negaba, mientras que Bernoulli
creia que si. Riemann lleva a cabo un analisis de las publicaciones de
Euler y de Lagrange para concluir que estos dos grandes matematicos
de la Tlustracién daban més la razon al primero que al segundo, al menos
en el caso de las funciones arbitrarias, puesto que para las analiticas, o
analiticas a trozos, Lagrange manifesté algunas dudas.

En el parrafo 2 de esta primera parte aparece Joseph Fourier, a quien
Riemann rinde tributo en los términos siguientes:

Transcurrieron casi cincuenta anos sin que se lograra
ningiin avance esencial en la cuestiéon de la representa-
bilidad analitica de las funciones arbitrarias. Entonces,
una consideracién de Fourier arrojé nueva luz sobre este
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tema. Fourier indicé que en la serie trigonométrica

1 o0
f(z) = 500 + ; (an cos(nz) + b, sin(nz)) ,

los coeficientes pueden ser determinados mediante las

férmulas

Ay, = %/ﬂ f(z)cos(nx)dz, b, = %/ﬂ f(z)sin(nz) dx .

El siguiente personaje destacado por Riemann es su maestro Gustav
Lejeune Dirichlet, quien antes de ser profesor en Géttingen habia estu-
diado con Fourier y con Poisson en la Universidad de Paris:

Sélo en enero de 1829 aparecio en el Journal de Crelle una
memoria de Dirichlet, donde la cuestién de la represen-
tabilidad mediante series trigonométricas se decidia con
todo rigor para el caso de funciones que admiten integra-
cion en todo el recorrido y que no tienen una cantidad
infinita de maximos y minimos.

Resulta enternecedor leer hoy los comentarios del gran Riemann acerca
de la diferencia radical entre la convergencia absoluta y condicional de
las series, pero que, sin ningun género de duda, era uno de los puntos
claves de la cuestién dilucidada por Dirichlet:

La idea del camino a seguir para la solucién de este pro-
blema le vino al comprender que las series infinitas se
dividen en dos clases absolutamente distintas, segiin que,
al hacer positivos todos sus miembros, permanezcan con-
vergentes o no. En las primeras los miembros pueden ser
reordenados a voluntad, pero el valor de las 1iltimas de-
pende del orden que les demos. [...] Las leyes de las su-
mas finitas s6lo son aplicables a las series de la primera
clase; sélo ellas pueden realmente ser consideradas como
la coleccién de todos sus miembros, no las series de la se-
gunda clase; circunstancia que habia pasado inadvertida
a los matematicos del pasado siglo, [...]| Obviamente, la
serie de Fourier no pertenece necesariamente a la primera
clase.
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Sea

f(z) = %ao + Z (an cos(nz) + by, sin(nz))

la serie de Fourier de una funcion f. Dirichlet escribié sus sumas par-
ciales en la forma:

Syf(x) = %ag + Z (an cos(nx) + by, sin(nx))

n=1

1 [ sin (2”2—+1($ — a))
- %/_W () sin (1(z — ) do

y demostré que convergen al valor =(f(x + 0) + f(z — 0)) cuando la

2
funcién f es mondtona y continua en un ntumero finito de intervalos.

Dice Riemann:

Dirichlet basa su demostracién en dos teoremas:
1.Si0<e< 7, entonces

¢ sin((2n + 1)5)
f) ———7——db
| o =5
se aproxima infinitamente al valor Z¢(0) con n cre-
ciente.

2. 510 <b<c< 7, entonces

¢ sin((2n + 1)5)
/b »(8) (@)

se aproxima infinitamente al valor 0 con n creciente.
Supuesto que la funcién (), entre los limites de estas
integrales, sea monotona, creciente o decreciente.

Con la ayuda de estos dos teoremas se puede, obvia-
mente, si la funciéon f no pasa infinitas veces de aumentar
a disminuir o de disminuir a aumentar, descomponer la
integral

dp
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en una cantidad finita de miembros, de los cuales uno
converge a f(x 4+ 0)/2, otro a f(z — 0)/2, y los restan-
tes convergen a 0, cuando n crece a infinito. De aqui se
deduce que es representable, por medio de una serie tri-
gonométrica, toda funcién que se repite peridédicamente
segun el intervalo 27 y que:

1. admite integracion en todo su recorrido;

2. no tiene infinitos maximos y minimos;

3. y toma, donde su valor cambia por saltos, el valor

medio entre los limites por ambos lados.

Con el trabajo de Dirichlet obtuvieron un fundamento
firme una gran cantidad de investigaciones analiticas im-
portantes [...] Le fue dado resolver una cuestién que
ocupara a tantos matematicos distinguidos desde hacia
mas de setenta anos. En realidad, para todos los casos de
la Naturaleza, los inicos de que se trataba, quedd plena-
mente resuelta; pues por grande que sea nuestra falta de
conocimiento acerca de cémo las fuerzas y estados de la
materia varian segun lugar y tiempo en lo infinitesimal,
sin duda podemos siempre suponer que las funciones a
las que no se extiende la investigacion de Dirichlet no se
dan en la Naturaleza.

En esto, como ahora sabemos, Riemann se equivocaba. Pero su error se
justifica quizas por la devocion sentida hacia su maestro, que le indujo a
sobreestimar la universalidad de los resultados obtenidos por Dirichlet.
Mas a renglon seguido se enmienda con la siguiente afirmacion:

Los casos no resueltos por Dirichlet merecen atencién por
dos razones simples: en primer lugar, como Dirichlet mis-
mo menciona al final de su memoria, este asunto estd en
la mas estrecha conexién con los principios del calculo
infinitesimal, y puede servir para traer dichos principios
a una mayor claridad y precisién. Pero en segundo lu-
gar, la utilidad de las series de Fourier no se limita a
investigaciones fisicas; hoy se ha aplicado con éxito tam-
bién a un campo de la matematica pura, la teoria de los
nimeros, y aqui parecen ser de importancia precisamente
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aquellas funciones cuya representabilidad mediante series
trigonométricas no ha investigado Dirichlet.

2. PARTE II: Sobre la nocion de integral definida y el
ambito de su validez

Habiendo pues planteado el problema y presentados sus antecedentes,
el primer paso para ir mas alld de lo obtenido por Dirichlet era dar
sentido a las formulas de Fourier para funciones “arbitrarias”. Escribe
Riemann:

La incertidumbre que atin reina en algunos puntos funda-
mentales de la teoria de las integrales definidas, nos fuer-
za a anteponer algunas consideraciones sobre el concepto
de integral definida y el ambito de su validez: ;qué hay

que entender por ff f(z)dz?

Para darle respuesta introduce la nocién de integral de una funcién
acotada a través de las sumas, ahora llamadas de Riemann, y da una
condicion necesaria y suficiente para que una tal funcién sea integra-
ble, considerando la oscilacién w; de la funcién en un intervalo I; de
una particion dada del dominio de integracion. La condicién necesaria
y suficiente para que las sumas converjan, y por tanto f sea integrable,
es que la suma total de las longitudes de los intervalos de la particion
donde la oscilacién supera a un nimero positivo dado pueda hacerse
arbitrariamente pequena con el didmetro de la particién. Anos después
el criterio adquiri6 su version actual equivalente: f es integrable (Rie-
mann) si y sélo si el conjunto de sus puntos de discontinuidad tiene
medida cero. Es un hecho notorio que todas las monografias que se han
escrito desde entonces para explicar el calculo diferencial introducen
esta definicion de integral.

A continuacién, en la tesis se presenta un ejemplo de una funciéon que
es integrable en el nuevo sentido y que, sin embargo, es discontinua en
un conjunto denso de puntos. Es decir, que se trata de una extension
genuina de la nocién de Cauchy de integrales de funciones continuas, o
continuas a trozos. Sea

(z) = { r—m, si|z—m|<1/2;

0, siz=m+1/2 m € Z,
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cuya grafica es la funcion periédica en forma de dientes de sierra:

22 21 0 1 2
Entonces la funcién
— (nz)
o=y
n=1

tiene sus discontinuidades en los puntos racionales de la forma a/2b,
mcd(a, 2b) = 1, que son densos en toda la recta real. Ademds, a partir
de la féormula de Euler

=1 72

n? 6’
n=1

es un ejercicio sencillo comprobar que
2
+ ﬁ) _ —<£> __
! <2b / 2b 8b2
Pero f(z) esta acotada por %2 y es integrable, por cuanto sus disconti-
nuidades son numerables. La funcién

F(z) = /:f(t)dt

resulta ser continua:
2

wu+m—mw§/m|ﬂMﬁs%h.

Sin embargo, carece de derivada precisamente en esos puntos a/2b,
mcd(a, 2b) = 1. Veamos:

a — a a/2b+h
a/2b

h—0,A>0 h  h=0,m>0 h

Ft) dt= 1+ (5;)
i PGNP l/aa/%%f(t) dtzf*(a)

h—0,h<0 h h—=0,h<0 hy [ oo, 2b

|2

o

Surge la pregunta: jexistira una funcién continua que carezca de deri-
vada en todos sus puntos?
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3. PARTE III: Sobre la posibilidad de representar una
funcion por una serie trigonométrica, sin hacer
ninguna hipotesis sobre la naturaleza de la funcion

Mientras que los trabajos anteriores establecen proposi-
ciones del tipo: “si una funcién goza de tal o cual pro-
piedad, entonces puede ser desarrollada en serie trigo-
nomeétrica”, nosotros nos proponemos la cuestion inversa:
“si una funcién es desarrollable en una serie de Fourier,
..qué podemos inferir sobre la funcién, sobre la variacién
de sus valores cuando el argumento cambia de forma con-
tinua?”

Las ideas y las técnicas introducidas por Riemann para abordar es-
ta cuestion han tenido, y siguen teniendo, una gran influencia en el
desarrollo del Anélisis Matematico, muy por encima, quizas, de la im-
portancia de los resultados concretos obtenidos en esta seccién. Un
ejemplo notable es la generalizacién de la nocién de derivada (derivada
segunda), para la que se aportan dos posibilidades.

La funcién continua F'(x) tiene una derivada segunda en el punto x si
existe el limite:

DQF(x)’llir%F<m+h)+F§;_h)_2F(x>.

Observemos que si F”(z) existe en el sentido de Newton y Leibniz,
entonces tenemos que D?F(x) = F”(z). Pero el ejemplo

0, T =0;
F(x)—{ a?sint, x#0

muestra que podemos tener D?F'(0), mientras que F”(0) no estd defi-
nida. Luego se trata de una genuina extension de la nocion de derivada
segunda.

Riemann demuestra la proposicion siguiente: si una funciéon periédica
f(z), de periodo 27, puede ser representada por una serie trigonométri-
ca, entonces existe una funcién continua F(x) tal que D*F(z) = f(z)
en todo punto.
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Ademés, se verifica la siguiente identidad:

/a b D*F(z) p(z) dv = / ’ F(z) " (z) da

para toda funcién ¢ con dos derivadas continuas y que se anule fuera

de (a,b).

Serfa ocioso subrayar la importancia de esta nocion, y su caracter pre-
cursor de las derivadas débiles de la teoria de distribuciones. La manera
concreta en la que aparece la derivada débil es para obtener uno de los
resultados notables de la tesis, el ahora llamado teorema de localiza-
cién: la convergencia o divergencia de una serie trigonométrica

1

f(z) = 500+ Z (ay cos(nx) + by, sin(nx))

n=1

en un intervalo I depende sélo de la funcién
F() = ogrt 430 % (acos(nm) + by sin(o)
) = 00T 2 3 (@n cos(nz n Sin(nx

en ese intervalo.

Bajo la hipétesis |a,| + |b,| = o(1), que Riemann deduce de la conver-
gencia en todo x, demuestra que

S 2 /sin 2N+1 X —
%ao-f-nz: (ancos(na;)—l—bnsin(n:r))—%/F(t)<p(t)%( (*5 x(_t) t))>dt

— s sin (T

tiende a 0 cuando N tiende a infinito, para toda funcién ¢ € C§°(I)
que sea idénticamente igual a 1 en un entorno del punto x.

Se debe a G. Cantor la deteccién del siguiente corolario del teorema de
Riemann que es conocido como teorema de unicidad:

Supongamos que la serie trigonométrica

(%) %ao + Z (ay cos(nz) + b, sin(nz))

converge al valor 0 en todo punto x € [0,2x]. Entonces
todos los coeficientes son nulos.
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Observemos que si supiésemos de antemano que (x) es la serie de
Fou2rier de una funcién integrable (a, = = fozﬂ f(t) cos(nt)dt, b, =
= [T f(t) sin(nt) dt), entonces la solucién serfa muy fécil. Lo que con-
vierte al resultado de Riemann en algo delicado es el hincapié en que
(%) sea una serie trigonométrica general, de la que carecemos de infor-

macion alguna sobre sus coeficientes.

Permitiéndonos tan solo la licencia de trastocar un poco el orden del
razonamiento y describir algunos pasos con la notaciéon contemporanea,
la arquitectura de la demostracion de Riemann seria la siguiente:

= Paso 1.- Se demuestra que la convergencia de la serie

%ao + ; (an cos(nz) + by, sin(nz))

en todo punto x € F (E de medida positiva) implica que
lim (|a,| + |b,]) = 0.
n—oo

= Paso 2.- Con una doble integracién se obtiene la funcién conti-

nua
RS S =1 b s
() = 700" — ng_l E(a" cos(nz) + by, sin(nz)) .

= Paso 3.- La hipdtesis
lim Sy(z) = A}l’m (%ao +yN (an cos(nz) + by, sin(nw))) =0

N—oo
implica que D?F(x) = 0, para todo x € [0,27], donde D*F(x)
designa a la derivada segunda generalizada de Riemann:
F(z+h)+ F(x — h) —2F(z)

2

= illli% [%ao + ni::l (an cos(nx) + by, sin(nz)) (%)2} .

D?F(z) = lim
h—0

» Paso 4.- Se comprueba que si D?G(x) existe y es estrictamente
positiva en un intervalo, entonces G es convexa.
Andlogamente, si D?G(x) < 0 en un intervalo, entonces G es
céncava.
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Finalmente, si D?G(z) = 0 en todo z, entonces G(z) +ex? es
convexa para todo € > 0, luego también lo es G por ser un limite
uniforme de funciones convexas. De manera andloga, G(x) —ex?
es concava y tomando limites cuando tiende a 0, obtenemos que
G es concava.

Conclusién: D?G = 0 en un intervalo implica que G es cénca-
va y convexa, luego es lineal.

= Paso 5.- De los pasos anteriores obtenemos que

F(x) = —aox Z (ay, cos(nz) + by, sin(nz))
n:l

es lineal. En particular eso implica que ag =0y

= 1
Z ﬁ(an cos(nzx) + b, sin(nz)) =0

n=1
Pero esta tultima es la serie de Fourier de la funcion idéntica-
mente nula y, por tanto, a,, = b, = 0 para todo n > 1.

Hasta la fecha no existe otra demostracién, distinta de la dada por
Riemann, del hecho fundamental de que si dos series trigonométricas
convergen puntualmente al mismo valor, entonces son necesariamente
idénticas. En el caso de varias variables existe la variante de tomar
sumas parciales de diversos modos.

Cuando se consideran sumas esféricas, un resultado reciente de J. Bour-
gain [14] demuestra que el teorema de Riemann sigue siendo vélido.
Pero si consideramos las sumas en cubos la cuestién esta todavia por
decidir, concretamente:

En dimensién n > 2, tenemos series
w-x
f~ E a, e, v=(v1,...,V).
veEZL™

Con la notacion ||v||o = méax(|v1], ..., |vn|), podemos escribir las sumas

parciales cibicas
SQVf, 2{: a, €

vl <N

Problema abierto: si existe limy_,o, Sy f(z) = 0 en todo x € [0, 27]"
Jhan de ser todos los coeficientes nulos necesariamente?
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Como indicamos antes, Cantor se interesd por la tesis de Riemann y
extendié el teorema de unicidad en el sentido siguiente: supongamos que
la convergencia a cero de la serie trigonométrica la conocemos en todos
los puntos salvo, quizas, por un conjunto finito para los que carecemos
de informacion:

N
A}l;moo Bag + ; (a, cos(nz) + by, sin(nx))} =0

para todo x € [0,27] — {x1,...,2,}. Cantor demostré que, también
en este caso, la serie de partida ha de tener todos sus coeficientes nu-
los. {Qué ocurre si eliminamos un conjunto infinito? Se trata de una
pregunta natural, pero muy dificil, que da lugar a una interesante de-
finicién. Diremos que U C [0,27] es un conjunto de unicidad si toda
serie trigonométrica que converge puntualmente a 0 en el complemento
de U (]0,27] — U) ha de tener, necesariamente, todos sus coeficientes
nulos. Con los métodos analiticos actuales resulta facil comprobar que
un conjunto de unicidad es de medida (Lebesgue) igual a cero. Pero el
reciproco es falso: hay conjuntos de medida cero que no son de unici-
dad. Y esto es un hecho por lo menos inquietante, por cuanto implica la
existencia de series trigonométricas que convergen en casi todo punto a
una funcién integrable f sin coincidir con su serie de Fourier. En estos
comienzos del siglo XXI sigue siendo un problema abierto caracterizar
a los conjuntos de unicidad. No obstante Cantor demostré un resultado
muy notable: una condicién suficiente para que U sea de unicidad es
que U,, el conjunto derivado de orden n, sea vacio para algin entero
positivo n.

Llama la atencién que un problema tan concreto sobre las series tri-
gonométricas llevase a Cantor a introducir conceptos tales como el de
punto de acumulacién y conjunto derivado. Y a crear la teoria de los
cardinales transfinitos, de la que surgio, entre otros, el problema de la
hipotesis del continuo. Un objeto importante es el conjunto de Cantor
Ce¢ de razén de diseccién § < 1/2, que no es numerable, puesto que su
cardinal es el de todos los reales, pero que, sin embargo, tiene medida
igual a cero.

A partir de un intervalo [a, b] obtenemos dos,

[a,a 4 (b—a)§]U[b— (b—a)s, b,
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ambos de longitud (b — a)¢.

(b—a)g (b —a)(1 —2¢) (b —a)¢
——r -~ N ——
| et |
‘ [T ‘
a a+(®-—a) b+(b—-a) b

Aplicado el proceso k veces a [0, 27), resultan 2* intervalos de longitudes
2mER cuya unién designamos por C(€). El conjunto de Cantor es la
interseccion de todos ellos:

Ce =) Crl8).

En el ano 1922, Alexander Rajchman demostré que el conjunto ternario
de Cantor (£ = 1/3) es de unicidad. Su alumno, Antoni Zygmund, se
doctord en 1923 con una tesis sobre esta teoria, escribiendo posterior-
mente el libro Trigonometric Series, un clasico del Analisis Arménico
del siglo XX, que estda dedicado a Rajchman, su maestro, y a Mar-
cinkiewicz, su discipulo, desaparecidos ambos tragicamente durante la
Segunda Guerra Mundial. Del ano 1955 es el siguiente resultado de R.
Salem y A. Zygmund:

Teorema. El conjunto de Cantor C¢ es de unicidad si y sdlo si0 = 1/&
es un numero de Pisot.

Un numero de Pisot 6 es un entero algebraico cuyos conjugados alge-
braicos 8 = 0y,0,, .. .,0, verifican que § = 0; > 1, 02| < 1,...,]6,| < 1.
Estos nimeros fueron definidos por su relacién con los problemas de
distribucién uniforme médulo 1. Son ejemplos de niimeros reales tales
que las partes fraccionarias de sus potencias enteras no estan uniforme-
mente distribuidas en el intervalo unidad. La demostraciéon de Salem y
Zygmund es muy bella, puesto que conecta de forma precisa dos con-
ceptos tan diferentes, a priori, como son la unicidad de las series y
los nimeros de Pisot. En la bibliografia sugerida ([7, 16, 17]) pueden
encontrarse los detalles de la demostracion.
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4. PARTE IV. Ejemplos y contraejemplos

Riemann utiliza el concepto de valor principal de una integral, intro-
ducido por Cauchy, para ampliar el conjunto de funciones que son in-
tegrables, yendo mas alla de las acotadas. En esta parte de la tesis
considera el ejemplo siguiente:

d 1

1 o 1
f(w):%( ”cos;), 0<I/<§, lllr(l)/s f(x)dl’:(QW)VCOS%

Sin embargo, observa a renglén seguido que:

2

1
(7) cos(nz) dx ~ 5 sin(2v/n + %)ﬁn(l—%)/zl
0

Es decir, los coeficientes de su serie de Fourier se hacen arbitrariamente
grandes y, por tanto, aquélla no puede ser convergente.

En sentido opuesto nos presenta a la funcién:
oo
(nx)
n=1

donde, como antes, (x) representa la diferencia entre x y su entero méas
cercano. Luego escribe, sin dar la demostracién, la identidad:

flx) = Z w sin(mnz) ,

n=1

siendo d‘(n) el ntimero de divisores impares de n y d?(n) el nimero de
divisores pares de n.

Esta funcién esta bien definida, es integrable Lebesgue, pero no es inte-
grable a la Riemann, porque su oscilaciéon se hace infinita en cualquier
intervalo que consideremos.

Luego Riemann anade el comentario siguiente:

Se obtiene un ejemplo del mismo tipo con las series

oo o0
ch cos(n’z) y ch sin(n’z)
n=0 n=0
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cuando las cantidades positivas decrecientes cg, ¢1,¢o . . .
se hacen infinitamente pequenas, pero para las cuales
>« Gk se hace infinitamente grande.

Resultaria ocioso mencionar a las funciones Theta para motivar el in-
terés de Riemann por este tipo de series. Pero creo interesante resaltar
que en la tesis se mencione un asunto que sigue siendo un problema
abierto en el analisis armdnico, con aplicaciones aritméticas notables:

Si una funcién integrable (Lebesgue) tiene una serie de Fourier de la
forma 3 ¢,e”’*, jes cierto que |||, < || f]l1, para 1 < p < 4?

Cuando los coeficientes forman una sucesién monétona decreciente (co-
mo en los ejemplos de Riemann) sabemos que la respuesta a la pregunta
anterior es afirmativa. Pero en el caso general, coeficientes arbitrarios,
se ha mostrado hasta ahora muy dificil y elusiva.

De los ejemplos mostrados en la segunda parte de la tesis acerca de la
relacién entre continuidad y diferenciabilidad, se desprendia una pre-
gunta natural a la que no se le dio respuesta: ;existira una funcion
continua que carezca de derivadas en todos sus puntos?

K. Weierstrass encontré un ejemplo explicito de una funcién con esas
caracteristicas y lo presenté en una conferencia dada en la Academia
de Ciencias de Berlin, el 8 de julio de 1872.

Consiste en una serie trigonométrica lacunar:

Z b" cos(az) ,
n=0

donde a es un entero impar, 0 < b < 1, de manera que a-b > 1+ %ﬂ'.

Segun parece, K. Weierstrass descubrié el ejemplo anterior como con-
secuencia de su fracaso en demostrar una conjetura de Riemann. En su
carta a Du Bois-Raymond decia que “hasta donde yo alcanzo a saber,
Riemann ha afirmado que las funciones

flay =Y ) g<x>—z“i—’§””>
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carecen de derivada en todos sus puntos”. Aunque Riemann no habia
comunicado la demostracion, sino que, en una cierta ocasién, habia
indicado que la prueba se podia hacer usando las funciones elipticas.

Cualquiera que se interese por la historia de esta notable funcidn,
puede comprobar con facilidad que se han publicado més de doscien-
tos articulos sobre ella. En “Riemann’s example of a continuous non-
differentiable function in the light of two letters of Christoffel to Prym”,
publicado en 1986 en el Bulletin de la Societé Mathématique de Bel-
gique, los autores, P. Butzer y E. Stark, analizan hasta la saciedad la
evidencia disponible acerca de si, en realidad, Riemann dijo, o no dijo,
que la funcién carece de derivada en todos sus puntos. En mi opinién
se trata de un ejemplo que muestra hasta qué extremos puede llegarse
al hacer la historia de la ciencia. Seguramente es irrelevante discernir si
Riemann afirmé, o no, tal cosa, excepto, quizas, por el posible morbo
de encontrar una pifia menor en la obra de tan gran matematico. Ha-
bida cuenta de que muchos anos después se encontraron puntos donde
f es diferenciable. Lo cierto es que hallar una funcién continua carente
de derivada en todos sus puntos era un problema natural e importante
en esa época. También lo es que la funcién f, que estd estrechamen-
te relacionada con la funcién “theta”, era un objeto matematicamente
muy interesante para Riemann, y para muchos otros y durante bastante
tiempo después, como es el caso de G. Hardy y J. Littlewood, quienes
la trataron en [11, 12]. Demostraron que las funciones

. sin(n’r) . cos(n’r)
P e D DE
n=1 n=1

carecen de derivada cuando x/7 es irracional, o bien un racional cuya
fraccién reducida es de la forma a/4b, a/(4b+ 1). Sin embargo, J. Ger-
ver [9] demostré que tanto f como g son derivables en los x = ma/q,
mcd(a, q¢) = 1, cuando ¢ = 2 mod 4. Ademas el valor de las respectivas
derivadas es —1 y 0, como se muestra en las figuras, obtenidas con la
ayuda del ordenador, de la pagina siguiente.

Como dato curioso cabe resenar que Gerver era un estudiante de pri-
mer curso en la universidad de Columbia (New York), y consiguié este
resultado porque el profesor de Calculo, S. Lang, habia mencionado el
problema en clase. Gerver lo resolvié y la demostracién aparecié en el
American Journal of Mathematics (1970). De haber tenido acceso a
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las graficas que ahora nos proporcionan los ordenadores, es seguro que
tanto Riemann primero, como Hardy y Littlewood después, hubiesen
previsto esos puntos de diferenciabilidad. Aunque en honor a Gerver
hay que anadir que tampoco en el ano 1970 existian los excelentes
programas para dibujar funciones de los que ahora disponemos.

Un capitulo notable de las matematicas contemporaneas es el de las
geometrias fractales, que aparecen en el estudio de los sistemas dinami-
cos cadticos y en los modelos creados para entender los regimenes tur-
bulentos en la mecéanica de fluidos. Existen diversas nociones de dimen-
sion fractal, una de ellas es la llamada dimensién por cajas, o dimensién
de Minkowski.

Teorema ([13]). La dimension de Minkowski de las grdficas de las
funciones f y g es 5/4.

5. EpiLocoO

En las obras completas de Riemann, publicadas después de su muerte,
encontramos el siguiente texto de R. Dedekind refiriéndose a esta tesis:

Esta memoria fue presentada por su autor, en 1854, a
la Facultad de Filosofia para obtener su Habilitacion en
la Universidad de Gottingen. Aunque el autor no parece
haber tenido intencién de publicarla, la impresion de este
trabajo sin cambio alguno nos parece mas que justificada,
tanto por el considerable interés del tema en si, cuanto
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por la forma en la que son tratados los principios mas
importantes del analisis infinitesimal.

Brunswick, julio de 1867. R. Dedekind.

Habida cuenta de lo que hemos encontrado en su lectura (que incluye la
formulacion del problema de la unicidad de los desarrollos trigonométri-
cos y su solucién en un caso fundamental; la extension de la nocién de
integral mas alld de las definiciones de Newton, Leibniz y Cauchy; las
generalizaciones de la nocién de derivada, incluyendo una clara alusién
al concepto de derivada débil del calculo de distribuciones; los ejemplos
de funciones continuas que carecen de derivada en conjuntos densos de
puntos; y las diversas areas futuras que supo entrever, como los frac-
tales o la teoria de conjuntos de puntos), sorprende que Riemann no
estuviese del todo satisfecho con su trabajo y que no se planteara su
publicacion.

Como no parece haber testimonio escrito del autor, s6lo podemos es-
pecular acerca de sus motivos. Por un lado estaban los usos de aquella
época, el “pauca sed matura” de Gauss, que debia imponer un tanto a
un joven profesor de Gottingen. Pero eso no es todo y quizas si podamos
aventurar algunas de sus razones.

Por un lado Riemann habia generalizado la nocién de integral, pero
para poder integrar funciones no acotadas tiene que hacer uso del “va-
lor principal” y ahi aparece esa funcién % (:c” cos %) que puede integrar
entre 0 y 27, pero resulta que sus coeficientes de Fourier no tienden a
cero. Por otro lado se encuentra con series trigonométricas que conver-
gen a una funcién f que no es integrable segtin su definicion. Es claro
que a Riemann esta situacion no podia satisfacerle y, ademds, tampoco
pudo demostrar que las series de Fourier de sus funciones integrables
convergiesen de manera razonable. Ahora sabemos que estas cuestiones
eran muy dificiles y, quizds, imposibles para aquella época; pensemos
en la integral de Lebesgue; en el ejemplo de Kolmogorov de una fun-
cién integrable cuya serie de Fourier diverge en casi todo punto; en el
teorema de Carleson, que es del ano 1964; o en el problema todavia
abierto de caracterizar los conjuntos de unicidad. No obstante, si pode-
mos afirmar que se trata de otra muestra de la profundidad y grandeza
de Riemann: la insatisfaccion por lo no realizado le impedia publicar

los magnificos resultados que habia conseguido.
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Annex: Presentation of
Riemann’s Academic Year
(2007-2008)

The SCHOOL OF MATHEMATICS AND STATISTICS (FACULTAT DE MA-
TEMATIQUES I ESTADISTICA, FME) of the Technical University of Ca-
talonia (Universitat Politécnica de Catalunya) dedicated the academic
year 2007-2008 to Bernhard Riemann (1826-1866).

The mission of the Riemann Committee, constituted by Victor
GONZALEZ, Eduard RECASENS, Oriol SERRA, Joan SOLA-MORALES
and Sebastia XAMBO, was to design the academic content of that de-
cision, including the definition of the lecture programme. It is the
occasion to reaffirm the gratitude of the FME to its members for the
time and effort dedicated to the initiative.

The diffusion of the lectures has been done by posting the presentations
and corresponding articles in the Butlleti Digital FME, which can be
accessed through the link with the same name at the top of the FME
Web Page.” Now, in addition to the materials that can be accessed
via that page, the FME offers, with this volume, a collection of the
lectures more directly related to the life and work of Riemann. In
this way we add a “Riemann Volume” to the volumes dedicated to
Poincaré, Einstein, Gauss and Euler. On behalf of the FME, it is
a pleasing duty to thank very heartily the authors for the additional
effort of transforming the lecture materials into the articles collected
in this book.

Very special thanks are due to Professor Sir Michael Atiyah, who ma-
naged to find the time to visit the FME in December 2007. On that
occasion he delivered a keynote lecture, Riemann’s influence in Geo-
metry, Analysis and Number Theory, and it is a great satisfaction that
we could include it here. We also thank Professor Atiyah, the Centre

“http://www-fme.upc.es/



248

de Recerca Matematica (CRM) and the Institut de Matematica de la
Universitat de Barcelona (IMUB) for their kind permission to include
the lecture Duality in Mathematics and Physics.

The papers are written in the language chosen by their authors: two
in Catalan, three in Spanish and five in English.

We also have to say that we have used the same [#TEX document style
(amsart.sty) to typeset the different works, even when the material
received was not in IXTEX or it was in IXTEX but with a style that was
not amsart. Nevertheless we have tried to respect as much as possible
the original composition by the authors.

We will be satisfied if we contribute, with such endeavours, to have
figures such as Riemann better known among the mathematicians, and
above all if this knowledge reached, fresh and alive, the younger gene-
rations.

Sebastia Xambo6 Descamps
Dean of the 'FME
Barcelona, August 2008



